
 
Lecture 15 November1st 2023

typhus

Defn A hom d G G is an isomorphism iff it is bijective
We say G is isomorphic to G write GE G

Ex exp IR I IR o x is an isomorphism

Lemma J G G isom 3 O isom

Proof NTS is a hom

Spse a b E G F a b e G st olla a 4lb b

9 La b e4 Ila 9 b d Ola b a b 4 ai g lb y

NormalQuotientsubgroupsad

Jef A subgroup NEG is normal if then Uge G g n g EN

Ex Ker d E G is normal

nekerlel get 91g n g 9195 dint 4cg 9cg Olg e

Ex Sin IR E Gln IR is a normal subgroup

Ex Every subgroup of an abeliangroup is normal

Lemma HEG determines an equivalence relation by g h iff gli E H
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g h gateH hg Ign t e H h g

gh hk eH gk gli'hk e H g h h k g k D

N E G normal G N equivclasses is a group wLemma

g h g h

Proof NTS is welldefined gig h h g h g h

huh hh en hh neN

gh lg h gh ti g g n g e N by normal

gh g't gin g h
e unit e g e.g g g e g Le

g h K g h k g h k g h k g h KT

g g g g Le D

Defn NE G normal GIN quotientof G by N

Lemma q G GIN g g is a surg hom wi Ker q N

roof Bydefn q is surjective

g en es g e c g e es ge Ker q D

Thm Let 4 G H be a surjectivegroup home H E G Ker d

Proof Define Io G Ker e It by Io Eg 41g
If g h gh e Ker o I 1931 9191 4141 I Ch

I is welldefined



I Eg h I g h Iight dig pint I g 143
I hom

By construction I is surjective

spse Lg 0 91g o g e Ker o g e g Le

I is injective D

Ex Gln R Sen IR E R o x

det Glu IRI R O is surjective
Ker det Sen R

Defn The orderof a group G is 161

Orderof en element g E G is the minimal n st g e

Lemma If order of geG is n then g E Z n

Proof Deth 4 2 g EG by 4 k g
is surjective

91k e g e k ein 3 Ken Z

g 2 n a D



Fundamentafroups

Rem A cts map I X st 210 dat is equiv to a map
2 s X st

s

I X

Ft a

w I x x x I cts since dog L is cts

Sim a P rel on iff 2 5 rel 107

We will not distinguish the difference between a and I

Noth Ax X 2 I X I 2101 x all for x e X
Define an equiv rel on exoX by a up iff a p rel lo i

Proof a x Ht I X by He s 2 s

x 13 p x Spse Ht I X st H s als H 157 13151
Defn Gt I X by Ge s Hi s

Go s H s p s G 1st H s x s

GE o H e o Xo Hi i Gt l

p d rel lo i p a

x p p 8 2 8 Spse HE I X st A s 21st A s pls
Ge I X st G s 13151 G s 81s

Fe s Hat s O Ete 112

Gat s 42 et e 1

ByPastingLemma F is cts

Note F s Ho s L s F s G s 8 s

Fto 11.4.11 Xo Halil Fell
Gaz i
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Defn Given a BE IX X define 293 e Rx X by
2.13 s

2s O e se 112

1312s 11 112ESE 1

201310 210 X 13 i 2 p i

Defn the fundamentalgroup of X based at xo is the set
TX x Rx X

w group law a 133 2 13

roof well defn Nts a a and pop a p x p
and a a rel on w heptysay Ht

pp me
i

i
Define

Fels
0151112

He i Xo Gt o Ft cts by Pasting Lemma

F s 2.13 s F s 2 p Fz o Helo Xo Gell Fe i

2.13 I a p rel 0 i

a p a p
Unit e I X els Xo Nts e x a

e a
Xo Oe s Eliz
25 1 Ya es El
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