















































































































Lecture 4 September 19th 2023

wrappingupfsttime

Lemma TFA E
o f X Y is cts

F C closed H C E Y closed

foreach Xe X and V a fly open Fopen Ust Flu EV
UA EX FIFI C FLAT

Cor fi IR IR cts iff t x EIR E o F S o st

lx x I 28 f x f x c E SeeLecture 3
notes for more
general statement

formetricspaces
Proof 3 Fix x EIR E O

Fats 3 F x EU open st FLU E Ben e

F S Ost Bs x CU So F Bsa C Ben E

so lx x ILS e x'e Bsa s FA't FIH L E e FA By e

E Fix V E IRopen L F e so st BeltM EV

F Bx181 E V D

Lemma Pasteing Lemma X AUB space A B closed

If FA A Y cts FB B Y cts and Fa Fison AnB

F X Y fix ft FA
X E B

is continuous
























































Proof CEY closed F C F ICI NA closed in A

Fi C closed in X Similarly Fit c closed in X
f c fi c u fi c closed

F cts D

Ex O f IR IR f x 4
0 X E 0

X X O

f is cts
R I X cts w a i X

p I X plot x

2 13 Y I X y t
Zt O Ets th

13Gt il 112 et E I

imittinuity
Question F X Y cts if f f xn x flint x

Xn in X converges to x EX iff every open tell

U n Xn containsallbutfinitelymany xn's Write Xn X

Warning limits need not be unique
X ret wi trio top and xn X Un

xn y t yell
IR Ulrik where X y ift XEIR y eRe x y wi IR identified wi IR

In 0 and In Or



Lemma Xu EA and xn X x et

Proof U U x open Un in 0 Un A a x et p

Warning XE A S F xn EA wi Xn X

Exercise

A space is first countable iff Axe X F countable ofopens
Ui Un st Us x open UiCU for some i

Ex Everymetricspace is 1st countable Bx Yn

Lemma A E X first countable then x et 3 F xn EA wi xn x

Lemma A space is first countable iff Axe X F countable ofopens
V1 V22 St U x open Vic U for some i

Proof Let X E X and Ui as in defn

V U Um Unm St UnmE Umnvm I D

Proof Consider Vi Un as above

XeF Vin A 4 F Xie AMV
xe U open F Vn C U Xk E U U Ken D

Lemma f cts then ten x fun f x

Proof Spee fAnl x U open st Un flat is finite

f u n xn is finite I



I D
Lemma X first countable F X Y

If U xn X 7 xn 7 x then f cts

Proof Consider A E X X E f and xn EA st xn X

F Xn FA FCA e FLAT FIA E FLAT fats is

Connectedness

Defn X space is connected if the onlysubspacesof X that are both

open t closed are 4 X

Ex X set w discrete top
Axe X x E X is open closed X conn iff Xl E l

EFFIE
Lemma TFA E

X conn

X U U U st Uic X is open Ui d

X I Co U C Ci C X closed Ci 0

Proof X U U U then Ui open Ui closed

Q Spse Y U U U st Ui openand non empty
XIUo closed open t non empty
X not own



Spse X is not corn
F A E X st A open closed non empty

D X A opent closed t non empty
X AUB
not D

Theorem a b c IR is connected

Fact C C IR spse F L St c El te e c

Then F leastupperbound F Lo st if c EL Kee C Loll p

Joof Spse a b A UB st A B closed nonempty

WLOG beB A has a lab s b steals for e small

Spse SEA A open 3 s e stele A S dub se B

Note s limit pt of A If not then F S E Ste st

An s e Stel of s lab

Since A closed set
a b conn D

Jefn A path in X is a cts map 8 Lo 1 I X

J Ts said to connect Vol and814

Jefe X space is path connected if ta beX Fpath 8 I X st

Y o a 8 i b



Ex IR path connected 8 It t x i t y com x to y
S path connected 8 It t x 11 t y

It xx i t y
an x to y

Torus pathconnected affray
Descends to cts mapon
thequotient

Q path conn

Troposition X path conn X conn

Proof Spse X A UB St A B open closed

fix at A be B 8 I X w 8lol a rat b

I r x r cause
1Y a


