18.901— Introduction to topology
Midterm 2
MIT

Instructor: Alex Pieloch

4/17/25

Name: S lw,- fons

Student Number:

e This exam contains 22 pages and 14 questions.

e This exam is out of 64 points. The distribution of points among all of the questions is shown
in the table on page 2 and is also indicated next to each question.

e Do NOT write on the backs of any pages. There are additional pages at the end of the exam
if you should need them to show further work. Please indicate in your solutions when we
should refer to the pages at the end of the exam for more details.

e You will have 80 minutes to complete the exam.

e Good luck!
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Distribution of Marks

Question | Points | Score

1 2
2 2
3 3
4 3
5 4
6 4
7 4
8 4
9 3
10 3
11 6
12 8
13 10
14 8

Total: 64
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1 Definitions and statements

1. (2 points) State Lebesgue’s covering lemma.

let X= C.f'& metric Space il an open covecr X = Ux W
3 sv0 st WyeX, By € Ux he some .
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2. (2 points) Given a set of points zp, ..., z, € R", define what it means for this set of points to
be geometrically independent and what it means for this set of points to be in general position.

¢ The Zs,...,2m ace 3@_& f
T, Ai-2i=0 ad T;%=0 => A: =0

gor ﬂ.:C 12

° Tlle, 2«:, -y 2m ar l'njzv\em( ,oasx'#rlt o oy Su.,orul‘ oF erdec less

“PL\M or e_?_u.al L nt( are 30.»»—\ ind .
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3. (3 points) Give the definition of a deformation retraction.

A defosrmation retraction of a Space X onh a SuLs"oa.ce A
5 a lc\oww'l'bf]{ el A, H:X>xT = X, st

(D) H,_, = in

6>} H, = r‘e:lv-a.c,l- onbk A
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4. (3 points) State what it means for a continuous map f: X — Y to satisfy the homotopy lifting
property for a space Z.

T X oY sahshes HLP fr 2 if gvea Joi Zrlot — X aud

J:Zx_‘[—%‘( st 3°i°=f\9°§°,+&e« 33‘:2~I—>Xst

® §,=§°i.
@ $-3=3
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2 True/False

For Questions 5-10, state whether or not the given statement is true or false. If it is true, provide
a proof of the statement. If it is false, provide either a counter-example to the statement or a
disproof.

5. (4 points) For every manifold X there exists a countable number of open subsets U; C X such

= Secon wntable =5 fable bast B, .-, B, ...
4& X=rs d cwuntable 3 countable basis n
X s l.oca.l(y Euclidean =% VxeX 3 opem Ux 3x st ux ~ R
Uy = opem => 3 basic opent By st xeBocUx.

Rut cowtable = of Bys cover X => coumtable # of UxS cover X
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6. (4 points) Let X be a connected T space with |X| > 1. The covering dimension of X is always
strictly greater than zero.

Fix X#yéx.
K7 X1, = K= ()0 (Xy) i apem cover
Tf dim(X) =0 => T refuement Wy st
O eadh % meets enly one U
@ Ua & (X x) o Uz e (X-y).
Note 3 U, Uz sb xellnS Xy, velly e Xx.
O = Uu0Uz =P
So Ua,Up = opem + nem-empby + disjeint.
=% X # conmected , a contradition.

S, dim(X) >0,
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7. (4 points) The kernel of a group homomorphism is a normal subgroup.

let P:G —H be a ge [N

© Pley=e => ec ker(®).

® qe Ker(®) => P = PEY = ()= e =» g7'e Rer(F)
® qhe Kee (@) => P(gh) = PP PR = e“e’ = e’ => ghe Ker (®)
=% Ker(®) ¢ G is a subgroup.
T¢ je@/ ne Ker(9), Hew
P(3ng") = Pg)- Pl PLg)
= Pl e P

= L9 Pl
= Pg)- P@)"
= e
=> gﬂj" e Ker(€)
=y Ker(®) = vormal - D
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8. (4 points) Let p: E — B be a fibre bundle with simply-connected fibre and let [o] € 7 (E, o).
If p.([a]) is the unit, then [a] is the unit.

o

“{(\y Leb He T — R be a LL{:H el 9T Fromm po e h c.
We have o [t of Hy over A = ITxot U =T ut}>xT 4o a
map H:A —E by
o .=«
@ fele)= % = T
Note | Holo) = x. = () = (N = xa = H,
de 57 Hee ?o.s-lw'\j Lemma ,1—7 s canNawows ovec A
'l,(g.‘zS Mot Hee exists a homes P: IT'— T* st

ad

HLp = 3 He: T — E st

Il;o‘j Wlﬁfs vamebwvocf\'\zcal\?l b/\.‘LD A )

® H, =e.
® Hld= x. = H.
® peH=H
® = H,(s)e RO = o7 (pten)) = F
F=s;mf,l7_a,m => 3 l"{’f’/ el I, Ge: T — FeE, st
O Go=H,
® Gulo) = X = Gre ()
® G)= x,
Se 1= [RT =[]

T

Vo He wa Ot
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9. (3 points) If for each [a], [B] € (X, zo) there exists a continuous map of the torus f: STx St —
X such that [a] = [f|s1xq0y] and [5] = [foyxs], then 71 (X, zo) is abelian.

7 Leb SH11, 1o1x S be parameterized by curves X, cesp.
So 4, (1&d) = <7 1. (tp1) = (g
m(ses) & ()= m (e ZxzZ =5 7, (5%S") o abelian.
= [«3-Tp7 = L&) - . (LaT)
= 1. (8- (g3)
= ¥ ([§]- 1)
- [T [T,

=$ ]Zu-l (XJXa) = aloe,l(a.n

) T, (S" S‘) = a\=el\'o.n .
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10. (3 points) Let A be a subspace of T™ such that 7™ retracts onto A. Given a € A, every
non-trivial element of m (A, a) has infinite order.

’<ya/ T pedacks onde A =5 inclusion, 1. : IT, (A,a.\ —> 7T, (T':a,) (w):u'liue,
TC, (’ThS = ZA =% e.oer\/ elWl in 1C, (T“) lw.s wtinde orders.
¢ 3 (e m(Aa) st 1" =0, then O=4, (1) = i (=1)

=D N=0 o« ix ([“']X =0

Sinee ix = "‘; => [_0"1=O.
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3 Free response

11. (6 points) Show that R™ is paracompact.

Fietd, cecall dhat "= Haus. So STS ey open eover admits a
loc,auy ‘F‘V\l.‘l'e— Feg’wemew“.

Le‘b @“= U&u«* open couver.
HR =5 B,(") = c,‘o'ﬁ + closed .

B.(n) c_r{ => 3 u:.,..., u,:‘,\ optms Yot cover Bo(n) w/ u‘: = U
~£ar Some oL .

DG‘G"-Q \/1:= u.'; ~ E,(V\-i) = O{’M ~ closed = open.
Claim: Va: Vf;,/\ 3iue l,ooct“}z frde re-ﬁ'nemex(-

P"F: ® Sf’s: xe R® =» xe Bo() Bo () fr some n

= x e BM N () ¢ U Vi

=>

" Cove m“.

i
@ \/:‘ =3 U~: = uot ‘Cvr Some A =5 \/1: mf:me °"l;?o'no..l cover,
@ S‘)Sf— X € f\?\" = %€ 206“) for some n.

Zut B, (n) only meebs V.:‘ Lo men,

=5 \/: = Locauy -ﬂ‘m‘-l-e,.
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12. (8 points) Let X be a compact Hausdorff space. Show that every open cover of X admits a
refinement that is a partition of unity. (You should not use any of the results that we proved
in class about partitions of unity).

Let X=UuUx be an open cover.
X = Cpt+ Haws => X = ocmal
=> b/xeu,( Fopen Vyox st xeVxc e Uy,

X=UkVx = X cpt => 3 fiude # Vu,, Viu oot cover X
Spse Ve ¢ Wa, for some &
X=normal ond Vien (X~ Uw) =g => Bcts 4 X = T st

® ¥lg,. =41

® Plyy, =0
Defie  pi= Y/,

1

o"'& Vi: cover X => Vxe X , 3 st 4. (x) 0 =5 denominator of
)0.' S non-em. Se /O,' (Y well- Jexpmec.l.

/O} is cts slace it oa SwW/\ococ‘. F s éms_
Claim 3 (ua ,10;)} Jene"nes a f)a,\‘“'l“’l'on N4 u.m.""}z subordinafe o Ua.
P:@: X = U,- Vx; < U,- Ud; =5 u,.c; = cover

Uu: ¢ U =3 U: = refinement of or‘cijno.( cover,

Shee #‘ o‘r ] € GG =5 u,(; s ’.ocn,‘(y -?u\u"('e. cover,
Pi0>0 =5 x¢ X~olUe = x€ U

Cipi=<ip /g =4,
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13. Let X be a space and define
Homeo(X) = {f: X — X | f is a homeomorphism}.
Define an equivalence relation on Homeo(X) by f ~ ¢ if and only if f is homotopic to g. Let
mo(Homeo(X)) = Homeo(X)/ ~ .

(For the following questions, you should not assume any results from the class.)

(a) (4 points) Show that ~ is an equivalence relation on Homeo(X).

(Reflexive) s Fe€ Homeo (X)),
He: X = X by He (o= §- £Cx () = P (%)
He = comp. of cts = ct&s

Bo =% ad H=F => T~7
(yrmetric) %, q¢ Homes (X) ¥~3-
=> 3 He: X=X st He= % ,Hi=g
Defn Ge: X = X by Ge(x)= H_ (x) = He (d=ten)
Ge= comp. of cbs = cts
Go=H=9,&=H=% => g~%
(Hramsitive) - f,J,ke Hormes (XY wy :'?”j acd 5.&[,‘_
=> 3 He: X=X, Ge: X— X st
Ho=+% , H'sz : G, &=l

Defn
H.e osts
Fe = !

L
Glé'l ) 2 < t é

nl-

—

Note H. =Go = R is eis L,Y Hee Pa.s-l—n'vxj Lemma.
F=Ho=f, F=G=h => f~L, 0
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(b) (6 points) Define
eo: mo(Homeo(X)) x mo(Homeo(X)) — mo(Homeo(X))

by
[f]elgl =1lgo f].
Show that (mo(Homeo(X)), ®) defines a group.

Cla.imi-’ 7‘,3,k€l4’bmu am.l ‘f*’j =" f°la~3°|~.
P: I Hp: X=X st Ho= ?|‘3 H=9
Defr Ger X=X by Ge00= Holhd) = He (ids % W) (£,%) = conp chs = cbs
Ge= Hoeh= 9l , G, = H."la:j‘l/\
=> 4°1«~$°j
Claip 1 - i,j,he Hormeo (X) and £~j =% Ll-:ﬁ.v[,,_.j_
: I Hy: X=X st Ho= :ﬁ, H‘.-.g
'De}v\ Ge: X— X by Cft(x3=)4°H-L(X) = c.uvs.fc—'('s = cts
=hel = het |, Gimheli = heg
=> L.! ~k°j
(' is we“'cle-CM)3 Jf“' :f”tfl au-.,l j"“j'.
O] @ , ) ’
(#3-090 = [3-¢] = [o=#') = [s~¥T = [#1-1o7]
(_U/m'-l-al) D ound = adx.
143 = T8itx D = [£ = (oot ] = [4] [ide]
(asseciative ) : {17+ ([3] Uu_l) ij} [_l% *9)+17] (:)
- Dwarm = [aﬂ-m = ([#1-1s3) - W]
@) = fon compositon is associative.
(.’nue,rse,s) : [i] ¢ TT, (,“"hv.e (X)) => i = wa.e.o => i~|= Lo meon
=) [¥7] € ;. (Howmes (X))
(7147 = [(#7f] = (T = [$o57) = (¥7] - 1¥]
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14. (8 points) Consider
§*={(z,w) € C*| 2" + |w|* = 1}

and let p = exp(27i/n), where n € Z~o. There is an equivalence relation ~ on S3 given by
(z,w) ~ (2/,w') if and only if (u? - 2z, p/ - w) = (2/,w’) for some j € Z. Let L, = S®/ ~ denote
the quotient and let ¢: S® — L, denote the quotient map. Using that ¢ is a fibre bundle,
compute the fundamental group of L,.

Defre o' T — §° lay () = (e"r (2=i-s /n) o )

Ap

2 ~ ) = = go X defnes a class w T (La, [1:07).
Claim :  [«1 = (]
PR Spse e =c el 3T via o hbpy He T —La .
We have o [ift of Hy over A = Ix30 Jolxt v Wi xT
toa map H:A —E \y
o Hi@ = (1,0) = s
@ H,(5)= &)
Note | Ho(o) = x. = ()
Se by dhe Taskry Lemma, H 5 cadinuons ovec AL
ug.-,S ot Hree exists a homes P: I'— I st

L e
Ry HLP, 3 hbpy He: T —S™ st

© ()= (1,0) = )

® H,()= 2

® yﬁfm = (10},
@ => Hl) = ' (TeeT) = § (#l0), o, (#0)] = discrete.
Ho (D) = s map w/ Ho() = () = (#0), H () = (1,0).

«va\.c& H(:r) (l) = Coﬂﬂ-e—b*eA => /0"_' [l =% & 0
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This page is intentionally left blank for work that wouldn’t fit elsewhere and scratch work.

Claim: [¥1e m,(Lu, [1:0]) = [33 = [1" for some K.
M: WP = 3T TS st F=(v0)  o.¥=Y.
Y0 € 04"(‘10\) => Y= (/"",o).
5. simply - conn =5 g htpy HeiT—S” cel 2T fon 5 4 5%
9r°Ht (o) = D10} = qeHel)) 2:H.=Y qe Bo= *
=> g0 = kpy el 3% bom ¥ b ¥ . D

Note , dhe above showx dut o= x°=c rel 9T.
= 7, (L, Wed) = Qs & = 202
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