
 
Lecture 5 September21st 2023

Lemma TFA E

X conn

X U U U st Uic X is open Ui 0

X I Co U C C C X closed Ci 0

Jeb X space is path connected if ta beX Fpath 8 I X st

Y o a 8 i b

Ex IR S path conn

Co conn

Lemma Path conn connected

roposition F X Y cts sung

X conn Y conn
X path conn Y path conn

roof Spse Y UoU U w Ui opent non empty
F Ui open non empty since I surjl
X F Y f Uo U F Ui
X not conn

Spse a be Y F 2,5 e X st flat a 715 b

Since X path conn 7 path V I X w 8101 2 ra 5

f J cts forlol a Forli b
Y path conn I



Cor Quotient of patel conn space is Ipathl conn

Cor XE Y X path conniff Y path conn

Exercise X Y path conn Xx Y is path conn

Warning A E X subspace X path conn A path conn

Proposition S a b a b a b are pairwise non homeo

Proof f X Y homeo x ex fly X X Y 7 x home

my

Ipologistig curve

x yl e IR I x o oEye U x sin All e IR x o A WB

Lemma AEX subspace w A conn A conn

Spse I CoUC wi Ci closed t non empty

Ci Anc closed in A
If C p then A E C IEC Co 4 D

Lemma X conn

roof B path conn and B AUB X X conn D



Lemma X path conn

Proof 8 I X st 810 o I e A

j A closed non empty
claim Y A top

since I
connand 8

la open
closed

8 A I 8 I E A UV 10,1 not conn to any be B

Pfofclaim Fix te 8 A I t a b st 8 la bl e Bye EIR X
Brett E n X has inftymany path comp one of which is

completely contained in A

Jlt eA 8 a b E A a b s 8 A open I
since imagemustbepathconnected

Compopents

Lemma A B E X path conn as subspacesand A n B 0

then AUB is path conn

Proof Path conn Fix ZE AA B XEA yeB
F path VA I A from x to Z

Vp I i B z Y

J I Av B J t VA12 t O et E Iz

JB Zf it 112 It 2

J is ctsbythe Pasteinglemma
V conn x y D

Conn Spse AUB U U U w Ui opent non empty
V And open closed WLOG V A V D

if Vo 0 3 UoGB AnB

B U Ball open t non empty

B U W Bn U B not conn



F equiv rel on X viaeh
y y iff x y E A E X w A conn

Key iff x y are conn by path
Equiv rel byabove lemma

Lemma x y x y
Every component union of some path components

Troof 8 I X conn x and y
VII E X is a connsubspace that contains x y

Noth x YE X ly x conn component of X
P x y f Xt y ex path component of x

X y CA Clyl

x y Pla Ply

Remark X 4 CH X JEPH

Exer f X y cts f can e FG
7 PCH e p FCA

Cor A E X pathl conn A E CA resp PCH for X EA

Eat
Jef X space is compact if each collection Ua of opens st

X Walla I Ua Uan st X Ui Uai

Every open cover admits finite subcover



I p
Ex O IR is not compact

10,1 is not compact
Q compact
Q nCo it compact

WHILE
Defn X E IR is bounded iff FL st lx E L V xe X

Mm Heine Borell Any subspace X IR is apt iff it is closed
and bounded

Proof next time

Lemma F X Y cts X apt 3 F X apt

Proof Fix a cover f X Ua FA n Ua Ua open in Y
Ua f Ua open cover for X
F Ui Un st f U v i f Un X

F X f Ui7 uil U f Hall
Admits finite subcover

Ex X apt a
any cts font X IR is bounded

Cor X Y X apt iffy cpt



Def X sequentially compact iff t xn I subseg Xm X

Theorem X apt 1stcountable X seq compact if X metricspace

roof Spsethe Xn donothave a convergentsubsequence

onlyfinitelymany Xn lie in some Ui for i suff larger

Axe X F Ux ex open st Ux n Un xn is finite

X Ux Ux F Ux Ux st X Uk Ux
Since each Ux containsonlyfinitelymany Xn in the sequence

Ffinite of Xu's I


