18.901— Introduction to topology
Midterm 1
MIT

Instructor: Alex Pieloch

3/6/25

So|u+iows

Name:

Student Number:

e This exam contains 20 pages and 13 questions.

e This exam is out of 68 points. The distribution of points among all of the questions is shown
in the table on the page 2 and is also indicated next to each question.

e Do NOT write on the backs of any pages. There are additional pages at the end of the exam
if you should need them to show further work. Please indicate in your solutions when we
should refer to the pages at the end of the exam for more details.

e You will have 80 minutes to complete the exam.

e Good luck!
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Distribution of Marks

Question | Points | Score

1 3
2 3
3 4
4 3
5 3
6 4
7 4
8 4
9 4
10 10
11 8
12 8
13 10

Total: 68
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1 Definitions

1. (3 points) Give the definition of a basis on a set X.

A basis on a seb X i a set of subsets of X, Soy B, st

©) (couu‘;aj) X=0U B .
Beg

® (refuemont) Tf xec R'NR" f£r B, R'e B, #ren I BeB
st xeB eBNB".
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2. (3 points) State three different (but equivalent) formulations of when a 7} space is normal.

Ld: X \08 a T\ S‘Pa.ce.

O For all clwed subsets As X BcX st AAB =& Jhore exst
opon sublets Le X VeX st AclUL, BV, amd UNY = &P,

® For all clored subseds Ac X and opon subsets ULeX st AslL
Hhece exists an opon Subsed Ve X st Acs\ s \75U- .

@ For' al( c(,oaecl subsets As X ,BS X s-l: AnB = ¢ %ere exists
a contawous MqP ‘.e:X~—>I st iIAEO o d :ﬁBEi.
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3. (4 points) State four different (but equivalent) formulations of when a map f: X — Y of spaces

is continuous.
O For all open subsets WeY W) e X s open.
® For all closed subsets ceY, F7(e) & X is closed.

@ For all open subsets \/EYJ W LeV r some XGX, Yon dhese
exists am open Qu—.LSe'é WeX st xell and fﬁ(u) c V.

® Forall subsets Ac XJ T(A) < £(A).
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2 True/False

For Questions 4-9, state whether or not the given statement is true or false. If it is true, provide
a proof of the statement. If it is false, provide a counter-example to the statement.

4. (3 points) Let X be a space. Let A C X be an open subspace. Let B C A be a subspace. The
interior of B in A is given by the intersection of A with the interior of B in X.

Truwe :
, @, noQ oy, @ @)
M+A(B) = \/:Aau.slz\/ = vel V = »A n veR v = AN iml-x(l?)
U £X open N €X openn VN X opem

() Simee A s open awd B c Wery open in X Yot s wntained in B s
of Jhe Lorm AN Lor U..SX an o m subset wi AnWU e Q.

() Siace LHS is in A, we have Hhis eg}ualu'{'y.
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5. (3 points) Let O and O’ be two topologies on a space X such that O is coarser than O’. If
(X, Q) is compact, then (X, O’) is compact.

False :

Le:l: X = IP\) (3 = '-l-f-'uial JafblOJy ) O'.—_ s(:-mdal‘é +°f°l"ﬂ)"

. TL\.O. 'Jm‘u»'al 'l'!PO(A)Jy) Lﬁ"g i¢,X]J s Q[l-uo.ys cearsesr %am
MY o"‘v‘f‘ J‘POlOJY' So O S O'_

(X;D) is Com(ao‘l' Leccw,se Jhe Mly o 4r cover is X , which s 43:4:&_

(X,@l) s won- c.omfw'[’ via LMS:J@F-‘I\\? M«-t covcl‘l'lU X= Lﬁ (‘ﬁ,*).
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6. (4 points) If f: X — Y is a continuous map of spaces, then
of Y(B) C fY(0B)

for every subset B C Y.

Torue :

Notice #hat ¥V ASX  9A = AnX.A .

Since f( is cnn'l-;nu»u.s,

1(F®) = () <8

H(Tm) = T(x-1'(m) = $(T'(¥p) ¢ VB
=> F(317(8) = o8B
=> 977(8) ¢« L(L(3%'(®)) « T7(98)
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7. (4 points) Let X be a space. If A C X is connected, then A is connected.

Trwe :

—

5‘053 A = CLC w/ C; closed in A_

Since Z\ e X s doseé) C; is closed in X,
=> C!= AnC. is closed in A.

Since A =Couvc! amd A is comected, Ci=A s some i.

=5 A< (; =clesed => A < C:; => Cin = @
=7

>=|

1S co f\.V‘LQC.'!'e.A .
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8. (4 points) Let X be a connected Hausdorff space. Let f: X — X be a continuous map and set
fix(f) ={z € X[ f(z) = x}.

For every non-empty open subset U C X, there exists a unique continuous map f: X — X
with fix(f) = U.

Talse

S\ose ft X—-B X b - cm-l-iwu.ou-s VV\af w)/ :ﬁ.x(;g\=u“

S{w:-c X. is H-ou.,s Aor"F-PJ A < X"X is closed.
Debne F: X — XxX by Flo) = (x,l’(x)) .

. F i - i ' {
Smc.& is com\gmenjc wile cm“um"bj F s c.m‘ﬁmu,ou,s.

Nobe , open+ nen-empby = U = fix(¥) = F(A) = closed.
Sinece X s coanected ) X = :r-'x (:F) =U.

=% 3 suh a :ﬁ FfF w=X.

50 X'—" l?» amé U~= (.‘9)‘) jiU@s a coun‘l’ef—exam'ﬂle.
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9. (4 points) Let X be a connected compact Hausdorff space with |X| > 1. X is uncountable.

Truwe :

Fix  X,yeX st x*y.

Swee X is voemal , i is T, S 1) 0yl are elosed.

By Wrysohas Lemma, 3 conkmuous map 1 X — T st

fea=0, fly)= 1.

Sinee X is  omecked | F(X) 5 connected .

T3 2e T, e 20 = (A [o,2)) U ($W 0 =1 T),
which would  contradict dok  L(X) &5 connected.

Se ‘f( 'S Supd:-e,d-iue, => [XI =z [l'P.l = X s uncountable .
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3 Free response

10. Consider X = R" with the standard topology, denoted Ogy. Let O* denote a topology on

X U{oo} where U € O* if and only if either U € Ogq or U = (X \ K) U {oo} where K C R™
is a compact subspace.

(a) (7 points) Show that O* defines a topology.

() Nete R=¢ 5 compact. So XU [L]le O
Note e O¢t. So $eT”,

O Lot W = (X‘C«L) QOS&J) vﬂ = (X‘K;)Ul“} v/
TH R =2 e LUeeOus cO"

K/? = Cfﬁ.

Ee, Ll v Ua Vs = $wtu ( X v (NaCu n npKﬂ))
Note , by Heire-RBorel | each Kg = closed => N Ca " NgKp = closed .
By Heine -Borel , each K= bounded =5 Ny Kp = bowenled

=> NaCa 0 NpKp = bou.ded.
Se by Reme-Roel, NuCu n NpKp is compact,

=% U‘Lu,_,. UUF \]Fe O&

() Let Ui= X~CoeOm, Vi= (X g)uiat K= ept .
¢ L=, dhen O V5=5“1U(X‘U;K;).
Since Hwre is o Aute # of Ki awd since each K. s closed + bounded
Ly HeMe-BorelJ U‘L Kd: is closed + Youwded and. ey | wwfa-d'
\7)' Helne- Rorel. So (\* VJ: ¢ O°
i Uled, Nl U, = (XS Uic v U k).
Since Hhere is o fwte # of Ki, G and since each K: is closed
57 H&MQ‘BD(‘el) U; C: O U‘. V\" S c(.bsu‘ ia OSE&
=> N W a MV, e Oots ¢ O
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(R Yed, T7)
(b) (3 points) Show that (RZ&*Tis compact.

Le—'l: U & (73{;& , VF = (X = K)Z) U(wy Le an opes coUet.

S;M.u/my wa!‘)Mm&l coves }Ao-( Soe 3 YWe iﬁio
Since Kﬁ &ﬂ)\n s cfff,),"*‘ iS CLOSQF.(.
S btu, X‘ILB 3iue, an open covel of I".

Since Vx\g&ﬂ’f 'S cPf, ES Ut.,.,-,bu and X‘K;,..-, X~ R st
Wy € O v U; Xvgyg

So u\,..-, L(.f\ s \/u,.--,\/m. ) Vy cover x .
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11. Let X and Y be compact Hausdorff spaces.
(a) (5 points) Show that X X Y is compact.

5.03& KxY = U,( OoL i an open cover.

wn"l'& Oo‘- = &'8) u:acb“\/u.)g .

}Oo“e ',lf utf- covef X = &% u.‘ ,.s* V...‘s a.clv","‘S a ‘An.u“e- Su.Lc,over ) SQ,y !, y [/Ll). - \/,J~ ,
'H"e'/\ Oi - -ﬁ'a.h‘e. sulcover o'F -“‘\f— Ow .
See  {xIxY & wf%{—’ 3 ik # V"". < IV"I’} st W Vi cover {x}x'7.

Set  Ux = ()i Usi.
Smee X is uw.ou’l') 3 lnite # U% < 2u,<1§ J'(Aa,l' cover X,

So ux‘.'-, xVx;.i wver XN as a fracte subcover. .'In&eecl,Jiuem (e X"\\’l

X € ux:\ e Wi for sone P ond ye Vi, i for some i. So (x,ﬂeuki'; x U i .
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(b) (3 points) Show that X x Y is Hausdorff.

Fix Unigue po\'/\*l's (x,.ya\) (x.,y\\ e XxY,

|/uLO(g) assume Xo # X, .

Smee X is Hmsclorf-)e) B J:S‘;'oiw'l apens L(,,‘u. < X 5i’ X;e ;.

'\')o-(-e, uo x Y S ul X\J are, Jl’&““nh‘(‘ Q(MS in X*Y st (XJ,YI] € u.' 3‘\(
=5 X *\( 'S H%SC‘O"#-

Page 15 of 20



18.901 Midterm 1 3/6/25

12. (8 points) Let X be a compact Hausdorff space with basis B. Show that for all z € X and
opens U C X such that x € U there exists a basis element B € B such that t ¢ BC B C U.
(You may not use any results from class.)

Set A= X-~W = closed.

Su’nce X: Hau.bgj \7( YeA ) 3 CL"’,{"'."‘(' Dfms \U)«,Vy st Xe\ﬁ/y, YQ\/T
Snce A. is c.(:osecl ond X s C.Ompo.c}“l A is COV-..fo.c,“l'.

ND"'C , A < Uy\/7 . So ’HLP—PG 6><-'S+S a -l’.\«.'w‘e, Sulocouer' Vy.,..-, Vy«.
Define W = n; Wy: , /= Us V)’:.

Note xe\/\IY Vy => xeW.

S\'n.t.& Vr,,...‘ V)'“ o a -ﬁkf“t wacoubr, A S \/ .

If QQVJH,.;A %e\/,; br Some 1 =% 2¢Wy\' -ﬁar Sowl | =9 Z#n;\lly:.
= WNV = ¢.

cosed, S X cWclo ¢ X~V.
X A=W, Se x cwelo ¢ WU,

Note , xele XV
Smee NV2A =% X~V

(gd

W=opwm = I basis elm BeB o xeBs W,

=> B SW since B = smallest closed sbset ot entaing B
=> xeRecBelL.
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13. (10 points) Let
D? = {z e R*| |z| < 1}.

Suppose that we have spaces X; for i = 1,2 and homeomorphisms ¢;: X; — D?.

Let X = X; U X5 denote the topological disjoint union. Define an equivalene relation ~ on X
by  ~ y if and only if z = y or 2 € Xj, y € X}, ¢i(x) = ¢;(y), and |@;(2)| = 1. Show that X/
is homeomorphic to S?. (Hint: You may assume that /-: Rsq — Rxq is continuous.)

e Defme iﬁ )(("—S Sl l’r :(l (X) = ( "P. (X)J {T‘ [?.(X\ ll )

Note , |- lli W:— — R, |L¥,y)l’-= X"+ )" is contiawous shmee it S

o Sum/peo burk/ composition of continuows Funchons,

Se I - l?’l(x)r is  conbinuous sthee it IS a sum/pmw/comrosihm
of continusws funchons .

Tt fllows Haat 2 X — R*xR is wmponent-wise continuous.

Since  1(X) €S> he resticton o ST s conkuous

* Simlacly define 0 Xo =5 Ly (a0~ L= 1RIT)

o g/ Pa.s{‘-'wﬁ Lewma. (or ;u.&{' defn of ‘|‘°|0°('°J/y of X) ,

- £, e
£. X — S fc»«s--{ 0 ek,
. () L xe X,

(s con"inu.ows.
:f.' has werse \T'ueu Ly (X,)/. %) —> ‘Pf'(&y\.
S» ’:ﬁi is L"J.‘-c'{""e"
* RNote i€ xey, Hhea 103 = £y).
=3 X~ =S a4 Feg =g
f is ots since Tis cbs + z i5 Su.ré:e_c:{'lue Since _‘l,f are S'u.'j_e.,cx"\'ue,.
- e () ‘?([ﬂ) w xy, ten Gl = fly) and (B ]= 14,
=> X«ay. So ? is ;nj‘e_ﬁf}".ue"

¢ X.U X,_ = c‘o'b => X.UXL/M =cf'B _ —

=> P = homes.
S* ¢ P*= Haws => S*= Haus
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This page is intentionally left blank to accommodate work that wouldn’t fit elsewhere.
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