
 
 

Lecture 19

title Stokes's theorem

ection Stewart 16.8



 

efn Let s be an oriented surface wi unit normal vector

h and param Flu v The surface integral of F

over S is

Sss F d5 ffs F n as
some fan

D Fircu u
M t

Irixrild
Irix oil

SS FCFcu.us Fux Fu da

Also called flux of F across S



 

Warmup Compute SS F ads where

F C X y 23

s part of cone z Fi between

if

2 3 w downward orientation

Sohn Flu u u u Fv I IET 3

Fuxi Fa Fa 1 upwards

Flickr Fux F
L u v tu't v43 Ie Fa
If uz v 13 2

Sss F ids Sj fir r r dr do etc



 

Defn let S be an oriented surface w boundary

The orientation of S induces pos orientation of

boundary curve

Picture

i
Rem Use the right hand rule



 

Theorem Let S oriented surface that is bounded by
closed piecewise smooth boundary curve s 25

w the pos orientation

Let F of an IR whose component fans have

continuous partial derivatives on region that contains S

Sas F de Sf Tx F ds



 

Ex Spse D
region in xp plane

Spse F Petit x y 0

plum u v o we curl in S

Fw 1,0 o Fu O I o

FXF I j K

p g g

Q Qx p
2 2 212 2

22

Ssp Qr Py da JJ axe Fuxi d A

SS txt ds

Sad F de
I Stokes'sTheorem

lies in xp planeThis is Green's theorem



 

Ex Compute Scf di where
F y x 22

C intersection of plane y 7 2 and

cylinder x y
2 1

Oriented counter clockwise from above

Z
pay

I

Soln Draw
ye2

2

y

Intersection Some ellipse



 

Sef di Sf Tx F ds where S is the

graph of 71 141 2 y over disk of radius I

Flu v U V Z V

Fu UV 1 0,0

Fu un o I 1 downwards pointing

Fu tf
I k

I 0 0 0 I 1

0 l I

Tx F T j K O O It 2y
2 2x 2124 2122

y x 22



 

Jef di f s 0,0 1 20 0,1 1 da

SS 2ut I da

Sj fo r 2 sin o i drdo

St 3 sin O I do
IT

Rem Trick is to find a simple bounding surface



 

Ex compute IS Txt d's where

F XZ YZ Xy
S part of sphere x y't 22 4 inside the

cylinder x y 1

Sohn Draw

y't42 22 4

Intersection x y I and x y't 22 4 72 3

258 F t coste since F

for OE te 21T



 

X Z y Z XyStokes Thm

Sf Tx F d5 Sas F di

f F cos t F sin t cos t sin t

sin t cos t o dt

Jj o dt
O



 

Zen If S and S both bound C then

Sss Tx Fds f F di ffstxFds

it
Picture

o iS
Sz

Lem Sometimes one bounding surface will be easier to

compute w than another



 

Thm Spse F uf w comp fans having continuous

partial derivatives Then F is conservative if

and only if Fx F O

Proof Previously Tx Ff O

If F is conservative then Tx F O

Spse Tx F O

Spse C closed curve

There exists some surface S st 25 C

Sc F di Sf Tx F ds ffs o ds 0

Scf di 0 for all closed curves C

F is conservative D



 

ample compute Sfs T F ds

F C Y X Z

S part of cone 2 My between Z l and

2 3 w downward orientation

Sohn F t coset since i off É
Felt 3cos t 35in t 3

ri t sinctl cos t o

ri t 3 sin t 7 sin t o

F ri F sin't cost I

Fli ri 9
SS TF 45 ft't l at ft 9 dt 16k



 

The surface has
Divergence Theorem no boundary

curves

Nm Divergence Theorem

Let E be a solid bounded by a closed surface DE

Spse 2 E is pos oriented in points outwards from E

Let F of whose comp fans have cont partial
derivatives in a region that contains E

Sfa F ds SSS T Fdr

Also called Gauss's theorem
like the proof of Green's Theorem but w regions

replacedby solids and curves replaced by surfaces



 

Stokes like theorems in Dimension 3

curl
T

Functions Vector fields s Vector fields
di

Functions

Flac É Sert di

f F di Sf Tx F d's25

Ifa F d 15ft Ed

Fx Ff O F Txt 0

Apply two operators in a row gives 0

F Ff if and only if Fx F O

F Fx G if and only if F F 0


