
 
 

Lecture 16

Title Parametric Surfaces

ection Stewart 16.6



 

Warmup compute the divergence and curl of
F x y z x't et x sin xy et x z

Soln j K

Fx F 2 2x 212 2 22

x't et x sin xy et x z

I o o j et x ez II y cos xy

F F 2x et t x cos xy x et I



 

Jefn A parametric curve is a map
F t XUE yet j

for a stab

Determined by 1 parameter t

Defn A parametric surface is a map

F U V XIU VI T t YIU VIJ ZCU.VE
X u u you v1 Z u v1

So F maps some domain D in wv plane into IR
The associated surface S is the image of F in IR

A surface can have multiple param



 

cture



 

xample TCU v 2 cos u V 25in u

What is the associated surface

Soln Understand image when u or u is fixed

Spse v v is fixed then as u varies we get a
curve w param u

X 2 cos u y v constant Z 25in u

22 4 y v

As u varies we get circle of radius 2

lifted v amount away from XZ plane
As u varies we justget family of circles that
make up a cylinder



 

fg.gg y constant

Y

X



 

x Spse I un is as above but w OE UE 12 O E V E 3

Sohn As O E ut 512 3 just get first 44 of circle
As o z v e 3 cylinder has height 3

s

y



 

em To visualize often helpful to look at curves

Uo V or F U Vo

view as constant fixed

and see how they assemble into a surface

icture

efn F no V vertical grid curves

F U Vol horizontal grid curves



 

x 8 F u u 2 sin u cos u 2 sin ul sin u we cos u

Describe the associated surface

Soln Fix v Vo constant

F U Vo 2 sin Vo cos u 2 sin ud sin u we cos ud

y't y 2 sin Vo

Z let cos Vo

hor grid lines are helixes

Fix u Uo constant

x constant constant sin u something periodic
in v s circle ellipse

y
sin u

like

Z cos u



 

Jicture



 

x Find parametric equi for plane that passes through
É and contains vectors at I non parallel

So n If F 8 Flu u u at v5
If Fo to we just shift our surface by to

Fcu u fo t te É t v I

em If F x y Z to Xo yo Zo

a a az as I b ba ba
F u u Xo t ka tub yo t least bit

Zo t was Vbs



 

Ex Find param equ for sphere x't y't z a

Sohn Use spherical coordinates

F u u a sin u cos u asincu sin u a cos u

O E É E IT O E E E ZI

cture



 

Tx Find param equ for cylinder x't y 4 01211

2 1Soln Draw

O

F u u 2 costal 2 sin u V

O E UE ZIT O E V E L

Sohn 2 o F luv 2 cos U2 2 sin uz sin u

O E U E F O E V E IT 2



 

x Find param eqn for Z x't 2y

Sohn FLU V U V U't 2v2

x Find param equ for Z f x y

Sohn FCU u U V FCU u



 

Lx Find param eqn for cone z Tty

Sohn 1 F un U V Ty

Sohn 28 FLU V ncos u resin v U



 

Tangent Planes

ecall Given Ect Xlt yet
F t x t yet is tangent to Ect

x to t t x to y to t t y to

defines tangent line to Ect at to

x 8 F t coset sin t

F t since cos t

I t is tangent line at Flo no

tangent



 

Not Consider Flu v x u u you v 2 u v1

Rem W u no fixed look at tangent vec to F Uo u

at novo

Ect uomo uomo 3 Cuomo

u Vo n F u Vo

Fact 31 uomo Yalu vo Eucleavo



 

Rem ri ri define two tangent vectors that det tangent
plane to surface

Jicture



 

efn If Fux E O then the surface S is called
smooth it has no corners

efn The tangent plane of a smooth surface S is

the plane that contains the vectors Fu Fu

The normal vector to the tangent plane is the

vector Fux ri



 

Rem A plane is determined by its Formalvector
and a base point

p
La

b normal vector
a P Xo yo Zo base point

Plane act to bly yo t c Z Zo o

Question why is it normal to the plane
T Ff where f a x Xo bly yo t c Z Zo

Plane f o

Tf is always orthogonal to level sets
I t plane



 

Tx Consider Flu v u v2 we 2v at lil 3

What is the normal vector and tangent plane

oln Fu Zu 0 1

Fv O Lv 2

T j K

Fux F 24 0 I 20 4m 4uv
0 Zu 2

Normal at 1 1,3 is 2 4 4

Tangent plane at 1 1,3 is

2 x 1 4 Y 1 4 Z 3 0



 

ample FLU V sinculcoscu sinful sin u cos cul

What is tangent plane at 1 0,0

So n8 o f 512,0 40,0

Fu cos u sincu cos u sin v sin u

I sin u sin u sin u cos v1 o

Fu 512,0 O O 1

Fu 512 O 0 1,0

Fuxi i I k

o o

O o

0 0 I

Plane 8 x 1 0


