
 
Lecture I September 7th 2023

Jefn A topology on a set X is a set of subsets of X O called

open sets st
O Xe O
O E O Yeo U E O
Un e Un O II Ui E O

X O is a topologicalspace

Zemark o arb unions ofopens isopen
finite intersections of opens is open

Often call X a top space w O understood

Zeh Spee O O are two top on X wi O E O
O is finer than O and O is coarser than O

É

f y

The trivial top an X is O 4 X

Example X 1 2,3

8
discrete ti

WE



Defn B set of subsets of X is a basis if
X B

Lemma A basis73 generates a topology O via

iii

U E O iff txt U F BEB w xx B CU

roof Vacuously is open
X is open since B covers X
Spse Ui EX open F Bi wi x Bi EU

If X E U Ui X EUi for some i

Ui Ui open
Xe U 1Uz F X E B C U X t Br E Uz

F x e BE B nBe C U NUe

U nUz open

By induction I Ui open D

Example X IR

The standardtopon IR hasbasis a b

Basis b

Basis U IRI U R Xi y xn for some n

Note finer than

is finerthan



Rem uncountable intersectionsneed not be open
X IR ul std top
Un In In

AnUn o
open

Rem Same top couldbegeneratedbymultipledifferent bases
X 122

Basis Bx r openballofradius r centered at x

Sgx r opensquarewi diag2n x

Jefe X space A CX is closed if X A is open

Ex X IR w std top a b La to l o is la

Lemma 4 X are closed

Any intersection of closedsets is closed

Finite union of closedsets is closed

Proof 4 open X X 0 closed

X open 4 X X closed

Write A X Ui for Uiopen wi ie I indexset

If Ai P X Ui X E Ui closed
deMorgan'slaws

A X Ui X Ui closed
deMorgan's laws D



Jef X top A EX
int A Yg U interiorof A

A fagged C closure of A

Ex X discretetop A X is opentclosed A A int A

X trio Xp O A EX A X intra 4

Lemma8 A is open iff A int Al

closed A A

Poof int A YeaU A UEAU A
A Icc An cc A D

eh A E X top is dense if A X

Ex IR 1,2 3 is dense in IR

Q is dense in IR

Warning A B dense I AnB dense
Q E IR Q F E IR

Defn XEA is a limitpointof A if U x Elle 0 And 0

2A x EX I x limitpetof A X A



Lemma A limitpointsof A int IA u 2A

X int A U 2A U int X A Ever

roof I e limitpts

YEA andspse x Slim

Flax w Unt 0

A e X U closed

A EX U

him E int A U 2A

x Elim V U2x UnA 0
if F x eUCA xe int A

else tu x Un X A 4 x e 2A

int A U 2A E I
ETA spse X EA
F x E X A open
X FI na e X A MA O D

Lemma If Mo U denseopens Uo nu denseopen


