
 
Lecture 10 October17th 2023

Manifold

Jefe A n din't manifold X is a 2ndcountable Hausdorffspace st Axe X

F open x ell and a homeo Ox IR U

Defn An embedded n manifold is a subspace X E IRN St AxeX F ope
EU and a home d IR U

Thin X manifold iff X embeddedmanifold

Proof M optmanifold M embmanifold

F U Un st
4 IR Ui homeo

Ii B i cover M

Normalt Urysohn F pi M IR st

pilei BT I

pi M O Ba 0

Defn 4 M Rn

x I f x f x 4 x xele

O else

Def 4 M IR Nt X x1 Xi x

Def X space is paracompact iff it is Haus and everyopen cover
admits a locallyfinite refinement



Exer A EX paracpt w A closed A paracpt

Lemma X paracpt X normal

Poof Fix A B closed disj
Step I txt X B F opens it x the BEV Unu 0
Pf FyeB FUy 2x Vyty st UynVy 0 X Haus

U V u X B cover X

paraapt I locallyfinite refinement Va that cover B

F open Wax st W meetsonlyfinitelymany Va's

Say W meets Vi Un E Vy Vyn
Define U W n Milly V Vava
Note xEU open BEV open
If Zell 3 ZEUy z et VI Vi

Ze W z V Univ
Z U

Unu 4

Step2 Prove normal

PF Ux A F Ux Ux opens st xe Ux Be Ux UxAux 0

UxUx u X A cover X

paracpt F locallyfinite refinement Ux that cover A
Define U Ux Ux

HyeB F W st Wymeetsfinitelymany Ux

Spse Wy meets Un Un E Ux Ux

Define Vy Wy n Mi Vx
Note yeVy Vy n U 0
Define V UyeBVy B

U U give the desired separating neighborhoods D



Defn A partition of ynity on X is an open cover Valla that is

locally finite and F Pa X I st

Pa x 0 x Ella

Expalx I

Lemma Every cover of a paracpt spaceadmits a refinement that has a

partitionof unity

Proof Let Us cover

X paracpt WLOGUa locallyfinite
Normal V x e Lax F X EWx EWI E Max
Let Up locally finite refinement of Ux's

So U E Wxp E Nxp E Uxxp
X normal Urysohn Yp X I st

Xp Tp 1

Yp X Uaxp 0

Define pp x Xp x E 48 x

Vp cover 3 denominator is non zero

Given X E X F U x St U meets finitelymany Vp's

Xp x is well defined cts

set Up Max

pp x 0 XEUp
Epxp x I use locallyfinite as above

Prop X manifold X paracpt

Lemma X manifold F kn apt w kisintlkin X Un int kn



Joof Let Ui Un be st 4 R Ui honeo Ii Bal cover

Kim 4 Bolt apt int Kim 9 Bomi

kn YenKim apt int kn vi men di Btm kn

Note kn E Knt and X Villi Ui Um 9 Bomi eUn int kn p

Exer X manifold Fats 7 X IR st f Capt cpt

Proof Let Ua Ua X be an open cover

kn apt F Ui Ui that cover kn

Uj Ui n X kn i Ellis Note kn closed since X Haus

Note UjVij cover kn kn i UnUj Vii cover X
Axe X F n st Xe int kn

But int kn onlymeets UmenU VI finite
VI are locallyfinite refinement

conifer

Jefe X space The coveringdimensionof X is infimum over ne IN St

H Ma open F refinement Up st Axe X X meets at most
htt of the Vp

Lemma Thecoveringdimensionof Lo is bddby 2 1

Fact The coveringdim of Lo I is n

Lemma Lebesgue's coveringlemma X optmetricspace
Ua open cover of X F 820 St Ux there is a

so that Xe Bx S Ella



Poof Passto a subcover Ui Un

Bs x E U iff d X X Ui 78

Consider fix maxi d x X Uil cts

X Ui closed 7 Ui 40 770 since Ui cover

X opt 7 X e 10,0 is apt Flower bad 7 X S D

Joof Spse Ua cover o i Whoo assume finite Ui Un
Divide o i as o m Ch E I form so so that

I I In
Ni in X I d x Ii x x Iin LS E Uk
x E X then x onlymeets 2 of the Ni in

Take the cover Ni in D


