
 
Lecture 2 September 12th 2023

Lemma NoU C X dense t open Monk denset open

roof Nts X Wont

Spse x EX

UnHoMU I 0 since U dense

ayyy

x e the I

Deh A metric on a set X is a fan d XxX IR st

I y 20 w d x y 0 iff x y
d xx dly x

dix y t d ly z 7 da Z

Define Bx Ir yeX I d x y or

Ex X IR d x y Ei lxi y t

Petn Themetrictop on X d is the top generatedby the basis

73 Bx r I xeX re R o

Lemma B is a basis

roof BxIr cover X
x eBy.fr nBy r
b min ro dlyo.tl n d ly x



Claim Bx d E By rot nBy ri
Indeed d yo Z E d yo x d x Z

t d yo x e ro d yo x

r D

Exercise Diff metric cangive rise to same of different topologies

subspaces

Jet X spacewi topology O A EX The subspacetop on A is

Oa Anu Ue O

We call A w this top a subspace of X wi top O

Claim Oa defines a topology

Joof 4 An d eOA
A An X E OA

VieOa U U U Andi An Viki eOa
Niv Mi Andi An Milli e Oa D

Rem Any subset of IR is a top space

Lemma A basis 73 for O defines a basis BA for OA via

73A AMBI BE43



Poof Show BA is a basis
X E AnB'In AnB X E B n B

F x EB C B n B

Xe AnB E Anti n An B

Spse V eOA V Anu xEV
F XE BC U X E ANE E V

Spse Ux Eve A F Xe AnB E V
V U An Bx An UxBx eOA D

Rem If Vid metrospace A E X then A da is metricspa
w daCao a d la ai

Lemma X d metricspace
Metric top on A E X agrees w subspacetop of A EX

roof top of X has basis 73 13 17 4

ysubspacetop of A hasbasis AnBx r

metrictop of A has basis Bm BE r An Bxtri
ca

BmE Bs U open in metric openin subspace
U x open in subspace By r RA E U for some y e X
F z eBy Irina Bice c U for ETE uopen in metric D

Jef A E X space is discrete if its subspacetop is the discretetop

Is X In v 107 discrete in IR

E 01 is notopen in X
Spse 07 is open F t e e st f c e n X 20
y e e y



Warning BE A open I BE X is open
B IR E IR A open but A IR E IR X is not open

Exercise A EX open BE A open BEXopen
closed closed closed

Warning A EYE X int A in Y F Y n int A
a b x 07 A E IR x IO Y E IR X

intCA in IR 0
int A in Y A

Exercise closure of A in Y Y n closure of A in X

Ictp

Jefe X Y spaces The product top on XtY is the top wi basis
UxV for UEX VE Y opens

Lemma The above def is well defined

Proof Cover siree X Y are opens

Spse XE U Vo n U U Mondi xNonu e Basis D
Basicopens

Rem o Inductively define X X x Xn

If B E are basesfor X Y Bt e is basis for XXY
Ex IR has basis ai b x ar ba



Lemma Themetric top on IR Om agrees w pod top on IR Op

Proof U EOm
txt U 7 Bar CU
Ux ell Belale x E X e x x in E tut e c Beli cu

s Ue O D

Lemma A EX BEY are subspaces then the subspaceandpod top on

A Bagree

roof Os is generated w basis AxB A Hot U

Or is Anu x Bna
w o

U c y
open

D

iettop

Jefn X space Y set q X Y surg
The quotient top on Y is givenby U E Y open iff g u X open

Lemma The above def is well defined

Proof g Y X q 01 4 I 0 Y open

Spse Ui open

g Ui Ui Ui q Ui open

g
Milli Mig Ui open for i c finite D

Rem8 equiv rel on X determines surg q X X equiv classes



A EX a subset Define x ray iff x y or X ye A

X A Xtra space w quotient topology

Ex X 2102 52

Ex X Co X 1

Xoyo x y iff Xo X yo y or Xo 0 yo Y X 1

Ex ID XeLR HI E I E IR

2102 Xe IR 1 1 1 S

X D UID X E 2D ye 2D x y iff x y in IR

X n 52


