
 
Lecture 8 October3rd 2023

Defn X T is normal if I closed A B E X st A AB 4 there
exist U VEupen st A ell Bev and Unu d

Lemma X is normal iff f Ca X closed st C U open F V open
St CCV at all

Theorem Uryssohn'sTheorem X normal X T U A BC X dis

and closed F cts F X I st f a O if a EA

f b t if be B

Defa X is secondcountable if it has a countablebasis

Jef A space is metrizable if it is home to a metricspace

Theorem Urysohn'smetrizationtheorem

X normal secondcountable X metrizable

Step I For each q E Q720,1 F openUgE X st

pig Ipe Uq
Hoof

proof M X'D
By lemma F NoE Xopen St AE Ho E to E U
List go 0 q 1 ga g s of Q n oil

Write Qu fo gu
Spse we have constructed Uq for ge Qu st
if pig and pig Qu 3 Ip EUq
Consider s e anti Qu



Let r e Qu bethelargest smallerthan s

te Q smallest larger s

Tr E Ut

By lemma F Us open St Tr E Us E Is E Ut
ConstructedUqfor g eQuan

By induction wehave the desired subsets I

step2 For q E Q o define Uq X for g 1
Note peg IpeUq

Step3 Define 7 X I by f x inf 91 xEU
If X EA f x 0 since Ae Uo

If X E B f x I since X EUq for q 1 but X Un
Step4 Show f is continuous

Proof Notice that

x Ur f x er fixer x ell

iNTS ff x e la b F xe U open st f U e a b

Fix a pct x gab U Ug Ip open

ByBO eUg
X E U

By 7 u E f flu e a b
By flu e p D

Jef I I Xi xn I Xie Lo i

d txt Rao by d I f sup IXi yil is a metric



Onlyfinitelymany Xi O yi to d is well defined

sittin on

d I E sup lxi Zil
E sup I xi yi l t supi ly zit
dCI l d ly Z D

Proof Step 0 Construct a map 7 X I
Let Bi Bn bethe countablebasis

GivenBT E Bm use Urysohn's lemma to obtaingum X
o

st gumBn I gum X Bm 0

IR

5 dz x

Enumeratethegrim as gi X I and define fi gili
Define f X Iw by f x f x F x

XE B then Normal 2x E V E V E B1 1
I FB st x E B E B E B

Step I Show F is injective
x y F basicopen XE B st yeBe w Br n Be 0

By A F x E Bi EBi E Be givelx 1 girly 1 0

7 x Fly



Step2 Show F is continuous

Fix XEX E 0

NTS F xeUEXopen st yell d FA fly E

Fix N st IN a E 2

Fn cts FUnoxopen st fu x Fn y E E 2 FyeUn
Defn U U N AUn
So if yell then
d f x F y E d F x FnCx O If ly Fnly O

t d o no fattxt 0 0 Ine y

E I
C E

Step3 UsX open FLU E FIX open in subspace top
NTS H Z E F u F V open st Ze Un F X E F U

Fix Xt U N St In x 0 Fn X Bm 0 f x Z

By A gmBn I grim X Bmt O

WI Xt Bn E Bi e Bm E U
Define V Xi xn I l Xn e o i open

Spse w eUnf X fly w for some y e X w Fn y 0

y X Bm

ye Bm

yell
Un f X e flu as desired

Step4 Wrapup
By abovesteps we have a continuousbij F X FIX E Iw
let g f x X settheoreticinverseof t

By if UE X open then g le flu open g cts
X E f X w subspacetop metrictop
X E metricspace D


