
 
Lecture 7 September28th 2023

Defn A top space X is Hausdorff if foreach x y e X wi x y
F opens U V st yell yell and Un V 0

Prop X Y Haus

xe X x closed So X T

AEX subspace A Hausdorff

XxY Haus
AEX apt subspace A closed

Xue X st xu x Xu y x y

Cor F X Y cts bij st X apt Y Hans F homeo

Proof Let g Y X set theoretic inverse of F
NTS g is cts

Xapt C E X closed C apt 3 g c flat apt
Y Haus g

C closed D

Normalfpaces

Def X is T if x closed

Defn X T is normal if I closed A B E X st A AB 4 there
exist U.VE penst A ell Bev and Unu d



Rem Normal Hausdorff T

T I Hausdorff

Fatpoint R W IR 8

Hausdorff Is normal
IR w top O gen by the basis

73 a b u aib Un in

B is a basis covers R B B E73 B n Bee B
R O Haus O containsalltheopensof std top on IR

Since Stdtop Hans O is Hans

IRO t normal Consider A 05 B Un in closed

Spse Aell open St LenB 0 Ce e Unin ell

Spse BEV open Nte V for N so

U contains I S I s forsmall s o
V n U 0

not normal

Warning Quotient of a normalspace need not benormal

X normal A EX A normal

f X Ti but closed dis
x

opens
in X are separablebycounterexamples

thatare T are
somewhat involved

Wewon'tconcern
ourselves w them Open closed

A 6
Can't separate D B

IR w basis a b normal ever

But IR w theproducttopology is notnormal



Lemma X normal A EX closed I A normal

roof Co C E A closed st conc 0
C C E X closed st Conc 4

F opens in X Uo Co U JC st Kona 0
Ando Anu are desiredseparatingopens D

Trop X apt Haus X normal

roof Fix A B E X st A B closed and AnB 4

Fix X EA HyeB F Uy Uy open st xally yEy AynVy 0
Since BE X closed B apt
F Vy Vyn st V UiVyi BE Vx

DefineUx Milly open
So x eUx Be Vx and Ux nUx 0

As w B A is apt Also A EU Ux

F Ux Uxm st AE UiUx
Define U U Uxi V Miki So A EU
Since B C Vx Ki BEV

Finally UN 4 So U Ugivethe desiredseparatingnhoods I

drop X metric space 3 X normal

Lemma Given A EX subset w X metricspace thefunction

dl Al X IR dix A aintdex a

is cts



Proof Fix e 0 Fix x y e X st d x y E 12

Fix
gotta tditty if Iida a cents da Al

dly A t E z t d x A dly Al dex A E E 12

Switchroles of x y d x Al d ly Al z E 12
Id x Al d ly All c e

E S defn of cts gives result w 8 6 2 B

Proof Proofof above proposition
Let A B E X be disjoint closed
U x I d x A dex B co

V x I dIx A da B o

de A d f B cts U U open t disjoint
NTS A E U BEV

Spse at A st d la A d la B so

If d a B 0 a limptof B at B closed 3 AnB 0
d la A d la B I 0

A E U

Similarly BEV I

Lemma X is normal iff f Ca X closed st C U open F V open
St CCV at all

roof 1 7 A X U closed

F V W open st Ccv A CW VAW 4

V E X W closed V E X W E X U V E U
C c Vor cu



A B closed w An13 4
A E X B open
F V open wi A E V E V E X B

Be X T open
Also VA X J Q D

Theorem Uryssohn'sTheorem X normal A BC X digitclosed
F cts F X I st f a o if a EA

f b t if be B

theorem

ietzexggythe.am
IfAex closed and X normal then

every cts 7 A I admits a cts extension I X t I

proof I 7 A E F Lo 141 open
B e f 314 I

open
1L Next time D

Cor X metricspace X compact iff each f X IR is cts

Since X metric 3 apt iff seq cptT

Spee XueX st xn has no convergent subsequence
Assume x are
distinct

Spse x limitpointof Unxn

xn X so Bx e n xn mustbefinite for some e o

So for E suff small Bx E n x 4 when X Unxn

Unxn closed andfor distinct xn F Banten that misses allotherXi

f Un xn IR f xn n t is cts by E S argument

By Tietz f extends to I X IR st I bounded E D


