
 
 

Lecture 10

Title Gradient vector fields Line integrals

ection Stewart 16.1 16.2
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efn A vector field on IR is a fan F that assigns
to each point x y z a vector in IR

F x y z P x y z I Q x y z j t Rct y z Te

Jeff A Eline of F is a parametric curve

F t E i yctly zcette

st Feral E t

Flt is a path traced out by a particle
being pushed by F



 

Defn The gradient vector field of 7 x y is

F F IIe y i tfcx.tl j

Example F x y x'y y
F x y 2xy.it x2 342 j

Example 7 x y E x't ya
F x y x i y j I

I



 

Remark Consider a level set of F
F c x y Fay c

This is typically some curve C in IR

Fact Ff is always orthogonal to the level sets 7 c



 

roof Spse f c is parametric curve Flt Xcel yet j
ret runs along the level set of 7 c

velocity of curve is tangent to 7 C and

f Ect 7 Xlt y It C for all t
O It C

E 7 Xlt yet
Fx Xlt yet X t Fy Xlt ya y t

FF Xlt yet F t

Tf I F c D
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Jefn the gradient vectorfield of 7 x y z is

TF x y z fx x y it i t fy x y z j t fzltiy.tl Te

Remark Consider a level set of F
F c x y z Fox y z c

This is typically some surface S in IR

act Ff is always orthogonal to the level sets 7 c

Ff is the normal vector to the surface

1



 

Jefn A vector F is conservative if F If for some

function F F Falleda potential function for F

Warning Not all vector fields are conservative



 

Not Let Flt Xlt it yet j be a parametric plane
curve C wi atte b

We need i to be smooth nice 8

F t 8 and X t y t are continuous

Goal Integrate a fan fix y over the curve C

emark Divide a b into n subintervals tin ti of

width At w samples tf in ti i ti

F Cti t divide C up into n subares

w lengths Asi



 
FCF ti

efn Se f x y ds fits it f x til yet as

change in arclelgth
times E f ice length of t over

ti e ti

Is Ei flice i ftp.E at

LI Zi fire Ir till At

S FCF t I i'all at

called the Line integral I Inge

emark This does not depend on the parameterization of C as

long as C is not transversed multiple timesby F t
This is sometype of change of coords for curves



 

Remark When 720 Sc Fds area under fence whose

height above x y in C is 7 x y



 

Remark Given Y to the curve that starts at

E and ends at w is

F t t.it i t E

for Ost El



 

x Given C x y o e x e i compute fo x'yds

Soln Parameterize curve F t ti t tf for Ott El

Compute F 8 T j
Set up integral and solve

Sc x'yds S t IF t at

J t F at 45
F 4 FE

Ect t's Ej is another parameterization

F t Zt i 2tj
Je x'yds So t f t at I IT
Didn't depend on parameterization



 

Scl x'y ds where C is upper half of x y I

oln Param C F t cos t.li sinctly
WI O E t E T

Compute É E sin t 5 cos t j
Solve Sc 2 x'yds

ft z cos't s int I 11 dt u cost
du sint

21T S a du

21T t



 

efn A piecewise smooth curve C is a union of a finite

of smooth curves Ci Cn wl

anti.tt

Se f des Zi Sc Fds



 

8 Sc 2x ds where C is y x from 0,0 to lil

and Cz is line segment from lil to 0,0

oln Draw pic

Param curves F t ti t try
F t i t i l E j

Compute 15 ri it 2tj
F i j



 

Set up integrals and solve

un
t Je 2x ds Jj Zt Fat at t 2 fo f i t dt

dust I fi trudt 2 So E i t dt

I w 2 ft E l

I 525 I 252 F

act 8 If C curve C but w opposite direction then

Set as f et ds

roof Jet ds signed area under C raised up by 7
c n n f

Jet ds D



 

Noth Let F t Xlt i t y t j t 2 t II be a parametric
curve in IR for some curve C and as tab

F t X T t y j t z te is the velocity of r

efn o Je f x y z ds

Sab f Ect I F til at

S f 14 y14,214 txxyt Z.lt dt

Length of C So I ds
o Je Paix 2 dx Q x y 7 dy t R x y z dz

Sab P ret x t Q ret y t RIFLE Z E dt



 

8 Spse F t coset sin t t helix for Ost e 2T

Evaluate So y sin Z ds

Sola Scysinalds J sink Finttoste at

J A sin t dt

E Sj't l cos at dt

T2 IT


