
 
Lecture 9 October12th 2023

Manifold

Defn A n din't manifold X is a 2ndcountable Hausdorff space st Axe X

F open x ell and a homeo Ox IR U

Typically call X an n manifold and write X

Ex IR n manifold

IR metricspace 3 IR Hans

IR hasbasis alibi x x an bn I ai bi E Q 32ndcountable
Ix IR take U IR

Sh x e IR I txt I n manifold

S subspace of Hans S Haus
IR 2ndcountable S and countable I p p
Hit xi xu es lexi so

At Xi xn E S II Xi 20

Note HF cover S Sts that HE IR
Define 4 BT HI by
Gtx Xn Xi exit I Tien xi Xn

It is cts and is bijective onto its image
Both apt II Hans as If home

It poly Boli Hit is a homeo D



IRP S n x y iff x ty
Writeequivclassof x as x

open since g flu UU U openq S RIP is
closed gu gel c u c closed

g x 2pts apt
follow from Hwy Exer 8

Consider 4 t Irn It
Define 4 IR q Ht open Hit go dit
Xt is bijective tats
dit f are open Yi open

set theoretic inv is cts

4 t homeo

Sincethe Hit cover S the q Itt cover IRP D

Lemma X n manifold Y m manifold X'xY ntm manifold

roof Prod of Hans Hans 3 X Y Haus

Basis of XxY is BixBj where Bi Bj basiselm for X Y resp
So XY have countable bases XXY has countable basis
Fix x y E XXY F opens yell yell and homeos

of Rn U X IR V s 4x4 thnxIrm UxV homeo

Ex T S x XS n copies of S n manifold

T Tories

Defn A t manifold is a curve



Fact Every connected l manifold is home to either R or S

Ex Fat point 8 IR U R n

locallyhome to IR 2ndcountable but not Hans
IR std x IR disc locallyhomeoto IR Hans butnot2ndcount

Defn An embedded n manifold is a subspace X E IRN St AxeX
F open xell EX and a home d IR U

Thin X manifold iff X embeddedmanifold

roof E X embedded X Hans 2ndcountable X manifold
1 1 Will require work B

Lemma F a countable of opens U EX st

F homeos di IR U
X Ui di B il

Proof Fx Fx Ux E X open w dx IR Ux home Xx o X

F basiselement XeBx EXxBoli open
2ndcount Bi Bn basis An Bn E 4 Ba forsome XnE X

X Un Bn Ux din Boli Tx Boli countable cover D

Proof M optmanifold M embmanifold

AboveLemma apt F U Un st
4 IR Ui homeo

Yi B i cover M



Normalt Urysohn F pi M IR st

8 pi
Q BT I

pi M Yi BK 0

Defn 4 M Rn

x x lil file 4 x yea

O else

By Pasteing Lemma Yi is cts
Def 4 M IR Nt X x1 Xi x
Note X is cts

If 4 x T ly 3 X x Xi y ti

F ist pi lx I since di Ball cover
If pi y 1 Yi ly Xi X

4 x Yi y
Yi ing x y
So 4 is injective
Y M X M is ctsbig from M apt to 4104 Hans

4 is homeo onto X M

M emb manifold I

2ompafpac.es

Jef X Space Ua a open cover of X

Url is legallyfinite iff U XE X F open x ell st
U meetsonlyfinitelymany Ua's
A refinement of Ual is an open cover Up of X
St 3F a wi V E Ux



Jef X space is paracompact iff it is Hans and everyopen cover admit
a locallyfinite refinement

Warning Some sources donotrequire paracompact spaces to be Hausdorff

Ex X apt Haus X paracpt

Fact Everymetric space is paracpt

Lemma R is paracompact

Proof Spse Ua Ua IR
Note IR Un Bot
Heine Borel 3 Bott opt
In F Ui Ui that cover Bott

Vij Ui n X Bom these cover Bolt Bolt
Note Vi E Ui U UgVij are a refinement

Us Vi cover BA BA UmUj Vi cover X

Spse XE IR 3 X E B n for some n

Bln onlymeets Ums Uj Vi finite of opens
Vii locallyfinite B

Warning Quotients ofparacpt I paracpt
For example the fat point



Warning X Y para.pt XxY paracpt
IR ul basis La bl normal

IR a b1 x IR Cab normal paracet
Rm X paracpt X normal

Warning Normal paracompact

trop A E X paracpt w A closed A paracpt

Warning A EX paracpt A paracpt


