
 
Lecture 14 October31st 2023

Axiomsoff

Defn A group G is a set along w a map o G X G G st
Flunitall F ee G st gie g e.g tgeG

associative a b c a b c

inverses AgeG F g st gg e g g
Typicallywrite gin g h or gh
Denote G w o by G o

Ex R t

IR x Nota group
R O x

2 t

Z O x Not agroup

Muintir t

Mnn IR matrixmultiplication Not a group
Gln IR matrixmultiplication

S w s zeal 171 1

Ex Symmetricgroups
S set G 7 S S I f bij w o fan composition
S l in G En symmetricgroup on u letters



Ex 2 nz w o atb mod u

e O

Claim a mod n b mod n at b mod n

Pf Write a i n tr wi Otro n

b j n t s wi o e s c n

rts K n t t wi o e ta n

a mod n t b mod n

rt j uts modn

k j n t modn

t

at b modn litjtk n t modn t D

So at b modn t c mod n

at b c mod n

at btc mod n mod n

associative

KE I na k Ktn mod n

Called cyclicgroup of order n

Defn A group G is abelian if g h h g t g he G

Question Which of the abovegroups are abelian

Lemma G grp
hg kg or gh gk h k Icancellation law

g h h or hg h g e unitsareunique



Proof hg kg a hggt k.gg it h e k e c s h k

gh h gh eh g e D

Inapt

Jefn G H gaps Gx it becomes agrp wi group law
g h gaha gaga hi ha

Check of axioms left to reader

Epps
Jefn A subgroup of a grp G is a subset HEG st

ee H

get g E H

g he it ghett

Lemma A subgroup HEG is a grp

Proof 3 G X G G gives a map Hx it H

Thecheckof the axioms of H to be a group are left to reader D

Ex Uppertriangularmatrices in Gln IR

Sin IR E Glu IR

explati n E S E G w multiplication
Q E IR wi add or Q o e IR w malt

Tat E GL IR ae IR E GL R Not
subgroup



Every subgroup of 2 t is of the formlemma

m 2 key I k i n for some it 2

Proof Let HER be a subgroup
141 1 3 H 07
1H I 1 F minimal element n e 2 o st n EH

Spse get ul g n write g i n tr wi o in

r g i n e It r 0 g i n e n Z

If g Elt wl g co g elt ul g o g i n for some

g i n g e n Z D

Defn Given a subset SEG the subgroupgeneratedby S is the
smallest subgroup of G that contains S denote it S

S take all possible productsofelements in S and takeall
those products's inverses

Ex n E t then u n Z

H E G wi He G a subgroup then H H

geG Lg g g for ne z

Ex a be 2 a b godla b 2

4 Set d god.lab

I r s st d r a d s b a b E d z

Euclid's algorithm d r a s b for some rise 2

d Z E a b I



fmrphisms
Defn G G gaps A map 4 G G is a gap baptism if

6 g h 41g 4th

Ex det Gln R IR o x

exp IR IR x

I 2 s G wi 4 n g for some gEG
Inclusion of a subgrp i H G

At Mnm IR A 112m IR

Zin S by j n exp anti i n

Lemma O G G grp hom
Tle e

91g1 965

Proof 91g 4cg e g Ole Ole e

e Ole dig g it 4cg 4cg l 4cg l 4cg D

Defn 4 G G g p hom
Im 4 g EG I FgeG wi 41g g
Ke 4 1906101g e

Lemma Im 41 E G is a subgroup

Ker P EG is a subgroup



Poof e 9 e e In 16

9cg 41h1 Iight e Im e

9cg 9cg1 e Im Y

cel é seeker al

g hekersal Iight dig achi e ghe ke a

geker e 91g 4cg e g e kerce D

lemma Q G G is injective iff ke e e

Proof at Ker o Ala e Ole a e

Aca 9lb e Pla b Ica 4 b l 4 a 5

a 5 e ke e

a b e

a b D


