
 
 

Lecture 14

Title Green's Theorem

ection Stewart 16.4



 

theorem Fundamental Theorem for line integrals
Se tf di f Ecb f Fca

where Flt is defined for atte b

Warmup Consider Fix y sincy i t it x cos yl j
Compute Se F di where C is the curve given

F t et sin et t t t j for Ost s 1by

Soln 8 Is F conservative 8 Py cos y Ax yes
Compute f st Ff F



 

If Pex y sinly

Fox y xsinly gly
xcosly g y of Q x y It xcosly

g y I

gey y
Fix y xsinly y

Use Fund thm of line integrals
FCI e sin e iSef di Serf di I

f Eli f Fco Eco sin i i

esin e sin i I



 

Noth Let D region in IR

Let C be the boundary of D oriented directed

st left of C points into D positively oriented

cture

E

Nm Green's Theorem Spse F x y Pi t QI

f Pdx Qdy Je F di Sf 3 3 da



 

Noth 2D boundary of D ul positive orientation

Ja F di 3 35 da

roof Spse D is a rectangle
After a change of variables we can assume

D O I x o I

Write
03

Cyr D n Cr

e



 

Spse F x y PCx y i QA ylj

JS Q Py da

Sofo Qx xx Py x y dxdy
SoSo ax x y dxdy So'S Py xy dydx
So Q i y Q o y dy S Plt i P x o dx

I Se F di Sc F di So F di Sc F di
Sc F di

e.g Fact i tj for ostel Tilt j
So F di So F recti É t dt

So Pll t Q lat o i dt

So Quit dt



 

When D is more general we divide D up into

rectangles

HIIHton

and sum the above argument over all the

rectangles
Some care is required near the boundary

Need change of variables and inverse

function theorem



 

Why can we sum things cancel

SS Px Oy da
SS Px Q y da t Sfp Px Qy da
Se F di Sc F di Sea F di fc.F.tt
Sff So F di t Se F di Sea F di

Sap F di D



 

ample compute So x dx t xydy Sc x i xy j di

where C is boundary of the triangle w vertices
o o 1,0 and 0,1

Soln 0 Draw

D

Apply Green's theorem

Sc x'dx xydy So y da
SoSj y dydx
I So x i dx

6



 

xample compute So F di where

Fay By es it Fx rye j
and C is the circle of radius 3

Soln Green's Thm D re 3

Scf di SS 7 3 da

4 SS da

4 it 35

36T



 

Cor 8 Area D SSD I da Say x dy
Sad y dx

I Say xd y y dx

xample Compute area of ellipse x'la t y b I

Sohn Area D Ia E x dy yd x

F t a cos t i t b sin t j for OE te Zit

F t sasin t i t boos t j
Area D IS acos t b cos t bsin t C a sin t dt

IS ab dt

ab it



 

em D could be more complicated and have several

boundary components

via

If 2D is union of finite of simple closed curves

then Sf ax Py da É Sc Pdx Qdy



 

ample Consider F It T t Ey j
Show that Sc F di 21T for every closed

curve that goes positively about the origin

So n 8 0 Draw

ie

Green's thin 3

Sf Qu Py da Je F di fcat de



 

Qx y x2
x yr

2

P SpQu Py da O

Jef di feat di

Suffices to show that S ca F di 21T

F t a cos t it a sin e j
F t asin t i a co ez y

t

feat de f asan.tt a

f asin t acosta dt

Sj dt
2k



 

theorem Exif and only if F is conservative if and

only if S Érsedcoesc

roof Green's thm says
0 SS Qx Py da J F di

for all closed curves C

1 208 Discussed Last time

Discussed last time I

uestion Why does this not contradict the above computation



 

Answer We can only use Green's thin on regions where

Py Qu P Q Px Qy are continuous and well defined

Above we have a discontinuity at the origin


