
 
 

Lecture 18

Title Surface Integrals of Vector Fields

ection Stewart 16.7



 

eview the surface integral of f x y z over S is

Sf Fds
SS flick Irix til da
IS F xcu.vn you.us 2 un Fux ril da

where S has param eqn
F U V XCU VI y La v7 Z un

w U U in D



 

Warmup

where S is the part of the cylinder I x z

a tie
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that is between 2 0 y 0 and 2 2 y
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Orientations

efn A surface S is orientable if one can choose a

normal vector at every point in S st the

normal vectors vary continuously over S

Sicture



 

Remark If S is orientable w param equ Fun then
we have unit normal vectors

h Fix F

Irix Fu I

8 F U V acosta sin u a sinbut sin u a cos u

ri x Fv a'sink coscut a's in u sin ul a sin u cos ul
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Jef If S bounds a solid E then S is said to be

closed
A positive orientation is one for which I points out war

from E
o

neg inward
1

icture I I 1 pos
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Surface Integrals of Vector Fields

efn Let s be an oriented surface wi unit normal vector

h and param Flu v The surface integral of F

over S is

Sss F d5 ffs F n as
some fan

D Fircu u
fu t

truxild
Irix oil

SS FCFcu.us Fux Fu da

Also called flux of F across S



 

Ex 8 Compute Sfs F ds where

F x y Z x y Z

S is the boundary of the solid E where

E is solid enclosed by 2 1 x2 y 2 0

So n Draw 8

Z l x2 ye

S paraboliod part
52 Diste part



 

F up u u I u v

Flu u U V o

o Fux É i j K

g
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This normal points outwards

Sfs F d5 SS U V I w v 2n Zu 1 da

Sfp Zu t 25 1 w v2 da

SS n'tu't I dA

Zit fo r't r dr

25 t t t



 

Faux Fav I E K 0,0 1

I o 0

IO O

Sfs F d5 SS u v o 0,0 da 0



 

Rem 4 between F Flu ul and it is c 900

Fircumllen 20

Sss F ds 70

i i 900
I O

IIF d5 0

y 900

so

Sfs F di to

Sss F d's measures total amount that F flows

through the surface S in the direction of ni



 

xercise compute Sss F d5 where

S has param Flu v v costa usincu U

w OEUE Zit I v22 and is oriented upward
F x y Z x y Z

oln8 Fu usin u V Costa 1

Fu costa since o

Fuxi 2 y K L sincul costal V

f using noose

costal sin ul o

Fuxi is wards pointing



 

Sfs F d5
S fi fucosu usin u u sin u cos cut V dud

Jj fi ur dudu

J E 3

6 it



 

Rem S 87 guy f o where f x y z Z g x y

If is normal vector to the surface

Flu v u V glue ul
Fu 1,0 gu Fv o t.gr
Fuxi i i k

I o gu
o i gu

L gu gu 1

Ff Elul



 

upwards
x set up

Sss F d5 where S is the oriented paraboloid

2 x y over the unit disk and F x O Z

Sohn o S f o where f x y z Z X y
Flu u a v x y w re y in unit diste

Fuxi Ff Fluitt
I of C 2x 2y 1

Zu 2W 1
unwords

ffs F ds SSD u O u't v zu zu i da

ff zu tu't v da

etc



 

efn let S be an oriented surface w boundary

The orientation of S induces pos orientation of

boundary curve

awe

1

em Use the right hand rule



 

theorem Let S oriented surface that is bounded by
closed piecewise smooth boundary curve s 25

w the pos orientation

Let F of an IR whose component fans have

continuous partial derivatives on region that contains S

Sas F de Sf Tx F ds



 

Stokes like theorems in Dimension 3

y
TX
curl

T

Functions Vector fields s Vector fields
di

Functions

Flac É Sert di

f F di Sf Tx F d's25

So d So d

Fx TF 0 F Txt 0

Apply two operators in a row gives 0

F Ff if and only if Fx F O

F TEG if and only if F F 0


