
 
Lecture 21 November3372023

Coverings

Defn A covering space of X is a space x ̅ and a map p x ̅ X st

xeX open ell st p U Walk w Ñαopen
st plan Ñα U is a homeo

U is saidtobe evenly covered

Us are called sheets
When connand p surj Ip 1 11 degreeof the cover

Example p IR S p 1 cos 2N sin 2147
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H.omotopyliftj.gg

opertyNotn
p x ̅ X is a coveringspace

Def A lift of a map 7 Y X is a map F Y x ̅ st f pot

Thm Given a hpty F Y I X and a lift f Y 0 x ̅ of 7
hpty I Y I x ̅ that lifts f w Flexo I

Lemma Spse Y corn F Y X If two lifts fi.fi Y x ̅ agree at one
point of Y then I fi

roofofLem Fly U open that is evenlycovered Write p U UxUx

as t.us is open

Fly Fly Ñ
By cts open yet st F VI Ñi

stepatii.fi ii i jFi.i ti Eh

Fly F y Ñ Ñz
By cts open yet st F VI Ñi

Flu Flu points in V
Since Y is conn Y yeY Fly Fly I Fe



roofofthem step I yEY yev open and 0 to tie_ Etn l st

I.ie Iiniieiii'iii iii covered
opens Ve Y WEE I st yt Ve We F Ut

Note Ut VexWe cover y I apt
Wso Wsm sit I st Ui VsixWsi covers y I

Set MiVsi
Usingthe Wsi's 0 to tie tu I st

step in T.IE EI E.L
By induction spse I hasbeen constructed over o ti

7 Vx ti tix U evenly covered

Write p U UxEta w homeos plan I U

Byinduction Fluxet V Ua for some fixed α
Define Fluxttitix plat Fluxctistit
Note I vxco.tn cts by the PastingLemma
Note p Flux o titi flvxlo.tt since

poflvxfo.tn fluxtoti
p.fivxftitixi3 poplaj'oFlvxEti ti is Flvxlti.titi

Step3 I vxI above is unique lift w Fluxo Flu
I zxI is uniquebythe Lemma ZEV Fluxt is unique

Step4 Construct I

yEY openVy st I vy I existsand is unique
Byuniqueness I vyxI agree on overlaps of the Vy's
So we obtain a ctsmap I Y x ̅
Asabove I zxI is unique zeY I is unique



Cor Let 8 I X be a path w 860 Xo Given x ̅ E p Xo

lift 8 I x ̅ st 8101 x ̅

Prop p T X X T X x is injective

Im p
α X x 210 x ̅ ICY

roof Spse p β 0

pop constant rel 2I

Let He I X bethe null homotopy
lift H I x ̅ w to β

Note Xo Helo potte10 So o x ̅ is a lift
By uniqueness o x ̅ Sim He 1 x ̅
Note Xo H 5 p s So s X is a lift

By uniqueness Tt s x ̅

β constant rel 2I

β 0

β it x ̅ to then β is a lift of pop

pilot x ̅ pop111
Im p

α X x 2101 x ̅ ICY

If α a X to w 210 x ̅ x ̅ i then 2 a x ̅ x ̅

w 2 p x ̅ p
x ̅

Im A
α X x 2101 x ̅ ICY

Recall HEG gp It determines an equiv rel at by g ng iff g g
EH

Defn The indexof H is G H ofequiv classesdeterminedby H



Prop If X x ̅ path conn then it X x Im p Ip x

roof We defn a big between p Xo and equiv classes of Imlp

In eplx.tw I lift of a 12101 x ̅
Welldefn αEmp β α β pot rel 2I for some 8 Et x ̅ x ̅

8 lift ofα.pt 8 x ̅ I 1 82112 B o β i

Surg Let 8 I I be a path w 8601 x ̅ 811 E p x

por e t X x w pot 1 8 i

in Spse I 1 Pci for α β it X x

I B Je x ̅ x ̅ x ̅ a.pt p x ̅ pJe Im p


