
 
Lecture 18 November16th 2023

Emetaltheorgmofflebra

Defn A complex polynomial of deg n is a fan 7 G G given by
f Z an Z t a z t do

where ai e E and an O

If f Zo 0 then Zo is a rootof f

Thin Every degree u o apx poly has n roots countingmultiplicity

Proof Write f An Z't Ao

F Zo 0 iff I Zo an D 3 WLOG an I
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Defn Ht I It Ht1s flt eti s f t
Since f 0 Ht is welldefn
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Define gt Q It
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Note t O Gt Zl 0 since f Ztt 0
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Defn Ge I E by Ge s gt eti
s
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F has a root say Zo
Induct w 7171 Z Zo poly of deg n t D

EGfoups

Notu S set

5 set of symbols s where se S

Write 15 s f se S

Jef A word in S is a seq Si Sn wi sit S u s

A word si sn is reduced if ti
Sit Si

Sit t Si

We can write a word as si si st si e S Ei e Il

F S set of reducedwords

F S x F S FCS

r.si rim s sin r ritt sik si

where k is the smallestinteger st si ri
Concatenate words andcancel symbols w theirinverses



Prop FLS group free group on the set S

Proof Unit the unit is the emptyword
inverses s sin Sien sie
associative se Su s u emptyword

Define 5s FIS F's s

sen stos si S I see sin s 5

Note r risk 5,81 Sf t ti

T.no T.ie Tgs o Tst ti tie fancomp

Trio T.ie rs.si o Tsp ti ten
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Defn A subset 5 EG generates G if

Q FIS G g gi g gin

is surg We write G s

G is finitelygen if one can take 151 0

Ex 2 1

Ilp n for any chip

R E G the normal closure of R is the smallestnormal subgrp
that containsR.TW itbyNLR

N R take products inversesofelms grg w gEG reR



Defn A
pgtgtig.gr

G is a pair S R st R E FIS w

N R Ker 4 FIS G

We write G SIR I FIS N R

The elements in S are called generators
R relations

Note S IR group of words in S where any occurrence of a

word in R is replacedby thetrivialword

Ex 2 n al any

Ex 2 a b lab a 5
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Ex The Dihedralgroup Dn r S t rn s sr

Rm Every group admits a presentation

Proof Take S G R Ker Q F G G

duts

Setup Let i H G i H G behoms

A group G is the amalgamated freeproduct of GoandG along H

F homs di Gi G w dooio 9 u i

If ti Gi k are homes w too 5 4 i then F
hom 4 G k w Xo di Yi
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Lemma Such a G always exists G so U S I RoU R UT

where Gi Sil Ri T fi th i ch he it

roof di Gi G by 4 g g obvious
map

Given Yi Gi K define 4 G K by

415
Yo s St S

4 SI SES

Well defined since Norio 4 u i

4 is forced by 4 to di so 4 is unique B

Fact A map of G H st N e Ker T descends to a

well definedmap 9 G N H by 91193 Tcg

Lemma Such a G is unique



Proof Let G beanothersuchgroup
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So by uniqueness 4104 11 3 G E G by a unique isom D

Jef G Go HG

Defn G H grps The free productoftwogroups G It is thegroup

G H GAH SouSH I Rou Ra

Ex ZII.ge Fu freegroup on n letters


