
 
 

Lecture 15

Title Curl and Divergence and a little more Green's theorem

ection Stewart 16.5



 

Warm up Compute So y dat 34 dy where C is the

boundary of the annulus D contained between

r I and r 2

Soln o Draw
D

Inc

Green's thm
SS 3y 2y da Se y'dxt3xydyt Say'dxt3xydy

So y'dx 3xydy
D It 12 010125

line integral Jj's r sincoldrdo 0



 

xample Spse Area D G and C is the pos oriented

boundary of D What is Sc F di where

F x y 3 42

oln Qx Py 3 1 2

Green's thm 12 SS 2 da Sc Fdi



 

Stokes like theorems in Dimension I

Functions Functions

7 b Fla fab f dx

Rem Ey
Jacobian

p g
Q P Qu P

so we can state Green's Theorem as follows

Sf 212x 2124 da So F di Sa Pdx t QdyP Q

where F Pit Qj



 

Stokes like theorems in Dimension Z

E Ey
o o

Functions Vector Fields Functions

Flac Et Sert di
flint flical Green's

F de E EY daf te SS
e a

f f f
or 2124

pFx Fy
Fan Uf Fan w above maps is zero

If 1 2 8 0 then F If for some F
If secondmap takes uf to zero then uf is

conservative



 

Curl and Divergence

Jefn Let F P I Q j t R k be a v f on IR

The gurl of F is the v f on IR

Curl F Ry Qz i Pz Rx j t Q Py K

Noth Let F T t Ey I Iz k be a vector differentia

operator
If I F T t Ey F j Ez F I

Fx i t Fy j t fz I



 

Think of F as vector w

i component I

j
2
2y

I Zz

em Think of curl in terms of a cross product
Curl F Fx F

i j i

P Q R

Ry Qz i Pz Rx j Qe Py K



 

Ex Compute Tx F where F XZ xyz y

Sohn o Tx F T j K

E E E
XZ Xyz y

I l ay xy j o x k ye o

2y xy it Xj yZK



 

8 Compute Curl F where F sin x t e YZj Zx't

Sohn Curl F T I I
x y z

sin EYE 2 2

i o xyett j 2 2 F yzett

xye.tt i 2xzjtyzetYZK



 

Mm 8 Curl Ff TXT F O F and its comp
fan

have
cont part deriv

roof Fx FCF T I I
2 2 212 2122

Fx Fy Fz

miff
3 Fay Fye j tax f e Effy Fy
E D

or 8 If F is conservative then Tx 5 0



 

ample Is F et et ext conservative

Sohn ExF i j K
22 2 2 2

22

et e et

I x ext o stuff

O

2m When F is defined everywhere w components having

continuous partial derivatives

F is conservative iff Tx F O



 

Proof Uses Stoke's thin which is an analogue
of Green's theorem

See later



 

8 Show F y 23 2xyZ 3 722 is conservative and

find F st FF F

Sohn FxF i j K

2 2x 212 2122

Y Z 2 423 3xy z

6 42 6 42

j 34222 34222

K 2423 2423
O

conservative



 

2
4223

Integrate
7 x y z xy z gly z

217 2xyz
2Xyz 24 2 423

diff
27 0

g only depends on Z

Of 3 4 z

3 xy z t g z 3xy z diff

g z O

F x y Z 3xy z C



 

8 show F sin y x costyle cos 17 y sin Z is

conservative and find f st Of F

Soln Tx F i J K

2 2 2127 2 22

sin y xcoscy cos z ysincz

i f sin Z l sin ZI

j o o

K cosy cosly

I

conservative



 

Fx sinly
F x y Z xsinly t g ly z

Fy x cos ly cos Z

costly gy ly Z Xcostyt cos Z

gly z y cos Z h Z

Fz y sin Z

si th z ysint
h Z 0

f x sin y t y cos Z



 

Divergence

efn Let F Pi Q j t R k be a v f on IR

The divergence of F is the function on IR

givenby
div F Px Qy Rz

em div F F F

E E E P Q R

Px Qy Rz



 

F XZ xyz y compute divCF

Sohn div F J F Z xz

x F etyz Exy sin x2

Soln J F exyz Z'x x x sin XZ

theorem div curl F F Tx F 0



 

roof J Tx P Q R

F Ry Qz Pz Rx Qx Py
Ry Q2 Pz Rx E Qx Py

Ryx Qzx Pay Ray t Qxz Pyz
O B

x F XZ XYZ y is not the curl of a

vector field ie F Fx G for some vector field G

If so Z e x Z F F F F X G 0

a contradiction D

Jefn If F F 0 then F is said to be incompressable



 

Stokes like theorems in Dimension 3

y
TX
curl

T

Functions Vector fields s Vector fields
di

Functions

Flac É Sert di

S d f J d

Fx TF 0 F Tx F 0

Apply two operators in a row gives 0


