
 
Lecture 11 October19th 2023

Jefe X space The coveringdimensionof X is infimum over ne IN St

H Ma opencover F refinement Up st Axe X X meets at mo

htt of the Vp

Lemma Thecoveringdimensionof Lo is bddby 2 1

Fact The coveringdim of Lo I is n

Exer X E Y covering dimension of X covering dimension of Y

Lemma X AU B w A B closed then dim X max dim A dim B

Proof Let Us cover of X F refinementUp st Anup cover A

and XEA meets at most dimA 1 of the Anup
ConsiderVp Up Ua A

F refinementWr st BMWs cover B XE B meets at most

dimB 1 of the BMWs

V8 pick Pr st Wr EVp
Define Yp HpWr Evp eachWr is in a uniqueYp
Note Yp cover refinement

If X E B then x meets dimB l manyWr's
x meets dim B l many Yp

If Xf A then x meets dim Alt many Vp's
But Yp E Vp x Yp's



Exer A E X is closed and the covering dim of X is e n then

the coveringdimof A is E n

Cor Everyaptsubspace of an nmanifold has covering dim E n

Thm X aptmetricspace of covering dim n F cts ingmap
7 X Rant

Lemma I Baire'sNm X apt Haus Un countable collectionof denseopens
AnUn dense

X aptmetricspaceeh
o e x Manti 7 X 1122 I 7 cts

Metric on C X IR via d f g SIP I fix g x1 I
X apt d is welldefnmetric

As X diam A Ifa deny
FEC X IR diam f sup diam f all Iz e f X
Ue FEC X IR I diam 7 c e

Remark An llyn injectivemaps in C X IR

Lemma 2 He is open

Lemma3 Ue is dense

roof ofThm onUn 0 F cts ing F X 112

X opt FIX Hans I closed D



Proof I NTS AnUn meets every open in X Let W open
U dense t open F X E UAW open
Normal F XEWaE Iz E U AW
Inductively F xn EUn nWn open F yeWnt E Int E Wun U
Note WineWT e So X apt An wi to
Note WT E UnaW t k n

Antun E AkUk AW Wh AkUk
W nAnUn 0 D

Proof 2 f e Ue NTS F 820 st d f g S ge Ue
Af Hy e Xxx I d x y z diam f K closed opt
where diam f t k c E

Since d x y diam f Fix Fly for ix x EAT

I f x 7 y 0 on Af
Let 8 min of 17 x 7 y on Af 2

1gal gey Iga flat fix fyi fly glyl I
spse d 9

I go yo lean 7411 17 9

If g x gly xx Af d x y a diam F t k c E

g g
diamg c e

B

Def Zo Zm E IR aregeom ind iff
Ei Xi Zi 0 and E Ii 0 Xi O

3 To I Xi O I 1 Zi I X Zi Z 7

I l Zi Zo 0 Ti o

Z Zo are lin ind



Jef Zo Zm E IR are in generalposition iff any subset w Intl

elms are geom ind

Lemma 4 Given Zo Zm EIR and 8 0 I yo yin e IR st

yi in generalposition

I Zi yi c f ti

Proof Tl det Xi Xin Xin Xi Irn IR
io in e lo im

G Xo Xm I 0 iff Xo Xm in gen pos

g IR o open denser Fact

Baleng R o 0 w Eces

F yo sym w l Zi yi l tf and in gen pos I

Poof 3 Given FEC X M NTS V8 o F g Elle wi d fg c 8

Fix cover of X by Ui Um
diam Ui c 12

diam F Ui 812

Each Xe X meetsat most ntl of the Ui doulx e n

LehcoveringLem Focke g St Bx k s F By18141 for some y
F refinementUp of Bx k st holds

UpE Bxp k for some Xp 3 t hold

X apt F finite U Um of Ua that cover
Let 4 X IR be a partition ofunity ass to the Ui
Fix Xi Elli and Zi E IR st

d Fui Zi c 8 2

Zi Zm are in general position



Defn g X IR by g x E tilt Zi

Claim d fig is

g x fix Ei di x Zi Zi di x 7 x

Ei 4 x Zi fix E d x 7 xi f x
S
E Ei ti x 812 E 4 x 7 Xi f xpartof

t G
q x 8 2 Eid x 812

S D

Claim gelle
4 If g x g y Ei dial dily Zi 0

X y meet at most net of the Ui

Only 2n 2 of the above terms are non zero

Note E tilt di y 1 I 0

Zi ingenpos Anysubset w E 2n 2 elm are geom ind
4 txt 4 y ti

Note 4 Xl 0 forsome i
x yell dix yl c Elz diamg e Elz c E I


