
 
Lecture 22 December 5ᵗʰ 2023

Defn A covering space of X is a space x ̅ and a map p x ̅ X st

xeX open ell st p U Walk w V2open
st plus Ñα U is a homeo

U is saidtobe evenly covered

Us are called sheets
When connand p surj pilx degreeofthe cover

Thm Given a hpty F Y I X and a lift f Yx 0 x ̅ of 1
hpty I Y I x ̅ that lifts f and Flexo I

Prop p T X X T X x is injective

Im p
α X x 210 x ̅ ICY

Defn Y Locallypath connected if ytY and y Uopen
open ye V Ust V path conn

Lemma F Y X st Y path conn locallypath connected

a lift Y x ̅ w flyo x ̅ iff Im f Im p

Proof If lift p 3 Im A Im pi
Spse t.LY yol ep t x ̅ x ̅
Pick a path 8 I Y st 860 yo V11 y
Define Ély Forth where 8 lift of for w 75 o x ̅



F is welldefu Spse S is anotherpath w 8101 yo 8111 y
8.8 it Y yo
a Et x ̅ x ̅ st pox f 8.5

pox to 18 8 rel 2I via a hpty Ht
Let lift w H α

o x ̅ Fell since He o Xo Ht117

Soby uniqueness II 77 To
FT 1 It 2 t.TN

F is a lift p Fly po Fr 1 for 1 fly
F is cts Let Fly E W x ̅ open
Let fly E U evenly covered by Watta Spse Fly e Ñ
STS Vay open st F U In W
Since f cts yeV'open it F V planw
Let ye VEV be a path connectedopen
Given ZEV consider a path α from y to Z in V

So if V is a pathfrom yo to y 8 α pathfrom yoto Z

Note I 2 If 1 8 p t.to α i
p of z

IV p FM pi planwl ñnw

Universal covers

Defn X locally contractible if xeX open ell st U

locally simply connected if xeX open ell st w̅ U 0

X semi locally simply connected if xeX open xell st

t U X it X X is trivial



Thm CW epxes are locally contractible

Ex X Un circle of radius centered at In 0

X semi locally simply connected

normal butnot a CW epx

Prop CW apxes are locallypath connected

Defn p x ̅ X is the universal cover of X if X path conn simply conn

Convention X path connected locallypathconnected semi locally simply connected

nice

Thm If nice then X has a universal cover
nice subgroups H it X to coveringspace pH XH X

st Im pital H

G secf
Lemma Giveng eG group Ig G G Ig h ghg is a self isom

Proof Ig h.li ghh'g ghgghg Ighl.Eg1h Ig home

Eg Ig h h Ig Ig h Ig isom

Defn Two subgroups H H EG are conjugate if gEG w Ig H H



Classiftficate

Lemma Spse x ̅ path connected
p t x ̅ x ̅ 1 is conj to p ti x ̅ x ̅ for x ̅ x ̅ cpool

Proof Set Hi p a x ̅ x ̅
Fix a path 8 I x ̅ w 810 x ̅ 1 x ̅ So por t.CX.to
Given 2 T.LI x ̅ p 8 α 8 por p d por s H

I por H Ho I por1 Ho H
But Ispor is the inverse of Icp.r Icp.rs H Ho

Defn Two covering spaces pi Xi X are isomorphic if homeo

X a st pro p

Exer Isom of covering spacesgives an equivalence relation

Thm Classificationofcoveringspacesthm nice then a bigcorrespondens

Conj classesof
subgrps of it

Isom classesof

pathconn covers x ̅



Appendix

Thm CW epxes are locally contractible

Droof Fix CW epx Spee is in an n cell e2

Consider the charmap Ex D2 X

So II x D2 202 Set NE I Ia Beta

Note N x open contractible

Inductively spse we have defn N x open contractible in X

Consider charmaps Ia DI Xmt

N H Us Iata e I IiIni f Pff
Ni x is open in Wa DI iff

NE x n X open and II NE all open α

Ni x n X NECH open
I Ni x l e I I Nila open
N x open

Note N x defo retractsonto NE x bypulling in the radialpiece
i e I on i e I Ii Nica N x contractibleby induction

Prop CW opxes are locallypath connected

Exer A disjointunion of locallypathconnected spaces is locallypath conn

X loc path conn X locally path connected

Proof Theprop follows from inductively applying the exercise


