
 
Lecture 6 September26th 2023

Jef X space is compact if each collection Ua of opens st
X Walla I Ua Uan st X Ui Uai

Every open cover admits finite subcover

Def X sequentially compact iff t xn I subseg Xm X

Theorem X apt 1stcountable X seq compact if X metricspace

proof Spsethe Xn donothave a convergentsubsequence
F V J Un opens st x ell F i so st Vi E U

onlyfinitelymany Xn lie in some Ui for i suff larger
If not then F a subset that convergesto x

Axe X F Uxtx open st Ux n Un xn is finite

X Ux Ux F Ux Ux st X Uk Ux
Since each Ux containsonlyfinitelymany Xn in the sequence

Ffinite of Xn's se I

am Heine Borell Any subspace X IR is apt iff it is closed
and bounded

Lemma X apt Ca Cat Ca s v1 Cat closed t non empty
Naca 0



Proof Spse Mala 4 then Ua X Cagive X Ulla
F U Un st X Villi

Note Ua C Watt So for some N z o Un X
Cn p D

Ex O

I opt mhmq
M 149 complicated

Prop X apt CE X closed C is apt

Proof Spse C Ua Cn Us
X Walla u X C

F U Un st X Villi u X c

C U Chui D

Warning X apt K C X apt k closed
X k is not closed

theorem a b is compact

Proof Spse a b Uavs
Let S XE a b I a x is coveredbyfinitelymany Ua

Note S X and S is boundedby I
Flub L of S



Claim Les

Spse L ell 3 F e o st L E L CU

F finite U Un that cover a L Elz

U U Un cover a L

Claim L I

Spse LI 1 let Le U Fe o st L Lt E C U

F finiteU Un that cover O L

U U Un cover a Lt E a

L Elz e s L lab I

Theorem If X Y apt then XxY apt

Proof Themap pix Xx Y X is ope
i e pix 0 open V0 X Y open
O Ua UaxVa for UaEX VaEY opens

prx 0 Ua Ua open
Spse X Y UaOx WLOG assume On Ua Va
Since Y apt 7 Unit V that cover x XY
Set Ux Milly I w Ux.it Uh Vx Va for some d's

Ux x Vx cover Ux Y and are contained in Ux.itUx i
As x varies F Ux Uxm that cover X
Ux j xVxi.j cover X D

iii iCL L is compact and X is closed X apt



X Knoxn Brlo 3 F r s t X X n Br lol X bdd

Spse XEIR is a limitptof X
fr o Br x nX 4 Cn BI n X 0

So Cn Cut s nestedseq ofclosed non empty in X

4 AnCn X n An BiH X n Ex xe X

X hasall its limitpts X closed D

p space x is Hausdorff it foreach xx ex w t
F opens U V st XE U ye V and Un V 0

Ex X triv top 3 not Hausdorff
X metricspace 3 Hausdorff

x y e X l d x y B liz nBy1112 0
X IR w opens IR 3 1 xn

Any two non empty openswill have non empty intersection
Fat point IRWIR In I Hausdorff

Lemma X Haus iff A x x E X X E X x X is closed

Proof as X Haus U x y F Uxy Uy st XeUxy yeux Ux AUy 0

Way Ux XVy C Xx X
We MA 0 andUxWay XXX A A closed

t A closed Ux y 7 basicopen UxV E Xx X A w GaleU V

Note UAV 4 since UN n A 0 Also x ell y U X Haus



Lemma X Haus Xn E X st Xu x Y Xn y 3 X y

Proof F opens Xe Ux yell st Ux ally 0

Xn x F N st xn eux Un N
Xn 4Uy for n N

Xn y A

Prop X Y Haus

xe X x closed So X T

AEX subspace A Hausdorff

XxY Haus

Warning Quotient of Hausdorffspacemay not be Hausdorff

Proof t y X F Uy openSt x Uy
x My X Uy closed

X y EA w x y 3 F Ux Uy E X open wi UxAlly 0

Ana n Andy 4

A Haus

to yo e X Y x y e XxY st x yet Hi y
Spee X X FUo U C X open w Xi Elli Monk 0

VoxY n UXY U.nu x Y 0

XxY Haus D



Lemma X Haus AEX apt subspace A closed

Fix X E X AProof

y a eA y Ua Va st UanVa 0

A Va Anda 7 Ua Uan st A Vit Annai
U Ai Vai satisfies XeU Anu d

x I limitptof A
A contains all itslim pts
A closed D


