
 
Lecture 19 November21st 2023

nevankaympentheorem

Thm Spse X UUU w

V.V open path conn
XoEU AV
Unu path connected

We have maps

it UAV xo
i

s t U Xo

il

t V Xo

from the inclusions in UAV U in Unu V

Then it X Xo It U Xo it keno xo ti V Xo

Cor it Sn 0 for ne 2

Proof Let U V open neighborhoods of northern southern hemispheres

So Unu Sn t

By van Kampen IT S 0 it Isny O O D

Lemma Spse F X E X yo Y st F opens U xo V yo st

Xo is a deforetractof U and yo is a deforetractof U

Then it XVY it X it Y



Proof
Xy IXYY is homgtopyequ.io to I
Let Ht V V be the defo retractontoyo
Define It XuV Xu V by

xu v Itt x ur I X V

et G

Xu V Hi

Note He cts since gotta g Iu Ht cts

II I II retractonto X It x I
XuV defo retracts onto X

Sim UrY
UUV E XVY is contractible

Let Ht V V Ge lls U be the defo retracts

Define Ft U V U U by
Uu v Ets't Uuv I U v

I V Ft

As above Ft cts

Fo II F retractontoXo Ftlx I
UuV defo retracts onto x

van Kampen IT X VY IT UvY it gu v IT Xu V

It Y o t X

It X it Y B

Cor it VI s Fn



Def A graph is a l dim'd CW apx w finite of vertices andedges
T graph VITI vertices o cells

E t edges i cells

The Euler characteristic of T is X t VIT Elt

Jefr A spanning tree for T graph is a subcomplex that is connected

contains every vertex and is a tree

Lemma Every connected graph admits a spanning tree

roof Induct Spee everygraph w n edgesadmits a spanning tree

Let t have net edges and let ee t be an edge
T e connected

spanningtree for t e is a spanning tree for t
T e To UT wi Ti spanning tee for Ti
To UT ve spanning treefor T D

Lemma T connectedgraph X t e I w equality iff t tree

roof Let T spanning tree of T

VIT ECT VIT ECT E T T I E R T E I a

Prop T connected graph it t Fn where n 1 X t

roof T spanning tree t

So T t T IT VE T
S

It It Fn wi n ELT T 1 Xlt D



Lemma I H G G S IR G O SI RU i H

Ex sa sa sa

u v r ii un n

a a

it T2 it U it genu it V a b it Unu O a blaba 5

Idea I cellsgivegenerators 2 cellsgive relations

Than I Let Y space obtainedfrom X by attaching 2 cells
X Space Ia 202 X Y X UaDL

Let Ya I X st 8,10 Xo 8211 4210

Let It subgroup of it IX x generated by Va a V2

I.it iiIi EIiiiiiii
Lem Than I implies that if SIR is a presentation of it X the

S R U Ta da 82 7 is a presentation of it Y

If X X Y X for a 2 dim'd CW apt then it X is

a free group w some ofgenerators The 2 cellsgive
relations and determine the presentationfor it X

s
Ex

K Kleinbottle b u ab

a

K a 3 it k a b

it k a blab a b



Ex X cpx obtainedfromattaching a single 2 cellto a circle α by 4 α

x ̅ X alan I n

Cor For every group G there is a 2 dim'd CW apx
w x ̅ X G

Proof Write G SIR

Set UsesS's and parameterize S's by αs
Foreach r si si ER attach a 2 cellby Ir α's α

By thm I T X SIR


