
 
 

Lecture 22 a

title Complex line integrals



 

theorem Cauchy Riemann Equations
If 7 Zo exists then

A II Zo Ey Zo and 3g Zo 2 z

and f Zo Ux Zo i Vx Zo

If Ux Ux hey Vy are continuous and satisfy
A near Zo then F Zo exists and
4 Zo Ux Zo t Tvx Zo



 

warmup consider 7 z et é Determine where F
is holomorphic and give its value at these points

So n F Z et cost x t ie't sine x

Ux e'sin C x

Vx et cost x

Uy et cost x

Vy e'sin C x

Need Ux Vy Uy Ux

etsinc x et sine x

et cost x f e cost x

f z et sin l x ti et cost x



 

An arc in Cl is a functionefn

w as te bwht x t iy t

The derivative of w is

wit W t X t i y t

Just differentiate normally wit t



 

x Wct Reit Roos t i R sin t

W t R sin t t i Roos t
i Reit

Wct t t it

wilt 2ft i

w t exp t i cos it

W t exp t i cos it at sin it



 

The integral along a path w Ctl is

fab wet at fault at i f vet dt

Integrate real and imaginary parts separately

fit ett at ft costa at ft since dtample8

sin t i cos t f
72 l E

fact fab w Al de W b w a



 

Ex So ett at EI t
É

Leitly i

F z t i l F z

Tx Compute So it it dt

oln Sd It it at

Ileitis
I Iti 1 le Zi 1 ite

I sea

e

I e i



 

efn A contour G is a piecewise smooth

are wht in

CefnSpse wet traces out the contour C

Let f Z be a fan
The contour integral of f along C is

Fiz dz fab f wit W t dt

fab Real at t if imag dt

Warning
o is multiplication of complex numbers not

the dot product



 

Lem Jc f dz S c f dz

x Sc DE where C is top half of unit circle

Sohn wet Cit w Ott Et

So't ie't eit at So't idt Ii



 

F Z y x i 3 2

C is straight line from O to l i

Sohn o wht t it for OE t El

wilt I ti

Sef dz Silt t i 322 i i dt

So 35 ist dt

i i E lol
I i



 

theorem If I is holomorphic over a domain bounded

by a simple closed contour C thenCauchy
Goursat
theorem Je f dz O Doesn't

repeat
path

roof fab f wit wit dt

Jab u wit iv wet x t tix cts dt

Sab U x v y dt if v x't v y dt
Dotprod

w

th n fab u u ow dt ti fab v u w t dt
GreenG

fl ve my da t i fab Ux Vy da
CEqus I O



 

x If C is a closed curve that does not

enclose Z l then
Sc cost ZZ dz O

Je sin ez dz o

Je 2412 1 dz O



 

Ex Spse C is any simple closed curve that

goes once around the origin counter cloclewis

Show that Se EE ziti

Sohn

t

Cauchy Goursat So É o fo 0

Se Se Jc Seo E O

Ziti Seo f I



 

Ex Compute So Z'd t where C is any arc from

O to Iti

So n t Iti

is
CG O S tan Z dz t Se Z'dz

Jez dz So taxi iti dt

I tilt lo
I Iti



 

theorem If I is holomorphic over a domain bounded

by a simple closed contour C then

n f gt É dz f Zo
Ziti

x Spee c 171 1

Sc exp Zz z dz
2 8 855 3



 

Ex Compute Sc cos Z Z 92 dz where

C 121 1

soln Solos z zeal z 25

q
Ziti 9

x So ft where c Lz it 2

tf ÉI dzSoln
Ziti 1

4 Li

I 2



 

theorem Every complex polynomial of degree n has n

roots counting multiplicity

roof Spse plz is a polynomial of degree n

If plz O then plz is holomorphic for

all Z in Cl

Consider the curve C w wht R e't

for Ott E 25

pot Iff plz
z

dz

Ii p Reit
dt



 

But Ip Reit is as R to

Ip Reit O as R to

Ziti plot 0 a contradiction

1pct is not holomorphic
plz has a root D

Remark Please do course evaluations


