
 
 

Lecture 20 a

title Limits Derivatives and Cauchy Reimann Equis



 

warmup Let Z l i w 6 i Compute
it Z W

ii E w

iii W Z

iv Iwl
u Write Z as reid for some r and O



 

em 8 We can write 7 x iy U x y Vix y i

as real and imaginary parts

x f x iy X xysin X

f x iy xx y x y i 2xy
f Z Z Zt I

É
ZE t z

ZE Zt Et I

x y't X
t y

2 2 1
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x y't 2x I



 

efn The limit as Z Zo of f Z is wo if

lim
12 201 so 717 Wo o

We write fitz 7 Z Wo

em The limit need not exist 7oz s to multiple
apt s

x 7 Z 5512 what is 1 7 z

Soln As Xxiy 7 1 X l y o

7 Z i x iy 2

4 2 12
i 2



 

act f x tip uh y t iv x y

Zo Xo t Iyo we Not Ivo

Then IIe F z Wo if and only if

lim
Yy xo yo U X y Uo
lim

toy to yo
V x y Vo



 

Ex f Z Z E what is fit 7 z

So n f Xtiy 22 1212
X y
X ya

t i 2x

X y2

As x o o o

f x io 1

As o y o.o

Fcotiy I

Limit DNE



 

efn f is continuous at Zo if as Z Zo

we have 7 Z f Zo

As Xtiy Xo iyo u x y Xo
n

u x y yo

Cor8 f is continuous if and only if u u are cont

efn The derivative of f at Zo is

2 zo
Z 7 ZoF Zo lim
Z Zo

F is differentiable at z if F Zo exists



 

x 8 o f Z z

Lim
Z z

Zo

Z Zo

F z I and thus exists



 

f Z Z

Lim x iyo Xo ti yo
Xo

y yo X ti yo Xo i yo

lim

I

X Xo
DNE

I

I

him Ty iyo
x Xo
y yo t iy i yo

him Xo Ty Xo ti yo
x Xo
y yo Xotiy Xo i yo



 

act l Ez c o

2 Zn n zn l

3 Ez Fiz g z F z gaz t
g z f z

4 E FIZ 9121 F Z g z

5 Ez fog z f gezi g z

6 Iz cos Z sin Z

Iz Sin Z cos Z

8 et ez

Ex Iz Sin Z 22 cos z

222 5
5 5122 t 4z

Ez xy t ixy Does it even exist



 

theorem Cauchy Riemann Equations
If 7 Zo exists then

A II Zo Ey Zo and 3g Zo 2 z

and f Zo Ux Zo i Vx Zo

If Ux Ux hey Vy are continuous and satisfy
A near Zo then F Zo exists and
4 Zo Ux Zo t Tvx Zo



 

o f Xt i y 22 x y't 2xy i
We shoved that f Z exists or it is easy to see

U x y x2 y Ux 2x Vy
V x y 2x y Uy 2y Vx

I z 2x i 2y 22

f x iy x iy
Ux 1 I I Vy
F Z does not exist



 

Idea Spse Zo O and 7 o exists

lim
x so

7 Oi f o
x

Limo U X o 0,0
fin

V X o Uco o

x x

Ux O O t I vx 0,0

limo Flo yi f o
Y iy

Limo U 0111 410,0
fin V14.0 Uco o

Y iy iy
Uy 0,0 i t Vy 0,0
i Uy 0,0 t Uy 0,0

Ux Uy Uy Ux D



 

7 Z exe't e cos y t ie sin y
Show that 7 Z exists for all z

us excosly Vy Cr gu hold

Uy e'sin y W s f Z exists

f Z Ux ive excos y tie sin y

eh If 7 Z exists for Z in D E Q then

F is said to be holomorphic over D



 

Ex Is E holomorphic away from 0

I Ep Eye i Eye
Ux y x x ye
Vy x y x2 ya
Not holomorphic



 

Ex f Z 1212
u x y x2 y
V x y 0

Ux 2X Vy Uy 2y E Ux

F Z DNE for any non Zero Z

Not holomorphic



 

xercise Find when f z exists and its value for

F Z x't ixy

on Ux 2x CR equ hold when x 0 and 4 0

Ux y so F o 0 at the existence point

Uy O

Vy x



 

Fact 8 1 cos Z sin Z et are holomorphic
2 The composition of holomorphic fans is holomorphic
3 Sum product non Zero division of holo fous

is holomorphic

x 8 1 sin E is kolo
2 22 7 Z 3 is holo when Z 3

3

exp
is holo when Z C



 

Ex If FIZ and F are both analytic
then f Z is constant

roof o f ut tu I u in

CR I Ux Uy Uy Ux

Ux Uy Uy Vx

Ux hey Vy Vy are zero

U u are constant

F is constant D


