
18.901– Introduction to topology

Midterm 1

MIT

Instructor: Alex Pieloch

3/6/25

Name:

Student Number:

• This exam contains 20 pages and 13 questions.

• This exam is out of 68 points. The distribution of points among all of the questions is shown
in the table on the page 2 and is also indicated next to each question.

• Do NOT write on the backs of any pages. There are additional pages at the end of the exam
if you should need them to show further work. Please indicate in your solutions when we
should refer to the pages at the end of the exam for more details.

• You will have 80 minutes to complete the exam.

• Good luck!
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Distribution of Marks

Question Points Score

1 3

2 3

3 4

4 3

5 3

6 4

7 4

8 4

9 4

10 10

11 8

12 8

13 10

Total: 68
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1 Definitions

1. (3 points) Give the definition of a basis on a set X.
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A basis on a set is a set of subsets of X say B st

covering X B

refinement If eB'nB for B B e B then Be B
st e B B'nB
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2. (3 points) State three di↵erent (but equivalent) formulations of when a T1 space is normal.
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Let X be a T space

For all closed subsets As X BEX st AMB there exist

open subsets U X VEX st AEU BEV and Unv

For all closed subsets As X and opensubsets U X St A EU

thereexists an open subset VEX st A EV V EU

For all closed subsets As X BEX st ANB thereexists
a continuous map f X I st Fla 0 and Fl I
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3. (4 points) State four di↵erent (but equivalent) formulations of when a map f : X ! Y of spaces
is continuous.
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For all opensubsets U Y F le X is open

For all closed subsets C Y f c X is closed

For all opensubsets VEY if fix eV forsome xeX thenthere
exists an open subset UEX st ell and f u V

Forall subsets A X f A FLAT
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2 True/False

For Questions 4-9, state whether or not the given statement is true or false. If it is true, provide
a proof of the statement. If it is false, provide a counter-example to the statement.

4. (3 points) Let X be a space. Let A ✓ X be an open subspace. Let B ✓ A be a subspace. The
interior of B in A is given by the intersection of A with the interior of B in X.
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True

inta B ye p
B vk.glpenv Anv BopenV Anintx B

1 Since A is open and B A everyopenin X that is contained in B is

of theform AnU for U EX an opensubset w And B

121 Since CHS is in A we havethisequality
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5. (3 points) Let O and O
0 be two topologies on a space X such that O is coarser than O

0. If
(X,O) is compact, then (X,O0) is compact.

Page 7 of 20

False
Let X IR O trivialtopology O standard topology

Thetrivial topology being 10 is always coarser than
anyothertopology So 0 0
XO is compactbecausetheonlyopen cover is X whichisfinite

X O is non compact via consideringthecovering Y fu.nl
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6. (4 points) If f : X ! Y is a continuous map of spaces, then

@f�1(B) ✓ f�1(@B)

for every subset B ✓ Y .
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TFitice
that AEX 2A An

Since f is continuous

7 TBI FLEIBI B

7 FIB 1 13 ÉY B YT

F 27 B1 2B

27 B f f 27 B f 2B
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7. (4 points) Let X be a space. If A ✓ X is connected, then A is connected.
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Irue
Spse A Co UC w Ci closed in A
Since A X is closed Ci is closed in X

C An C is closed in A
Since A Co UC and A is connected Ci A for some i

A Ci closed A Ci Cai
A is connected
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8. (4 points) Let X be a connected Hausdor↵ space. Let f : X ! X be a continuous map and set

fix(f) = {x 2 X | f(x) = x}.

For every non-empty open subset U ✓ X, there exists a unique continuous map f : X ! X
with fix(f) = U .
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e f X X is a continuous map w fix fl U

Since X is Hausdorff A XXX is closed

Define F X Xxx by F X x 711

Since I is component wise continuous F is continuous
Note open non empty U fix 7 F A closed
Since X is connected X fix f U

such a f iff U X
So X IR and U 10,1 gives a counter example
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9. (4 points) Let X be a connected compact Hausdor↵ space with |X| > 1. X is uncountable.
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True
Fix yeX st x y
Since X is normal it is T So y are closed

By Urysohn'sLemma continuousmap F X I st

fix 0 fly I

Since X is connected f X is connected

If ZE I F X then f x F X n o Z U f X n 2,13
whichwould contradict that f X is connected

So 7 is surjective 1 1 1121 X is uncountable
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3 Free response

10. Consider X = Rn with the standard topology, denoted Ostd. Let O
⇤ denote a topology on

X t {1} where U 2 O
⇤ if and only if either U 2 Ostd or U = (X rK) t {1} where K ✓ Rn

is a compact subspace.

(a) (7 points) Show that O⇤ defines a topology.
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111Note K is compact So XU a 0
Note e Osed So E0

12 Let Us X Ca eOstd V3 X Kp u lo w Kp opt
If β then UaUa eOstd 0
Else UaUa UUpUp 0 U X na ca n n Kp
Note byHeineBorel eachKp closed naCa n Miskp closed

By Heine Borel each Kp bounded hisKp bounded

na ca n risks bounded
So byHeineBorel naCa n Miskis is compact

U U UUpVp 0

131 Let U X C eOsta Vj X k v10 w kg opt
If 1 0 then Nj Vj 20 u X U kj
Since there is a finite of Kj and since each Kj is closed bounded
by HeineBorel Uj Kj is closed bounded and thus compact
by Heine Borel So AjV e 0

If if Millin Niv X U C v Viki
Sincethere is a finite of Kj Ci and since each Kj is closed
by HeineBorel U C v Uskg is closed in Ostd

Milli n Niv eOsta 0
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(b) (3 points) Show that (Rn,O⇤) is compact.
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1121 3,0

Let Us Ostd Vp X Ks U 103 be an open cover

Sincethey cover theymust cover lo So 8 p
SinceKp IR is apt it is closed

So Ux X Kpgive an open cover of IR

Since Ky IR is apt Ui Un and X Ki X km st

k U U U Uj X Ki
So Us ten U Vm Vr cover
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11. Let X and Y be compact Hausdor↵ spaces.

(a) (5 points) Show that X ⇥ Y is compact.
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Spse X Y U Ox is anopen cover
Write Or UasVas

Note if thecover X Ua Va admits a finite subcover saybyUig Viz
then Oi is a finite subcover of the Ox

Since 1 7 4 is compact finite Vx.ie Vxp stUx ixVx.icover1x3xY

Set Ux A Uxii
Since X is compact finite Ux Ux that cover X

So Uxii Viii cover XxY as a finitesubcover Indeed given x y eXXY
e Ux Uxji forsome j and yeVxi for some i So x y llxj.itUx i
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(b) (3 points) Show that X ⇥ Y is Hausdor↵.
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Fix uniquepoints x y x y E XxY
WLOG assume to X

Since X is Hausdorff disjointopens Uo U X st xielli
Note UoxY U xY are disjointopensin X Y st i yileUixY

XxY is Hausdorff
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12. (8 points) Let X be a compact Hausdor↵ space with basis B. Show that for all x 2 X and
opens U ✓ X such that x 2 U there exists a basis element B 2 B such that x 2 B ✓ B ✓ U .
(You may not use any results from class.)
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Set A X U closed

Since Hans YEA disjointopensWyVy st xeWy yevy
Since A is closed and X is compact A is compact
Note A UyVy So thereexists a finitesubcoverVy Uyn

Define W N Wyi V U Vyi
Note XeWy y 3 XEW

Since Vy Vyn are a finitesubcover A V

If ZEV then ZeVy forsome Z Wyi forsome i zf hiWy

Wnv

Note We X V closed So X W w̅ X v

Since VIA X V X A L So W w̅ U

W open basiselm BE B st x e B W

B w̅ since I smallestclosedsubsetthat contains B

B B U
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13. (10 points) Let
D2 = {x 2 R2

| |x|  1}.

Suppose that we have spaces Xi for i = 1, 2 and homeomorphisms 'i : Xi ! D2.

Let X = X1 tX2 denote the topological disjoint union. Define an equivalene relation ⇠ on X
by x ⇠ y if and only if x = y or x 2 Xi, y 2 Xj, 'i(x) = 'j(y), and |'i(x)| = 1. Show that X
is homeomorphic to S2. (Hint: You may assume that

p
· : R�0 ! R�0 is continuous.)
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h

Define f X S by f x 4,1 1 1 19,1712

Note 1 12 1R IR x y x y is continuous since it is

a sum productcompositionof continuousfunctions

So FQC.IT is continuous since it is a sum productcomposition

of continuousfunctions

It follows that f X 112 112 is pmpgnent.fi timous
Since F X S therestrictionto S

Similarly define f Xa s by 9 x Ftt

By PastingLemma or just defnoftopologyof X

f x s em I
is continuous

Fi has inverse given by x y z Q x y
So fi is bijective
Note if x y then f x fly

7 X 52 st fog f
I is ets since 7 is its F is surjective since q f are surjective
If I 13 713 w x y then 911 fly and 1941 I

x y So f is injective

X u X opt Xiu Xi opt f homeo
5 IR Haus S Haus
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This page is intentionally left blank to accommodate work that wouldn’t fit elsewhere.
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