
 
 

Lecture 13

Title The Fundamental Theorem for line integrals

ection Stewart 16.3



 

efn Let F x y z P x y z T t Q x y Z j t R x y Z K
be a vector field

The line integral of F along directed C is

Se Pu y z dx t Q x y z dy t Rex y z dz

SIP Ect x'Ct Q FLA y Ct RIFLED Z E dt

Sba F Ect r t at

Je F di



 

Warmup Let F x y ex i x'y y
Let C straight line from 0,0 to 1,0

Let Cz graph of f x xcx i from o.o

to 1,0

Compute Sc F di and So F di

on Tilt ti O j Ostel

Fact ti tht 1 j O Itll

Tilt I

tilt i t 2t ily
So F di So FCF t Fi t dt

So et t o 1,0 dt



 

So et at

e l

So F di So F rich riceldt

So et t Ect i 1 2t 1 dt

fo et t Elt 1 Lt 1 dt

So et 215 364 t dt

ett E lo
et I t 13 3 5 114



 

xample F x y 7 xy it yz j t ZX k
Elt ti t Ej Ez for Ost Il

Sc F di

Sohn 8 Se F di fi t t t 1 at 3t dt

Jo t 2 6 326 at

27 28



 

theorem Fundamental theorem for line integrals
Se tf di f Ecb f Fca

where Flt is defined for atte b

roof8 Se tf di
Sab FFC Ect F'Ct dt

age y
fab Fx Ect x t Fy Ect y't facial Z t dt

fab E FIFA at
Ft't

Fir b Flical D



 

emark The above result says If C goes from Xo yo
too x y and F Tt is conservative then

Je F di F x y F xo yo

7 Fb F Fca

Similar statement for dimension 3

or If Ci and Ci are piecewise smooth curves w the

same starting and ending points then

f Tf di Se tf dr



 

roof faff di 7 F b 7 F a

7 F b 7 Ela

Se Ff dr D

efn Given a vector field F Se F di is path independen
if So F di So F di for any two paths C Cz

w the same starting and ending points

ample line integrals of conservative vector fields are

independent of paths



 

efn A curve C is closed if its starting and

ending points agree

emma Scf di O for all closed curves C if and

only if line integrals of F are path independent

roof spse we have paths Ci Ce

Let C be the curve going via c then via Cz

Jef di Je F dit f of di fc.F.di fc.F.de
Jef di 0 if and only if Se F di feet di



 

theorem Scf di is path independent if and only if F

is a conservative vector field of F

roof Too complicated for this course

emark If F is conservative then the total amount

that any closed curve C goes w or

goes against the direction of F is zero

This is the sense in which they are

conservative



 

Trample Is the following vector field conservative

r E



 

xample Is the following vector field conservative

I don't think so

0



 

ample Is the following vector field conservative

Yes



 

Question How can we determine whether or not a vector

field F is conservative

Let's just think about dim 2

Remark Spse F Pi t Qj is conservative

If F for some fan f

Fx P Fy Q

35 3 Ex

hun If F P i t Qj is conservative then

37 57



 

Mm Uses Green's theorem F Pi t Qf is conservative

if and only if Py Qx

ample Which of the following vector fields are conservative

Fox y x y it x 2 j
F x y 3 2 4 i x 3y4j
Fix y yi t x j

Soln Py 1 Qx I not conservative

Py 2X Qx 2x conservative

Py 1 Q x I not conservative



 

Question If we know F is conservative how do we

find F st FF F

xample F x y 3 24 i x 3y4j
Find F st FF F

So n BE PA y 3 2 4

S 3 2 4 dx Ft gly
3 x'y tgly F xx

2
Q x y x 7 y

x g y x 342

g ly 3y



 

gey y C

f x y 3x x'y y
example

So F di w F as above and C given by
F t et coset i t et since j

for OE t I 25

Ijabove
Soln Sc F di Sc Ff di

f ECI 7 Eco

7 eto 711,0
302t 3

3 Eti



 

xample Flt y lt xy e t i t x'etty

t
Ftt Itit2snCt j 12

on Pye xett litxylxetyyy.ciij.veQx

2xexY x'yetY

If Q x y

F x y S x'e dy t get
xe't t g x

3 Pix y

I xy ett l ext xy et't t g x



 

g x O

f x y text

Je F di So F xe d

Cos it 2 exp 2 cosCelal sin tie

cost exp 2 cos 0 sin o

I


