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1. INTRODUCTION

Note: This is a preliminary draft. In particular, parts of the last section
are in the process of being written!

The Adams-Novikov spectral sequence based on a connective spectrum E (E-ANSS)
is perhaps the best available tool for computing stable homotopy groups. For
example, HIF, and BP give the classical Adams spectral sequence and the Adams
Novikov spectral sequence respectively.

To begin to compute with the F-ANSS, one needs to know the structure of the
smash powers E”*. When F is one of HF,, MU, or BP, the situation is simpler
than in general, since in this case E'A E is an infinite wedge of suspensions of F
itself, which allows for an algebraic description of the Fs-term. This is not the case
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for bu, bo, or tmf, in which case the FEs page is harder to describe, and in fact, has
not yet been described in the the case of tmf.

Mahowald and his collaborators have studied the 2-primary bo-ANSS to a great
effect: it gives the most efficient calculation of the wv;-periodic homotopy in the
sphere spectrum [LMS&7, [Mah81]. The starting input in that calculation is a com-
plete description of bo A bo as an infinite wedge product of spectra that are a smash
product of certain finite complexes with bo (as in [Mil75] and others). The finite
complexes involved are the so-called integral Brown-Gitler spectra.

Mahowald has worked on a similar description for tmf A tmf, but concluded that
no analogous result could hold. In this paper we use his insights to explore four
different perspectives on 2-primary tmf-cooperations. While we do not arrive at a
complete and closed-form description of tmf Atmf, we believe our results have the
potential to be very useful as a computational tool.

(1) The Es term of the 2-primary Adams spectral sequence for tmf Atmf admits
a splitting in terms of bo-Brown-Gitler modules:

Ext(tmf A tmf) & @ Ext(Z%tmf A bo;).

(2) Modulo torsion, TMF,TMF is isomorphic to a subring of the ring of integral
two variable modular forms.

(3) K(2)-locally, the ring spectrum (TMFATMF) k() is given by an equivariant
function spectrum:

(TMF A TMF) g (9) ~ Map(Ga/Gus, Bs)"s.

(4) TMF,TMF injects into a certain product of homotopy groups of topological
modular forms with level structures.

TMF A TMF < [ TMFo(3/) x TMFy(57).

i€z,
j=0

The purpose of this paper is to describe and investigate the relationship between
these different perspectives.

1.1. Conventions. In this paper we shall always be implicitly working 2-locally.
Homology will be taken with mod 2 coefficients, unless specified otherwise. We
will use Ext(X) to abbreviate Ext 4, (Fo, H. X), the Eo-term of the Adams spectral
sequence (ASS) for m. X, and will let C} (H*X) denote the corresponding cobar
complex. Given an element z € 7, X, we shall let [x] denote the coset of the ASS
Fs-term which detects x.

2. MOTIVATION: ANALYSIS OF bo.bo

In analogy with the four perspectives described in the introduction, there are four
primary perspectives on the ring of cooperations for real K-theory.
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(1) The spectrum bo A bo admits a decomposition (at the prime 2)

bo A bo ~ \/bo ANHZ;,
i>0

where HZ, is the ith integral Brown-Gitler spectrum.

(2) There is an isomorphism KO,KO = KO, ®xko, KOgKO, and KOyKO is
isomorphic to a subring of the ring of numerical functions.

(3) K(1)-locally, the ring spectrum (KO A KO)g (1 is given by the function
spectrum:

(KO AKO) 1y = Map(Z /{+1},KOp).
(4) KO.KO injects into a product of copies of KO:

KO AKO < []XoO.
€L

2.1. Integral Brown-Gitler spectra. The decomposition of bo A bo above is a
topological realization of a homology decomposition (see [Mah81], [Mil75]). Endow
the monomials of the A.-comodule

H*HZ = F2[g7€2ag3a < ]

with a multiplicative weight by defining wt(¢;) = 2¢~!. The comodule H,HZ ad-
mits an increasing filtration by integral Brown-Gitler comodules HZ,, where HZ,
is spanned by elements of weight less than 2i. These A.-comodules are realized by
integral Brown-Gitler spectra HZ;, so that

HMZ; = HZ,.

There is a decomposition of A(1).-comodules:
H.bo = (A//A(1)). =aq). DTV HEZ,
i>0
. This results in a decomposition on the level of Adams Es-terms
Ext(bo A bo) 22 @) Ext(X4bo A HZ)
i>0
= (P Extaq). (HZ;).
i>0
This algebraic splitting is topologically realized by a splitting

bo A bo =~ \/bo AHZ;.
i>0

The goal of this section is to calculate the images of the maps

bo A HZ; — bo A bo

in the decomposition above in order to illustrate the method used in our analysis
of tmf A tmf. Even in this case our perspective has some novel elements which
provide a conceptual explanation for formulas obtained by Lellmann and Mahowald
in [LMS&T7].
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2.2. Exact sequences relating HZ;. Just as with HZ, we define bo, to be the
the submodule of

generated by elements of weight less than 4i. These submodules are discussed more

thoroughly at the beginning of Section[d] With these in hand we have the following
exact sequences:

Lemma 2.1. There are short exact sequences of A(1).-comodules
(2.2) 0 — XYHZ; — HZy; — bo; | ® (A(1)//A(0)), — 0,
(2.3) 0 — XYHZ; @ HZ, — HZ,;,, — bo; | ® (A(1)//A(0)), — 0.

(Here bo, is the subspace of H.bo spanned by monomials of weight < 4.)

Proof. These short exact sequences are the analogs for integral Brown-Gitler mod-
ules of a pair of short exact sequences for bo-Brown-Gitler modules (see Propo-
sitions 7.1 and 7.2 of [BHHMOS]). The proof is almost identical to that given in
[BHHMOS]. On the level of basis elements, the maps

E4jﬂj — HZy;

SYHZ; @ HZ, — HZy; 4
are given respectively by

g fagtngn .

ez 0{1,8,6}) — (166 -) - {1,886}
where a is taken to be 4j — wt(£" €2 ---). The maps
HZ,; — bo; 1 ® (A(1)//A(0))«
HZy; 1 — bo; 1 @ (A(1)//A(0)).

are given by

Fiy 7260 Fi: P2y Fe Fiy 7205 Fi .
F4i1+26) Fio+es Fig 1165768 - ®@E7E?, wi(§67ES ) <45 — 4,
51 62 53 e d .

0, otherwise,

where €, € {0, 1}. O

Define
EXtA . (X) _
AW Image (Ext 4(1), (X) — vy ' Ext (1), (X)) .
v1-tor
The following lemma follows from a simple induction, using the fact that HZ, is
given by
& o
s
& o
)5

1 o.
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Lemma 2.4. We have

EXtA(l)*(M?i) N Ext(bo'"), i even,
vy-tor ~ | Ext(bsp V), i odd.

Here, X denotes the ith Adams cover.

We deduce the following well known result (cf. [LM87, Thm. 2.1]).

Proposition 2.5.

Extac), (HZ;) {Ext(bo<2i_a(i)>), i even,

vi-tor B Ext(bspZ—*@=1 4 odd.

Here, a(i) denotes the number of 1’s in the dyadic expansion of i.

Proof. This may be established by induction on ¢ using the short exact sequences
of Lemma by augmenting Lemma [2.4] with the following facts.

(1) Allvo-towers in Ext 4(1), (HZ;) are vi-periodic. This can be seen as Ext 4(1), (HZ;)
is a summand of Ext(bo A bo), and after inverting vg, the latter has no v;-
torsion. Explicitly we have

vy L Ext(bo A bo) = Favi!, u?, v?].
(2) We have

Exta), ((A(1)//A(0)): ®bo;) _ Exta().(bo;)
vo-tors o vo-tors

= FQ[”O]{17£%7 s lej}

This follows from the fact that

Ext a0y, (HZ,)
© J = ]FQ [UO]a
vg-tors

which, for instance, can be established by induction using the short exact
sequences of Lemma [2.1]

O

2.3. The cooperations of KU and bu. In order to put the ring of cooperations
for bo in the proper setting, we briefly review the story for bu. We begin by
recalling the Adams-Harris determination of KU, KU [Ada74, Sec. I1.13]. We have
an arithmetic square

KUAKU —— (KU AKU),

| |

(KUAKU)g —— (KU AKU)%)qg,
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which results in a pullback square after applying 7,

KU,KU ——— Map®(Z; , m.KU3)

| |

Qut!, v —— Map®(Z5, Qo[ut!]).
Setting w = v/u, the bottom map in the above square is given by
f(uvv) = unf(lﬂ w) = ()‘ = unf(la /\)) .

We therefore deduce that KU, KU = KU, ®xy, KUgKU, and continuity implies
that
KUKU = {f(w) € Q™' : f(k) € Z),for all k € Z(3, }.

Note that we can perform a similar analysis for KU, bu: since bu and KU are K (1)-
locally equivalent, applying m, to the arithmetic square yields a pullback square
with the same terms on the right hand edge.

KU,bu ——— Map®(ZJ, 7. KU%)

| |

Q" o) —— Map(25  Qafu™)
We therefore deduce that KU,bu = KU, ®ky, KUgbu, with
KUgbu = {g(w) € Q[w] : g(k) € Z),for all k € Zé)}.

Consider the related space of 2-local numerical polynomials:
NumPoly ,) := {h(z) € Q[z] : h(k) € Z(a), for all k € Zy)}.

The theory of numerical polynomials states that NumPoly ,) is the free Z2)-module
generated by the basis elements

o) = (1) =t e o)

n n!

We can relate KUgbu to NumPoly 5y by a change of coordinates. A function on
Z(XQ) can be regarded as a function on Z,) via the change of coordinates
Ly — Z(XQ)
kw—2k+1
Observe that
k(k—1)---(k—n+1) 2k(2k—2)---(2k —2n +2)
n! N 2nn!
2k+1)((2k+1)—3)---((2k+1) — (2n — 1))
2mn) '
We deduce that a Z ) basis for KUgbu is given by
(w—1)(w—=3)...(w—(2n—1))
2nn) '

gn(w) =
(Compare with [Ada74l Prop. 17.6(i)].)
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From this we deduce a basis of the image of the map
bu,bu — KU,KU.

In [Ada74l p. 358] it is shown that this image is the ring

bu.bu

v1-tor

= (KU*bu M Q[U, U])AFZO’
where AF > 0 means the elements of Adams filtration > 0. Since the elements 2,
u, and v have Adams filtration 1, this image is equivalently described as

bu,bu
v1-tor

= KU.buNZ)[u/2,v/2].

To compute a basis for this image we need to calculate the Adams filtration of
the elements of this basis {g,(w)}. Since w has Adams filtration 0 we need only
compute the 2-divisibility of the denominators of the functions g, (w). As usual in
this subject, for an integer k € Z let v5(k) be the largest power of 2 that divides k
and let a(k) be the number of 1’s in the binary expansion of k. Then

va(n!) =n —a(n)
and so

AF(g,) = a(n) — 2n.

The following is a list of the Adams filtration of the first few basis elements:

n | binary | AF(g,)
0 0 0
1 1 -1
2 10 -3
3 11 —4
4 100 -7
5 101 -8
6 110 —10
7 111 —11
8 1000 —-15

It follows (compare with [Ada74l Prop. 17.6(ii)]) that the image of bu,bu in KU, KU
is the free module:

bu,bu
v1-tor

= Z(2){2maX(0’2n_m_a(n))umgn(’LU) Cn>0,m> n}

The Adams chart in Figure 2.3]illustrates how the description of bu,bu given above
along with the Mahler basis can be used to identify bu.bu as a bu,-module inside
of KU, KU.
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FIGURE 2.1. bu,bu
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2.4. The cooperations of KO and bo. Adams and Switzer computed KO,KO
along simlar lines [Ada74, Sec. I1.17]. There is an arithmetic square

KO A KO —— (KO AKO))

| |

(KO AKO)g —— ((KO AKO)%)g.
This results in a pullback when applying ,:

KO,KO — Map®(Z /{+1}, 7, KO%)

| J

Qut?, v*2] —— Map®(Zy /{%1}, Q2[ut?)).

(One can use the fact that KUJ is a K(1)-local Cp-Galois extension of KO to
identify the upper right hand corner of the above pullback.) Continuing to let
w = v/u, the bottom map in the above square is given by

f(u?0?) =u®" f(1,w?) = ([A] = u®" f(1,)%)).
We therefore deduce that KO,KO = KO, ®ko, KOcKO, with
KOoKO = {f(w?) € Qw*?] : f(\?) € ZJ,for all [\] € Z5 /{£1}}.
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Again, KO,bo is similarly determined: since bo and KO are K (1)-locally equivalent,
applying 7, to the arithmetic square yields a pullback square with the same terms
on the right hand edge:

KO.bo —— Map®(Z5 /{#1}, 7.KO%)

| |

Q[u*?,v?] —— Map®(Z; /{£1}, Qz[u*?]).
We therefore deduce that KO.bo = KO, ®ko, KOgbo, with
KOgbo = {f(w?) € Q[uw?] : f(A\?) € Zy, for all [\] € Z5 /{£1}}.

To produce a basis of this space of functions we use the g-Mahler bases developed
in [Con00]. First note that there is an exponential isomorphism

Ty — 75 J{£1} : k > [3%].

Taking w = 3%, we have w? = 9%, or in other words, the functions f(w?) that we
are concerned with can be regarded as functions on 2Z,. They take the form

F(9%) 127y = 1 4 8Zy — Zo,
where 1+ 8Z C ZJ is the image of 2Z, under the isomorphism given by 3*.

To apply the g-Mahler basis of [Con00] with ¢ = 9 it is important that |9 — 1|2 < 1.
The g-Mahler basis is a basis for numerical polynomials with domain restricted to
2Z>. In the notation of [Con00] we have that

f(gk) = ch (7]{;)9 Cp € Z(2)7

n

where
B\ (98— 1)(9F —9)--- (9F — 9 1)
(n>9 T D) (9" —9)--- (9n —gn1)
Let us set 2 2 2
_ (U/ —1)(’(1) _9)(11.) _g’ﬂfl)
fn(wz) - (9" —1)(9" —9)--- (gn — 9n_1) .
Then

f(w?) = chfn(w2) Cn € Z2).
We deduce that a basis for KOgbo is given by the set {f,(w?)},>0-

As in the KU-case, it turns out that the image of bo.bo in KO,KO is given by

bo.bo

vitor (KO.bo N Q[u,v”]) ar>0-

In order to compute a basis for this we once again need to know the Adams filtration
of f,. One can show that

va((9" —1)(9" —9)--- (9™ — 9" 1))

va(n!) + 3n

4dn — a(n).
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FIGURE 2.2. bo.bo
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It follows that we have

bo.bo
v1-tor

= Z(Q){2max(0’4"_2m_a("))u2mfn(w) :n>0,m>n, m=0 mod 2}

® Z(g){2max(0’4n_2m_l_a(”))2u2mfn(u/) :n>0,m>n, m=0 mod 2}

2m i n>0,m>n m=0 HlOdQ7
@Z/Q{u fn(’w)n : iE{l,Z}, a(n)74n+2m+220 .

Here is a list of the Adams filtration of the first several elements in the g-Mahler
basis:

n fn in terms of g; | AF(f,)
0 go 0
1 g2+ g1 -3
2 | £oa+ 593+ 19 —7

With this information we can now give an Adams chart of bo,bo.

2.5. Calculation of the image of bo,HZ; in KO,KO. We now compute the
image (on the level of Adams E..-terms) of the composite

bo.HZ; — bo.bo — KO,KO.
Since v, o, 24HZ,; = KO,, it suffices to determine the image of the generator
€4; € b04i(24iHZi).

Because the maps
bo A *HZ; — bo A bo

are constructed to be bo-module maps, everything else is determined by 2 and
vy = wu-multiplication. Consider the diagram induced by the maps bo — bu,
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bu — HF5, and BP — bu:

boA X*¥HZ, —— > boAbo——buAbu+——DBP,BP

| N

HF5 A 24’LHZZ — HFy A bo —— HF5 A HF5.

On the level of homotopy groups the bottom row of the above diagram takes the
form

Fof&l, ..} o Fo€], 85,85, ] = Fall1, &, 85, .. ).
Since we have

bo,L¥HZ; — (HF,),.XYHZ,
esi v+ &,
it suffices to find an element b; € bos;bo such that
bo,bo — (HF3).bo
b — &1
Clearly we can take by = 1 € bogbo. Note that we have
BP.BP — (HF;).HF,
t) — E2
From the equation

773(?)1) =1 —+ Qtl
we deduce that we have

BP.BP — bu.bu

v—u
t1 — = ugi(w).

Thus we deduce that
bu*bu — (HFQ)*H]FQ

v—u ~
5 &
and thus
bu,bu — (HF3),.HF,
02 — w2\’ -
(=) ~an
Since
v? —u?

92—l 2i £ () = ( ) modulo terms of higher AF

we see that we have

2

bo.bo — (HF3).bo
22i7a(i)u2ifi(w) - gih

We therefore can take o
b, = 22’7a(l)u2lfi(w).
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We have therefore arrived the following well-known theorem (see [LM8T, Cor. 2.5(a)]).
Theorem 2.6. The image of the map
Ext(bo A S¥HZ,) . Ext(bo A bo)
vi-tors v1-tors

is the submodule
Fg[vo]{vmax (0.4i=2m=a(2)) u?™ fi(w) : m >4, m=0 mod 2}
& Fg[vo]{vmax(o Ai=2m-1-ali ))vouQWfi(w) :m>i,m=0 mod 2}

om ¢ i . m=>i,m=0 mod 2,
& F, {U filw)n’ je{1,2}, a(i)—4i+2m+5>0
Remark 2.7. These are the colors in Figure 2.4

2.6. The embedding into [[KO. Finally we consider the maps of KO-algebras
given by the composite

3" KOAKO 22 1197 KO AKO 5 KO,
These result in a map of KO-algebras
Ko AKO L7, H KO.

kEZ
Remark 2.8. The map above has a modular interpretation. Let

Spec(2)//(Z/2) = Mg

pick out G, with the action of [~1]. Then the derived global sections of Spec(Z)//(Z/2)
are KO. The spectrum KO A KO is the global sections of the pullback

(Spec(Z) X m,, Spec(Z))//(Z/2 x Z/2).
For k € Z we may consider the map of stacks
Spec(Z)//(Z/2) = (Spec(Z) x sy, Svec())/ /()2 X Z/2)
sending G, to the object [3¥] : G,, — G, As k varies this induces the map [] 3.
Proposition 2.9. The map

3
k0.Kk0 1 T ko.

kEZ
is an injection.
Proof. Consider the diagram
KO,KO 0., KO
I

(KO,KO)y ——— 5 [[,e5(KO.)

Map®(Zy /{£1}, (KO,)%) —— Map(3%, (KO.)%),
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where the bottom horizontal map is the map induced from the inclusion of groups
3% — 75 J{£1}.
The vertical maps are injections, since

[)2'KO.KO =0, and ()2'KO.=0.

The bottom horizontal map is an injection since 3% is dense in Z /{£1}. The result
follows. O

We began by investigating the wedge decomposition

\/bo A Z*HZ; =5 bo A bo.
We end this section by explaining how the map

ko AKO 1L T ko0
kEZ

is compatible with the Brown-Gitler decomposition.

Proposition 2.10. The composites

bo A HZ; — bo A bo — KO A KO 2— KO

are equivalences after inverting v.

Proof. This follows from the fact that f;(9°) = 1. O

Remark 2.11. In fact, the matrix representing the composite

\/ bo A HZ; = bo A bo — KO A KO 1 TT kO
7 keZ

is upper triangular, as we have

0, k<1
9k — ’ )
fi(9%) {1, k=i.

3. RECOLLECTIONS ON TOPOLOGICAL MODULAR FORMS

3.1. Generalities. The remainder of this paper is concerned with determining as
much information as we can about the cooperations in the homology theory tm f
based on connective topological modular forms, following our guiding example of
bo. Even more than in the bo case, other players will come up. First of all, we
will extensively use the periodic spectrum T M F', which is the analogue of KO. In
particular, we will use that this form T M F of topological modular forms arises as
the global sections of the Goerss-Hopkins-Miller sheaf of ring spectra QP on the
moduli stack of smooth elliptic curves M. As the associated homotopy sheaves are

k/2 if1ie
0P — w®k/2 " if k is even,
0, if k is odd,
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there is a descent spectral sequence

H*(M,w®") = oy ,TMF.

Morally, the connective tmf should arise as global sections of an analogous sheaf
on the moduli stack of all cubic curves (i.e. allowing nodal and cuspidal singular-
ities); however, this has not been formally carried out. Nevertheless, tmf can be
constructed as an E., ring spectrum from TMF as a result of the gap in the ho-
motopy of a third, non-connective and non-periodic, version of topological modular
forms associated to the compactification of M.

Rationally, every smooth elliptic curve C/S is locally isomorphic to a cubic of the
form
2 _ .3
Yy =x° — 27cyx — Hdcg,

with the discriminant A = ¢} — ¢Z invertible. Here ¢; is a section of the line bundle

w®? over the étale map S — M classifying C. This translates to the fact that
Mg =2 Proj Qlea, cg][A™1], which in turn implies that (TMF,)g = Q|ca, c][AT].
The connective version has (tmf.)q = Q|ca, cq]-

Topological modular forms are, of course, not complex orientable, and just like in
the case of bo, we will need the aid of a related orientable spectrum. The periodic
TMF admits ring maps to several families of orientable (as well as non-orientable)
spectra which come from the theory of elliptic curves. Namely, an elliptic curve C'is
an abelian group scheme so in particular it has a subgroup scheme C[n] of points of
order n for any positive integer n. When n is invertible, C'[n] is locally isomorphic to
the constant group (Z/n)?. Rooted in this fact are the various additional structures
that one can assign to an elliptic curve. In this work we will be concerned with two
types, the so-called T'y (n) and Ty(n) level structures.

A Ti(n) level structure on an elliptic curve C' is a specification of a point P of
(exact) order m on C, whereas a I'g(n) level structure is a specification of a cyclic
subgroup H of C of order n. The corresponding moduli problems are denoted
M (n) and My(n). Assigning to the pair (C, P) the pair (C, Hp) where Hp is the
subgroup of C' generated by P determines an étale map of moduli stacks

g : Mi(n) = Mop(n).
Moreover, there are two morphisms
fra: Mo(n) = M[1/n]

which are étale; f forgets the level structure whereas ¢ quotients C' by the level
structure subgroup. Composing with g we obtain analogous maps from M;j(n). We
can take sections of QP over the forgetful maps and obtain ring spectra TM F (n)
and TM Fy(n), ring maps TM F[1/n] — TMFy(n) — TMF;(n) as well as maps of
descent spectral sequences

H*(M[1/n],w®*) == m.TMF[1/n]

J |

H*(Ms(n),w*) ——= m.TMF»(n),



ON THE RING OF COOPERATIONS FOR tmf 15

obtained by pulling back. In particular, for any odd integer n we have such a
situation 2-locally.

We use the ring map f : TMF[1/n] — TMFy(n) induced by the forgetful f :
Mo(n) = M[1/n] to equip TM Fy(n) with a TM F[1/n]-module structure. With
this convention, the map ¢ : TM F[1/n] — T M Fy(n) induced by the quotient map
on the moduli stacks does not respect the TM F[1/n]-module structure. However,
one can uniquely extend g to

(3.1) TMF[1/n) — 5 TMFy(n)

>
//
J _ -

TMF[1/n] ATMF[1/n].

Another way to define ¥,, is as the composition of f A ¢ with the multiplication on
TMFy(n).

Finally, we will be interested in the morphism
This is the étale map induced by the multiplication-by-n isogeny on an elliptic

curve, and the induced map ¢y, : TMF[1/n] — TMF[1/n] can be thought of as an
“Adams operation” on TMF[1/n].

In Section [6] below, we will make heavy use of the maps W5 and W5. Their usefulness
is due to the relative ease with which their behavior on non-torsion homotopy groups
can be computed.

3.2. Details on ¢tmf;(3) as BP(2). The significance of bu in the computation of
bo.bo was that at the prime 2, bu is a truncated Brown-Peterson spectrum BP(1)
with a ring map bo — bu which upon K(1)-localization becomes the inclusion of
homotopy fixed points (KU3)"“? — KUj and in particular, the image of KO3 —
KU3 in homotopy is describable as certain invariant elements. By work of Lawson-
Naumann [LN12], we know that there is a 2-primary form of BP(2) obtained from
topological modular forms; this will be our analogue of bu in the ¢m f-cooperations
case.

Lawson-Naumann study the (2-local) compactification of the moduli stack M (3).
Given an elliptic curve C' (over a 2-local base), it is locally isomorphic to a Weier-
strass curve of the form

y? + ar1zy + azy = 2° + a4 + ag.

A point P = (r,s) of order 3 is an inflection point of such a curve; transforming
the curve so that the given point P is moved to have coordinates (0,0) puts C in
the form

(3.2) Y’ + arwy + agy = 2.

This is the universal equation of an elliptic curve together with a I'1(3) level
structure. The discriminant of this curve is A = (a} — 27a3)a3, and M;(3) ~
Proj Z) a1, as][A™].  Consequently, m,TMF\(3) = Z a1, as][A"]. Lawson-
Naumann show that the compactification M1 (3) ~ ProjZs)[a1, as] also admits a
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sheaf of F-ring spectra, giving rise to a non-connective and non-periodic spectrum
Tmf1(3) with a gap in its homotopy allowing to take a connective cover tm fi(3)
which is an F, ring spectrum with

mtmf1(3) = Z)la1, as].
This spectrum is complex oriented such that the composition of graded rings
L2) [v1,v2] C BP, — (MU(2))* — tmf1(3).

is an isomorphism [LNI12l Theorem 1.1], where the v; are Hazewinkel generators.
Of course, the map BP, — tmf1(3). classifies the p-typicalization of the formal
group associated to the curve (3.2)), which starts as [Sil86}, IV.2], [?].
FX,Y)=X+Y —a1 XY — 2a3X®Y — 3a3X?Y? + —2a3XY3
—2a1a3 XY — a1a3X3Y? — a1a3X?Y3 — 20,03 XY* + O(X,Y)5,

We used Sage to compute the logarithm of this formal group law, from which we
read off the coefficients I; [Rav86, A2.1.27] in front of X2 as

PP I — a$ + 2a3
1— 9’ 2 — 4 ’
al + 30atas + 30a;a3

Iy = ;

Now the formula [Rav86, A2.1.1] pl,, = Z livfj_i (in which Iy is understood to
0<i<n

be 1) allows us to recursively compute the map BP, — tmf1(3).. For the first few

values of n, we have that

V1 ay Vg > ag v3 > Tajaz(ad + as). ..

We can do even more with this orientation of tmf1(3), as
BP*BP — tmf1 (3)*tmf1 (3)
is a morphism of Hopf algebroids.

Recall that BP,BP = Z)[v1,va, .. .][t1,t2,...] with v; and ¢; in degree 2(2° — 1)
and right unit ng : BP, — BP,BP determined by the fact [Rav86, A2.1.27] that

nr(la) = Y L2

0<i<n
with o =ty = 1 by convention. On the other hand,
tm f1(3)«tm f1(3)q = Qla, a3, a1, as]

and the right unit tmfi(3). — tmf1(3)«tmf1(3) sends a; to a;. With computer
aid from Sage and/or Magma, we can recursively compute the images of each ¢; in
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tm f1(3)«tm f1(3); as an example, we include here the first three values
1,
tl — *(CLl — al),
2
1
to — §(4d3 + 2@} — ayat + 2ata; — 4az — 3a}), and

1
t3 > @(4806163 — 16a,a3 + 480ajas — 16a,asas + Saiataz — 16a3a,as

+ 32a1a3a3 + 24ataz + 16a] — 4a1a$ + 4ata; — dazai — 11aia; + 32a,a3a3

+ 24aia} — 32a2aza? — 22a3a3 + 32a3aza; + 20a8a; — 496a1a3 — 508atas — 27a7)

and rather than urging the reader to analyze the terms, we simply point out the
exponential increase of their number. What will allow us to simplify and make
sense of these expressions is using the Adams filtration in below.

3.3. The relationship between TMF;(3) and TMF and their connective
versions. As we mentioned already, the forgetful map f : M;(3) — M is étale;
moreover, f*w = w. As a consequence, we have a Cech descent spectral sequence

E, = HP(M1(3)XM(Q+1)’M*) = Hp+q(/\/t,w*),

giving in particular that the modular forms H°(M,w*) can be computed as the
equalizer of the diagram

(3.3) HO (M4 (3), %) ::i;HO(Ml(?)) Xt My (3), ),

in which p; and py are the left and right projection maps. The interpretation is
that the M-modular forms M F, are precisely the invariant M; (3)-modular forms.

To be more explicit, note that M, (3) x A4 M (3) classifies tuples ((C, P), (C’, P"), ¢)
of elliptic curves with a point of order 3 and an isomorphism ¢ : C' — C’ of elliptic
curves which does not need to preserve the level structures. This data is locally
given by

C: y: + a1y + agy = a3
(3.4) C': Y4 day +ahy =2
P r—ulr+r yr—>u*3y+u*2s:ﬂ+t,
such that the following relations hold
sap —3r+s2=0
(3.5) saz + (t+rs)a; — 3r2 +2st =0
rd— tas — t2 —rta; = 0.

(Note: For more details on this presentation of M;j(3), see the beginning of [Stol
84]; the relations follow from the general transformation formulas in [Sil86, III.1]
by observing that the coefficients aeyer, must remain zero.)

Hence, the diagram (3.3)) becomes
LZg)lar, as]) = Ly lar, as]fu™, v, s,8)/(~)
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(where ~ denotes the relations (3.5))) with p; being the obvious inclusion and pso
determined by

ay — u(ag + 2s)
as — u?’(ag + ra; + 2t).

which is in fact a Hopf algebroid representing M ,). Note that we do not need to
localize at 2 but only to invert 3 to obtain this presentation.

As a consequence of this discussion we can explicitly compute that the modular
forms MF, are the subring of M F;(3), generated by

(3.6)
c4 = aj — 24ayas, ce = ab + 36atasz — 21643, and A = (a3 — 27a3)a3,

which in particular determines the map TMF, — TMF;(3). on non-torsion ele-
ments.

3.4. Adams filtrations. The maps BP, — tmf1(3). and BP.BP — tmf1(3).tmf1(3)
respect the Adams filtration (henceforth AF), which allows us to determine the AF
in the right hand sides. Recall that

AF(’U,L'):I, ZZO

where as usual, vo = 2. Consequently, AF(a1) = AF(a3) = 1, which in turn implies
via (3.6 that AF(cs) =4, AF(cs) =5, AF(A) = 4. More precisely, modulo higher
Adams filtration we have

Cq ~ A4, ce ~ 216a3 ~ 8a3, A ~ a3.

Note that the Adams filtration of each ¢; is zero.

3.5. Supersingular elliptic curves and K (2)-localizations. At the prime 2,
there is a unique isomorphism class of supersingular elliptic curve; one representa-
tive is the Weierstrass curve

C: vty =a
over o, Recall that a supersingular elliptic curve is one whose formal completion at
the identity section C is a formal group of height two Under the natural map M —
My, from the moduli stack of elliptic curves to the one of formal groups sending
an elliptic curve to its formal completion at the identity section, the supersingular

elliptic curves (in fixed characteristic) are sent to the (unique up to isomorphism,
by Cartier’s theorem) formal group of height two in that characteristic.

Let M?® denote a formal neighborhood of the supersingular point C' of M, and
let 7—2(2) denote a formal neighborhood of the characteristic 2 point of height two
of My,. Formal completion yields a map M?*® — 7:[(2) which is used to explicitly
describe the K (2)-localization of TMF' (or equivalently, tmf) in terms of Morava
FE-theory.

Ias opposed to an ordinary elliptic curve whose formal completion has height one. These two
are the only options.
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The formal stack 7{(2) has a pro-Galois cover by Spf W(F,)[[u1]] for the big Morava
Stabilizer group G. The Goerss-Hopkins-Miller theorem implies in particular that
this quotient description of 7(2) has a derived version, namely the stack Spf Es//Go,
where Fs is a Lubin-Tate spectrum of height two. As we are working with elliptic
curves, we take the Lubin-Tate spectrum associated to the formal group C over Fo,

and Gy = Auty, (C).

Let G denote the automorphism group of C; it is a finite group of order 48 given
as an extension of the binary tetrahedral group with the Galois group of Fy/Fs.
Then G embeds in G5 as a maximal finite subgroup and Spf E5 is a Galois cover
Ms for the group G. In particular, taking sections of the structure sheaf Q%P over
M?s gives the K (2)-localization of TMF which is equivalent to E4%. Moreover,
we have K (2)-local equivalences

(TMF ATMF) () ~ Hom®(Gs /G, Ey)"C ~ H EhGnaG=)
iEGG\Gz/G

The decomposition on the right hand side is interesting though we will not pursue
it further in this work. The interested reader is referred to Peter Wear’s explicit
calculation of the double coset in [?].

4. THE ADAMS SPECTRAL SEQUENCE FOR tmf,.tmf AND bo-BROWN-GITLER
MODULES

4.1. Brown-Gitler modules. (Mod 2) Brown-Gitler spectra were introduced in
[BG73] to study obstructions to immersing manifolds, but immediately found use
in studying the stable homotopy groups of spheres [Mah77], [Coh81] and many
other places. As discussed in Section [2] Mahowald, Milgram, and others have used
integral Brown-Gitler modules/spectra to decompose the ring of cooperations of
bo [Mah81], [Mil75], and much of the work of Davis, Mahowald, and Rezk on tmf-
resolutions has been based on the use of bo-Brown-Gitler spectra [MR09],[DMI0],
[BHHMOS]. In this section we recapitulate and extend this latter body of work.

Generalizing the discussion of Section [2] we consider the subalgebra of of the dual
Steenrod algebra

(A//AG)). =Tl & ... &1 Eipa, ).

We have

H.HF, = A,

HHZ = (A//A(0)),

H.bo = (A//A(1)).,

H.tmf = (A//A(2))..
The algebra (A//A(i)). admits an increasing filtration by defining wt(&;) = 2°71;
then every element has filtration divisible by 2¢*1. The Brown-Gitler submodule

N;(j) is defined to be the subspace spanned by all monomials of weight less than
or equal to 215, which is also an A,-subcomodule.
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The modules N_;(j) through Ny (j) are known to be realizable by the mod-2 (clas-
sical), integral, and bo-Brown-Gitler spectra respectively, and are usually denoted
by (HF2);, HZ;, and boj, since we have

HZ ~ liﬂHZj
bo ~ ligboj
For clarifying notation we shall continue the convention we adopted in Section 2]

and use underline notation to refer to the corresponding sub-comodules of the dual
Steenrod algebra, so that we have

(HFy); := H.(HF2); = N_1(j)
HZ; := H.HZ; = Ny(j)
@j = H*bOj = Nl(])

It is not known if tmf-Brown-Gitler spectra tmf; exist in general, though we will
still define
mej = Na(j).

The spectrum N3(1) is not realizible, by the Hopf-invariant one theorem.

There are algebraic splittings of A(#).-comodules:

(A//A@). = @2 IN ()

This splitting is given by the sum of maps:
X5 Nica(j) = (A//A(0)+

cligle ..y goghglz. ..
where the exponent a above is chosen such that the monomial has weight 2:+1j. Tt
follows that there are algebraic splittings

9Ji+1

(4.1)

(4.2) Ext(HZ ANHZ) = @ Ext(%% (HF,);),
(4.3) Ext(bo A bo) & @ EXt(E4jHZj),
(4.4) Ext(tmf A tmf) = @Ext(Esjboj),

These algebraic splittings can be realized topologically for ¢ < 1 [Mah8&1]:

HZ AHZ ~ \/ S¥HZ A (HFy);,
J
bo Abo ~ \/ S¥bo A HZ;.

J
However, the corresponding splitting was shown by Davis, Mahowald, and Rezk
[MRO9], [DM10] to fail for tmf:
tmf A tmf % \/ % tmf A bo;.
J

Indeed, they observe that in tmf A tmf the homology summands
Y3tmf A bo;, and Y 0¢mf A boy
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are attached non-trivially. We shall see in Section [7] that our methods recover this
fact.

4.2. Rational calculations. Note that we have
tmf, tmfg = Q[cy, cg, 4, Cs)-
Consider the (collapsing) vg-inverted ASS
@ vo_1 BExta(2), (Egi@i) = tmf, tmf ® Q.
i
In this section we explain the decomposition imposed on the F..-term of this spec-
tral sequence from the decomposition on the Es-term. In particular, given a torsion-

free element z € tmf,tmf, this will allow us to determine which bo-Brown-Gitler
module supports it in the Es-term of the ASS for tmf A tmf.

Recall from Section [3| that tmf;(3) ~ BP(2). In particular, we have

H*(tmfy(3)) = A//E[Qo, Q1, Q2.

We begin by studying the map between vyp-inverted ASS’s induced by the map

*,%

Ual EXtA(2)* (FQ) _> ﬂ*tmf X Q2

| |

val EXtEFQOan,Q2]* (Fg) — m,tmf; (3) & QQ

‘We have

— * % ~ +
Vg ! EXtE[Qo,QhQ?]* (FQ) = ]FQ [UO 17 U1, UQ]

where the v;’s have (t — s, s) bidegrees:

Recall from Section [3| that m.tmf;(3)g = Q|as, as], and that
U1 = [al]v
vg = [as].
We of course have 7. tmfg = Q[ca, cg], with corresponding localized Adams Es-term

- *,* ~ +
g 1 EXtA(2)* (]Fg) =, [’UO 1, cy, 06]

where the [¢;]’s have (t — s, s) bidegrees:

leall = (8,4)
|les]| = (12,5)



22 M. BEHRENS, K. ORMSBY, N. STAPLETON, AND V. STOJANOSKA

Recall also from Section [3] that the formulas for ¢4 and cg in terms of a; and as
imply that the map of Es-terms of spectral sequences above is injective, and is
given by
4
Cc4| — |aq],
(45) [ca] = [ 1]2
[c6] = [Ba3].
Corresponding to the isomorphism
mtmfg = HQ,tmf
there is an isomorphism of localized Adams Fs-terms
’Ual EXtA(g) (Fz) = Ual EXtA(O)((A//A(Q))*).
Since the decomposition

A/[A(2), = @D £¥bo,

J
is a decomposition of A(2),-comodules, it is in particular a decomposition of A(0).-
comodules, and there is therefore a decomposition

(4.6) vyt Exta), (F2) = @ vy ' Exta). (5¥bo;)

j
Proposition 4.7. Under the decomposition (|4.6]), we have
vy ! Extao). (5¥bo;) = Falvg ' {[cf c@] : i1 +ip = j}
C val EXtA(Q)* (F9).

Proof. Statement (2) of the proof of Lemma implies that we have
vyt Ext (o), (bo;) = Falvg ' J{€}" : 0 <i < j}.
Using the map , we deduce that we have
vy Exta), (5¥bo)) = Folvg {16 ¢ i1 + s = 5}
C Exta(o). ((A//A(2))%)-

Consider the diagram:

(4.8) H, tmf — H,tmf,(3) +—— BP,BP

T T |

HZ . tmf —— HZ,tmf;(3) +—— tmf;(3).tmf;(3)

| l |

HQ, tmf —— HQ, tmf; (3) «—— tmf; (3),tmf; (3)g

The map
BP.BP — H,.tmf(3) = Fy[¢7,£2,62 &4, .. ]
sends t; to £2. Thus the elements
8¢l € Hotmf
132 € BP,BP
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have the same image in H,tmf;(3). However, using the formulas of Section |3| we
deduce that the images of ¢; and t5 in

tmf; (3).tmf;(3)g = Qlas, as, a1, as]
are given by
t1 — (a1 +a1)/2,
ty > (4a3 — a1a3 — daz — a})/8 + terms of higher Adams filtration.
Since the map
tmfy (3).tmf; (3)g — HQ.tmf1(3) = Qla, as)

of Diagram (4.8) sends a; to a; and a; to zero, we deduce that the image of ¢; and
to in HQ,tmf;(3) is

t1 — a1/2,
to — az/2 + terms of higher Adams filtration.

It follows that under the map of vp-localized ASS’s induced by the map tmf —
tmf; (3):

vy ' Exta), (F2) = vy ' Extpig,.0:.q.). (F2)
we have
6"~ [ar/2]" as /2.
Therefore, by (4.5), we have (in vy ' Ext 4.0, ((A//A(2))))
116" = [ca/16]" [c6/32]

and the result follows. O

Corresponding to the Kiinneth isomorphism for HQ, there is an isomorphism
vy ! Bxtao), (M @ N) = vy ! Exta), (M) ®p,p,#1 Exta), (V).

In particular, since the maps

v ' Ext(tmf A X¥bo;) — vyt Ext(tmf A tmf)
can be identified with the maps

vy ' Bxtao), ((A//A(2))s) @g, 21y v Extao), (5¥bo;)
= vy Bxt . (A//A(2))) ©p, ) v Exta). (4//A(2)).)

we have the following corollary.
Corollary 4.9. The map

vt Ext(tmf A X¥bo;) — vyt Ext(tmf A tmf)
obtained by localizing is the cannonical inclusion

Falvg " [ea], [coll{[Ea]" [c6]" : i1 +d2 = j} = Falvg ", [ea], [co] [ea], [co]l-
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4.3. Exact sequences relating the bo-Brown-Gitler modules. In order to
proceed with integral calculations we use analogs of the short exact sequences of
Section Lemmas 7.1 and 7.2 from [BHHMOS| state that there are short exact
sequences

(4.10) 0= X¥ho; = boy; = (A(2)//A(1)). ® trf; ; — 59 *bo; | — 0
(4.11) 0— Zsj@j ®bo; = boy; 1y — (A(2)//A(1))« @ tmf; ; —0

of A(2).-comodules. These short exact sequences provide an inductive method of
computing Ext 4(2y, (bo;) in terms of Ext 4(1), computations and Ext 4(2), (boj).

We briefly recall how the maps in the exact sequences (4.10) and (4.11)) are defined.
On the level of basis elements, the maps

$%bo; — boy;
5%bo; ® bo; — boy; 4y
are given respectively by
4115125 N 51 411&)2)12515 e
_zllilgwgg?) e ® {17517 2753} — (51 41155126 e ) ' {175%’53’53}
where a is taken to be 85 — wt(£,"€32€; - -+ ). The maps
(4.12) boy; — (A(2)//A(1))« @ tmf; ,,
(4.13) boy; 1 = (A(2)//A(1))« ® tmf;
are given by
g§i1+461g§i2+252g§i3+63€i‘1 el b
f—?ilgghggiag? e® 5411615362&;37 wt(g‘i&hggizggisg? .. ) <85 —8,
0, otherwise,

where €, € {0,1}. The only change from the integral Brown-Gitler case is that
while the map (4.13)) is surjective, the map (4.12)) is not. The cokernel is spanned
by the submodule

Fo{186} © 28j78@j—1 C (A(2)//AQ1))s ® tmf;_,.
We therefore have an exact sequence

bo,; = (A(2)//A(1))x ® tmf; ; — %" bo, | =0

We give some low dimensional examples. We shall use the shorthand

M < P Mi[k
to denote the existence of a spectral sequence

s k“t+k:
P Extiy T (M) = Extyy, (M).
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In the notation above, we shall abbreviate M;[0] as M;. We have:

(4.14)
¥10bo, < B10(A(2

(A(

¥#bo, < B2 (A(2
2%ho, < (A(2)//A(1)). ® (E¥tmf, ® S*F2) & £%bo; & £bo, [1] & ZF,[1]
2o, < (A(2)//A(1)). ® (S*tmf; ® Z°°bo, ) & £boT & X™bo, [1]
2%8bog <= (A(2)//A(1)), ® (E%tmf, & E72F, & 5T, (1))

® X8bo7 @ X8bo, [1] ® X%, [2]
2%%bo; = (A(2)//A(1)). @ (Z*°tmf, ® %%bo, ) %% boy
S%bos < (A(2)//A(1)). ® (Z%tmf; @ 2*°tmf; ® TH?F, @ SF,(1))

® £M1?bo[1] & £'*°bo; & B'2%bo, [1] & B128F,[1]

//A(1)). ® 2*bo, @ T3%Fy[1]

)
)//A(1)). @ %*boj

In practice, these spectral sequences seem to tend to collapse. In fact, in the range
computed explicitly in this paper, there are no differentials in these spectral se-
quences, and the authors have not yet encountered any differentials in these spectral
sequences. These spectral sequences do collapse with vg-inverted, for dimensional
reasons.

In principle the exact sequences (4.10]), (4.11) allow one to inductively compute
Ext(2), (bo;) given Ext4(2), (bo®%), where bo, is depicted below.

& o
st
& o
)
& o
Sq?
1 o

The problem is that, unlike the A(1)-case, we do not have a closed form computation
of Ext 4(2), (bo?*). These computations for k < 3 appeared in [BHHMOS] (the cases
of k = 0,1 appeared elsewhere). We include in Figures through the charts
for Egjmj, for 0 < j <6, as well as Esm% in dimensions < 64.

4.4. Rational behavior of the exact sequences. We finish this section with a

. . . . Ext A(2), (5% bo;)
discussion on how to identify the generators of ——=—--———2_ On one hand, the

vo—tors
inclusion
Ext > bo . _ . TQi TAG . . .
20 Ly 5 Bty (S9boy) == Falug ", ea], o]} {(E516% - i + iz = j}

Vg Exta). (4//A(2)).)
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discussed in Section {4.2| informs us that the ho-towers of Ext 4(2), (3%bo;) are all
generated by

hg[eal?[ce] 167 €5
for appropriate (possibly negative) values of k depending on i1, i, p, and q.
The problem lies in that the terms
(415) vy Extag)(S'(A(2)//A(L). ® tmf;_,) C Extag). (E'boy),
(4.16) vy " Exta) (S'9T(A(2)//A(1)). @ tmf; ) C Extaca), ("% ®bog;41)
in the short exact sequences (4.10)), are not free over Fy[vE!, [c4], [c6]] (how-

ever, they are free over Fa[vT, [ca]]).

We therefore instead identify the generators of vy ' Ext A2). ((A//A(2))«) corre-

sponding to the generators of (4.15) and (4.16) as modules over Fy[vF!, [c4]], as
well as those generators coming (inductively) from

(4.17) vy " Exta2), (5*Ybo;) C v ' Extaa), (5'%boy;),
(4.18) vy " Exta(a), (52 *%bo; ® bo,) C vy Extaz), (5" *boy, ).

in the following two lemmas, whose proofs are immediate from the definitions of

the maps in (L.10), (E1T).

Lemma 4.19. The summands (4.15) (respectively (4.16))) are generated, as mod-
ules over Fo[vE?, [¢4]], by the elements

with i1 + iy < j—1 and a = 165 — 8i; — 8io (respectively a = 165 + 8 — 8i; — 8ia).

Lemma 4.20. Suppose inductively (via the exact sequences (4.10)),(4.11))) that the
summand _
vy Extacz), (E¥boj) C vy ' Exta). ((4//A(2)).)

is generated by generators of the form

{&re )
Then the summand (4.17) is generated by
(&6}

and the summand is generated by
(&1 {&8.6)
The remaining term
(4.21) v ! Exta(). (224j+8@j71[1]) - Ual Ext (2), (boy;)
coming from is handled by the following lemma.
Lemma 4.22. Consider the summand
v ' Extaqy. (3% 7%bho;_1) C vyt Extaqy, (B'%tmf; ;) C vyt Extag). (5'%boy;)

generated as a module over Fo[vT!, [e4]] by the generators

606767, 8§66 € (4//A2))s
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with 4y 443 = j— 1. Let @; (0 < i < j—1) be the generator of the summand (4.21),
as a module over F2[v3", [c4], [c6]] corresponding to the generator £f% € bo,_;. The
we have

[Cﬁ]gig §i1+4 754)1'2 _ 'Ugmig 4+
in vy U Ext A(Q)*(ij@%—), where the additional terms not listed above all come
from the summand

’Uo_l EXtA(g)* (224jmj) C ’Uo_l EXtA(Q)* (216jm2j)'

Proof. This follows from the definition of the last map in (4.10), together with the
fact that with vg-inverted, the cell £1€2&3 € (A(2)//A(1)). attaches to the cell &}
with attaching map [cg]/vg. O

Lemmas [£.19], .20, and [£.22] give an inductive method of identifying a collection
of generators for vy ' Ext A(2). (bo;) which are compatible with the exact sequences
(4.10), (@.11). We tabulate these below for the decompositions arising from the
spectral sequences (4.14). For those summands of the form (A(2)//A(1)). ® —
these are generators over Fo[vF1, [c4]], for the other summands these are generators
over Fa[vg, [ca], [c6]]:

boy : Fyo: 1
>*bo, : S%bo, : &,
%%bo, : S9(AQR)//AM). - &°,86
224@13 Egyf_g
SPF(1) vy fes)€és + -
%*'bo, : SH(AQ2)//AM). = &4,6°
S%boi 1 {85,&}-{&,&}
S¥bo, 1 XP(A(2)//A(). @ tmf, : 72,6765, 1°85, £165°,€1°€3, 66563
SB(AQR)//AM). 0 &°,68
$%bo, : &,&)
SHF[1] vy *elé3és + -
S%boy [1] 1 vy *[eal€P€a2 + -+ vy *[es]ETERES + -
S%%o; 1 T(A(2)//A(1)). @ tmf, &%, 67285, E0465,61°6,%, 646, 619683
S50(A(2)//A(1)). ®bo, + {&°,65&3} - (€1, &3}
S%boi : {&3,&1}-{&, &)
S7boy[1] 1 {vg *[esl€3E5 + -} - {&5. 65}
S%bog 1 T¥(A(2)//A(1)). @ tmf, &, €106, E%65, 46,2, 6783, €746365,

§°6°,68°,6°68, 866, 6°6, 666

S2(A(2)//A1)), : €24, €a08s
%ot : {&,&1} {83,865}
2590, [1] vy tes]EEE° + -+ vp YeolETER2ER + - -,
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vy Hes] €S ES +

5%%bo; : BP(A(2)//A()) @ tmf,y 1 §&°,6%6, 6°6, 6767 6196, 766,
6, 665, 45253, 19663, 165, 6°6.6
S¥(A(2)//A(1)) ®@bo : {&, 2653} : {61752}
=%boi : {&, &} &, &) (6.8}
S%bog : BH(A(2)//A(1)). @ tmfy 1 €%, _4853,5405_12 5485_37 INIIIT
76,°,61163°, 6176363, €116,765, 61765, 611665,
065", E165°, 61°6:,°63, 163°63, 696365, 16°6G,
£1065° 7515253
SP(A@2)//AM). @ tmf, : £2,66,6°6, 6%, 6°61 HE6
SHHA(2)//AQ).: &°,68
2120@1 : f_iaf_é
2128F2[1}: [ ]5354
51200, [1] 1wy es)éd 7054[06]53551& +
S1%bos[1] : vy [es)€Y _4[06]5? 06+
Yo 4[06]515

4.5. Identification of the integral lattice. Having constructed useful bases of
the summands

’Ual EXtA(Q)* (EsjbOJ‘) C Ual EXtA(Q)* (A//A(Q)*)
it remains to understand the lattices
EXtA(Q)* (EsjbOj)

vy — tors

C vy " Extaz). (£¥Dboj)

This can accomplished inductively; the rational generators we identified in the last
section are compatible with the exact sequences lb 1) and M of the

—tors
xbAa().

computatlons of
vo—tors

terms in these exact sequences are determined by the
Section [2| and knowledge of
EXtA(2 (bOl)
vy — tors
Unfortunately the latter requires explicit computation for each k, and hence does
not yield a general answer.

Nevertheless, in this section we will give some lemmas which provide convenient
criteria for identifying the i so that given a rational generator x € (A//A(2)). (as
in the previous section) we have

i Bxtae (A//A@).)

0 vy — tors

1 EXtA

«((A//A(2)).)-

We first must clarify what we actually mean by “rational generator”. The genera-
tors identified in the last section originate from the exact sequences (4.10]), (4.15))
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from the generators of v, ' Ext A(2). (M) where M is given by

Case 1: M = bo¥
Case 2: M = (A(2)//A(1))« ® tmf

In Case 1, the generators = of vy ! Ext A(2). (M) are generators as a module over
Fa[vi?!, [ca]] using the isomorphisms

v Extag), (A(2)//A(1))« @ tmf;)
= vy Extag), (tmf;)
= vy ' Exta. ((A//A(1)): ® tmf;)
= vy Extao), (4//A(1)). ® tmf )
v Extagy. (A//A(1)).) @5, 21, v5 " Extago. (bmf)
= Folvg !, [ea] {1, &1} @, Fo{€7" 6" ¢ in +ia < j}.
The rational generators in this case correspond to the generators

o= ogugh,

(4.23)

R

In Case 2, the generators = of vy L Ext A(2). (M) are generators as a module over
Fa[viE!, [ca], [co]], using the isomorphisms
vy Extag), (bof)

= vy ' Exta, ((4//A(2)). @ bo?)
(4.21) 2 vy Extuag). (A//A(2). ® bot)

= vy Extao), (A4//A(2))s) ®p,p,21) v - Extag), (bo})

= Fz[vétla [04]7 [CG]] ®]172 F2{1=gil}®k'
The rational generators in this case correspond to the generators

w e {LE}"

In either case, since the maps « in both (4.23) and (4.24) arise from surjections of
cobar complexes

Ca.(N) = Clpy. (N)
induced from the surjection
A, — A0)..
Thus a term viz € C’i(0). (V) representing an element in vy ' Ext 4(0), (V) corre-
sponds (for i sufficiently large) to a term [§]'z + --- € C% (N). Then we have
determined an element of the integral lattice
Extga, (N)
vy — tors

Lemma 4.25. Suppose that the A(2).-coaction on = € (A//A(2)). satisfies

[[51]133—1-] € Cvo_lExtA*(N).

Y(z) = & @y + terms in lower dimension
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with y primitive, as in the following “cell diagram”:
X o
Sqt
y o
Ext (2« ((A//A(2)).
o Exta(4//A@).)

0 vy — tors

Then

C vy Extac).((A//A(2)))
and is represented by

[€1]&11&1]2 + ([51\52@] + [&1]&1161 8] + [&116: 18] + [52\5?@]) Y
in the cobar complex €%, ((A//A(2))+).

Proof. Since the cell complex depicted agrees with A(2)//A(1) through dimension
4, Ext 4(2y, of this comodule agrees with Ext (), (F2) through dimension 4. In

. 30 4 ... Extae. (=)
particular, vz + generates vo—tors

exact representing cocycle, we note that
[E1]€al6o] + [€11611E76] + (G116 EIET) + [Eal 6T IET)
kills hghg in EXtA(Q)* (]FQ) [l

in this dimension. To determine the

Example 4.26. A typical instance of a set of generators of (4//A(2)). satisfying
the hypotheses of Lemma is

F4
&a o
Sq*
£8
-1 °

871 ¢85
5]1@;2.“

where o = £ is a monomial with exponents all divisible by 8.

The following corollary will be essential to relating the integral generators of Lemma[£.25]
to 2-variable modular forms in Section [l

Corollary 4.27. Suppose that x satisfies the hypotheses of Lemma Then
image of the corresponding integral generator

vpT + -+ € Extay. ((A4//A(2).))
in EXtE[QOle,Qz}* ((A//E[Q()a Qb QQ])*) is given by

vg’x —|—Uo[a1]2y.

Proof. Note that
E[Qo, Q1, Q2] = F2[61,&,&]/(61, 63, 63).
Therefore the image of the integral generator of Lemma [4.25] under the map
Ch). (A//AQR2))+) = Chigy.q1.q). ((A//E[Qo, Q1, Q2])4)
is

[1]&11&1]2 + [&]€218]y
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and this represents v3z + vg[ai]?y. O

Similar arguments provide the following slight refinement.
Lemma 4.28. Suppose that the A(2).-coaction on = € (A//A(2)). satisfies
Y(z) = & @y + terms in lower dimension
with y primitive, and that there exists w and z satisfying
Y(2) = €}y + terms in lower dimension

and

P(w) = €12 + &y + terms in lower dimension

as in the following “cell diagram”:
i o
\
w o

z o Sq*

Then

c Exta(2)«((A//A(2)))

e C vy Exta((4//A(2)).)

vox
and is represented by

(1] + [E]w + ([6] + [€2]) 2 + [Ty
in the cobar complex C% ) ((A//A(2)).).

Example 4.29. A typical instance of a set of generators of (A//A(2)). satisfying
the hypotheses of Lemma [4.28]is

i&a °~
(8 1&irpa + &gl o

Sqt

_ _ _ _ Sq4
( 1'87151'2'4-1 +f¢2+1f§'—1)05 ©

Sq?

(8,8 + 88 )a o

where o = ?ﬁg?j?

i is a monomial with exponents all divisible by 8.
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Corollary 4.30. Suppose that z satisfies the hypotheses of Lemma [4:28] Then
image of the corresponding integral generator

voz + - -+ € Exty(y), ((4//A(2)4))
il’l EXtE[QD,Ql,Qz]* ((AA//E'[CQO7 Q17 QQ])*) iS given by

vox + [a1]z.

5. THE IMAGE OF tmf,tmf IN TMF,TMFg: TWO VARIABLE MODULAR FORMS
5.1. Review of Laures’ work on cooperations. For N > 1, the spectrum
TMF,(N) is even periodic, with

TMF1(N)2. 2 M (T1(N)[A™ 2008
In particular, its homotopy is torsion-free. As a result, there is an embedding

TMF; (N)3, TMF; (N) < TMF; (N)2, TMF;(N)g
= M.(T1(N))[A™ g @ M (T1(N))[A o

Consider the multivariat g-expansion map
M. (T3 (N))[A g © M. (Ty(V)[A™ g — Qlg*!, +).
In [Lan99, Thm. 2.10], Laures determines the image of TMF;(N), TMF;(N) under
this embedding.
Theorem 5.1 (Laures). The multivariate g-expansion map gives a pullback
TMF; (N).TMF;(N) —— TMF;(N).TMF;(N)g
I M — |
Therefore, elements of TMF;(N),TMF;(N) are given by sums

Z fi ® gi € M(T1(N))[A™ g @ M.(T1(N))[A™ g

with
Z fi(a) © gi(q) € Z[1/N]lg™, 7).

We shall let M27v"(T';(N))[A~L, A~!] denote this ring of integral 2-variable mod-
ular forms (meromorphic at the cusps).

Remark 5.2. Laures’ methods also apply to the case of N = 1 provided 6 is
inverted to give an isomorphism

TMF,TMF[1/6] = M2~"*"(T'(1))[1/6, A~ A~1].
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5.2. Representing TMF,TMF (5)/tors with 2-variable modular forms. We
now turn to adapting Laures’ persective to identify TMF,TMF q)/tors. To do
this, we use the descent spectral sequence for

TMF(Q) — TMFl(S)(g)
Let (By,I'p,) denote the Hopf algebroid encoding descent from M (3) to M, with
B, = F*TMF1(3)(2) = Z(g) [al, as, A_l}
I'p, = W*TMF1(3) ATMF TMF1(3)(2) = B, [’I"7 S, t}/(N)

(see Section [3)) where ~ denotes the relations (3.5). The Bousfield-Kan spectral
sequence associated to the cosimplicial resolution

TMF (5) = TMF(3)() = TMF, (3)5}* = TMF;(3)(5M - --
yields the descent spectral sequence

Ext?’;* (B.) = m—sTMF ().

We can use parallel methods to construct a descent spectral sequence for the ex-
tension
TMF A TMF 3y — TMF;(3) A TMF1(3)(2).

Let (B,gz)7 Tr B(z)) denote the associated Hopf algebroid encoding descent, with
B = m, TMF, (3) A TMF, (3) 2,
[ per = m(TMF; (3)" ™52 A TMF (3)™452) (5.
The Bousfield-Kan spectral sequence associated to the cosimplicial resolution
A2 A2
TMF() — TMF1(3)(5) = (TMF1(3)"™2) o) = (TMFy(3)" %)™
yields a descent spectral sequence

Ext;’;z) (BP)) = TMF,_,TMF (3.

Lemma 5.3. The map induced from the edge homomorphism
TMF.TMF (5) /tors — Ext;, (BY”)

(2)
B
is an injection.
Proof. This follows from the fact that the map

TMF A TMF 5y — TMF A TMFq

induces a map of descent spectral sequences

Ext’, (B{Y) === TMF,_,TMF 3,
B«

J |

Ext’(,, (B? ® Q) == TMF,_,TMFq
By

and the rational spectral sequence is concentrated on the s = 0 line. (]
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The significance of this homomorphism is that the target is the space of 2-integral
two variable modular forms for I'(1).

Lemma 5.4. The 0-line of the descent spectral sequence for TMF,.TMF 3) may
be identified with the space of 2-integral two variable modular forms of level 1
(meromorphic at the cusp):

Extyd (BY) = M2 (P)AT A o).

Proof. This follows from the composition of pullback squares

Extp (B ——— Bxt)” | (B 2Q)
B B

*

| |

TMF (3), TMF; (3) 2y TMF; (3), TMF (3)qg

| |

Lo latt, ¢ Qlg*!, ]

The bottom square is a pullback by Theorem Note that since TMF;(3) Apymr
TMF,(3) is Landweber exact, I' s is torsion-free. Thus an element of Biz) is

I' ;»-primitive if and only if its image in Biz) ® Q is. This shows that the top
square is a pullback. O

5.3. Representing tmf.tmf)/tors with 2-variable modular forms. Recall
from Section [3] that the Adams filtration of ¢4 is 4 and the Adams filtration of c¢g
is 5. Regarding 2-variable modular forms as a subring

ME_MW(F(U)(?) C (@[(34, Ce, C4, 56]

we shall denote Mf‘“”(F(l))éfZO the subring of 2-variable modular forms with

non-negative Adams filtration. The results of the previous section now easily give
the following result.

Proposition 5.5. The composite induced by Lemmas [5.3] and
tmfy.tmf oy /tors — TMF2, TMF (9) /tors — MZ27vem(D(1))[A7E, Afl](g)

induces an injection

tmfg*tmf@)/tm«s SN Mf—var(r(l))él)u'ZO

which is a rational isomorphism.
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Proof. Consider the commutative cube

tmfo.tmf o) /tors ——— TMF2.TMF (3) /tors

|
|

tmfy, tmfy TMF,, TMFq

S~ T~

Mz (T(1))g MZTver(P(1))[ATH A g

-
M0 (T(1)) 2)

MZTvr(D(1))[ATE AT )

(The dotted arrow exists because the front face of the cube is a pullback.) The
commutativity of the diagram, and the fact that rationally the top face is isomorphic
to the bottom face, give an injection

tmfo. tmf (o) /tors — M2~ (I'(1))(2)

which is a rational isomorphism. Since all of the elements of the source have Adams
filtration > 0, this injection factors through the subring

tmfg*tmf@)/tors s Mffvar (F(l))él)TZO.

5.4. Detecting 2-variable modular forms in the ASS.

Definition 5.6. Suppose that we are given a class
x € Ext(tmf A tmf)
and a 2-variable modular form

2—var AF>0
feM; (CM))) =

We shall say that x detects f if the image of x in vgl Ext(tmf A tmf) detects the
image of f in M27"%"(I'(1)) ® Q2 in the localized ASS

vy ' Ext(tmf A tmf) = tmf, tmf @ Qy = M2"(T(1)) ® Q.
Remark 5.7. Suppose z as above is a permanent cycle in the unlocalized ASS
Ext(tmf A tmf) = tmf,tmf5,
and detects ¢ € tmf,tmfy, and let f be the image of ¢ under the map
tmf, tmfy) — [M27"(I'(1))5]4F=20,

Then z detects f.

Given a 2-variable modular form f € M2~V (T'(1))(2), let f(as,a;) denote its image
in
MZ27Y"(To(3)) ® Qo = Falay, as, a1, as) = tmfy (3),tmfy (3) ® Qq,
and let
[f(ai, a;)] € vy " Ext(tmfy(3) A tmfy(3)) 2 Fafvg™, [a1], [as], [a1], [as]]

denote the element which detects it in the (collapsing) vg-localized ASS. Similarly,
let ¢x(a;,d;) denote the images of ¢, in tmfy(3).tmf;(3) ® Q2 (as in Section [3),
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and let [tx(a;,a;)] denote the elements of Ext which detect these images in the
vo-localized ASS for tmf(3).tmf;(3) ® Qs.

The following key proposition gives a convenient criterion for determining when a
particular element € Ext(tmf A tmf) detects a 2-variable modular form f.

Proposition 5.8. Suppose that we are given a cocycle

2= &G e ChyyL ((A)/A(2)))
J

(with z; € C’Z(Q)*(IB‘z)) which represents [z] € Ext(tmf A tmf), and a 2-variable
modular form

[ & M (L),

The images z; of the terms z; in the cobar complex CF o o Q2]*(F2) are cycles,
which represent classes
[2;] € Extpiq,,0,,Q:1(F2) = F2[vo, [a1], [as]].

If we have

[f(as,a:)] = Z[Zj][tl(ai’@i)]kl’j [t2(az, a;)] 2 -
then [z] detects f.

Proof. Let z € CE[Qo,Ql,QQ]*((
note that since the map
M, (F(l))Q—var®Q2 = tmf, tmf®Qy — tmf;(3).tmf;(3)®Qs = M, (T4 (3))2—var®(@2

is injective, and both tmf A tmf and tmf;(3) A tmf;(3) both have collapsing vg-
localized ASS’s, with induced map on FEs-terms induced from the map

Ch). ((A//A(2)+) = Chioy,01,0.) (A//E[Qo, @1, Q2])+)

that [2] detects f if and only if [z] detects f(a;,a;). Thus it suffices to prove the
latter.

A//E[Qo,Q1,Q2])«) denote the image of z. We first

Note that since the elements

?kl,j gk%’ -+ € (A//E[Qo, Q1,Q2))«

are E[Qo, Q1, Q2]«-primitive, it follows from the fact that z is a cocycle that the
elements z; are cocycles. The only thing left to check is that

& ) = (@ @) (o a))Fo -

in Extgg,,0,,0.1. (A//E[Qo, Q1,Q2])«). But this follows from the commutative
diagram

BP.,BP H.H

~

H*tmf1(3)
together with the fact that under the top map, t; is mapped to £2. (|
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5.5. Low dimensional computations of 2-variable modular forms. Below is
a table of generators of Ext(tmf A tmf)/tors, as a module over Fa[hg, [c4]], through
dimension 64, with 2-variable modular forms they detect. The columns of this table
are:

dim: dimension of the generator,

boy: indicates generator lies in the summand Ext (o, (bo,) (see the charts
in Section ,

AF': the Adams filtration of the generator,

cell: the name of the image of the generator in v ! Ext 4(2), (boy,), in the sense
of Section [£.4]

form: a two-variable modular form which is detected by the generator in the
vo-localized ASS (where fi, are defined below).

The table below also gives a basis of MZ27"%"(T'(1))(2) as a Z()[cs]-module: in
dimension 2k, a form «g in the last column, with o € Q and g a monomial in

Zlea, co, A, fx] not divisible by 2, corresponds to a generator g of M7~ """ (T'(1))(2)-

TABLE 1. Table of generators of Ext(tmf A tmf)/tors.

dim bop AF cell form
8 1. 0 & fi

12 3 [81& 2fa
6 2 0 &° 2
20 1 3 [e/4-& 2fs
20 2 3 [8)§& 2f1f
24 1 4 [e/2]-& fa

24 2 0 & f5

24 3 0 & 3
28 2 3 [8)& 2fe
28 3 3 [86°G 2f1 fa
32 1 4 [AF Afy
32 2 1 [e/16]- &85 + [ca/8] - & o

32 3 0 &8 fifs
32 4 0 &? !

36 1 7 [8Al& 2A fo
36 2 3 /46 2f7
36 3 3 [8)éd? 2f2fs
36 3 0 8+l fio
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40
40
40
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44
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92
52
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52
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o6
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o6
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217 fa
Is

fll
fifs
7
2Af3
cefo/4
2f1fz
2f1f2f5
2f13
2fi f2
Afy
Afs
faf7
fia
3
fifi
fifs
i
2A fg
2f15
2f5fe
217 fafs
2f1f13
2f1 f2
A fy
8A fy
Afsh
Isfo
fi6
f1f?
fifn
fifs
2A% f,
2A f7
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60 3 7 [8A]E) 2A fs fo
60 3 4 [AJ(&FE + 67 Afio
60 4 4 [c/2] 1685 + [ca] - 6365 2fe fo
60 4 3 [ ] 2f17
60 5 0 3+ 8588 fis

60 5 3 [8]€35¢5 2f1fs5fe
60 6 3 [8)&E? 21} fafs
60 6 0 @ £32% 22 f13
60 7 3 [8&°%; 217 f2
64 2 8 [Acg/2]-E& Afs

64 3 5 [2A ]5253 Afi
64 4 2 [co/16]- E3EL + [ca/8] & 3
64 5 1 [2&%& fifsfe
64 5 0 &8 fifie
64 6 0 &°%° 1312
64 6 1 [268 fuft
64 7 0 §% i fs
64 8 0 & i

The 2-variable modular forms f, € M27"*"(I'(1))(2) in the above table are the
generators of M2~V (T'(1))(s) as an M,(I'(1))(2)-algebra in this range, and are
defined as follows.

f1:=(—Cs+cq4)/16
f2 = (=€ +c6)/8
f3:=(5f1c6 + 21 facq)/8
fa:= (5face +21f1c3)/8
fs = (=fiea+ [5)/16
fo := (—clce + cice + 544 foc + T68 fycy 4+ 1792f1 focy) /2048
fr = (4f2 + fsce + 5 fach + 6f3¢ + 5f1fach + Tfoca + 4f7 f2c4)/8
fs = (4f1cald + foce + 5f1s +Df7ck + Tfsch + 2faci + 4f7c3) /8
fo = (32f1A + f1face + 33f2c3 + 8fscq + 32fscy + 32f7¢y) /64
fro0 = (2faci + frfock + 2fsca + 3fL faca + frfe + fof5)/4
fi1i= (Af1eaD + 11263 + 34f5¢2 + 28f4¢2 + 23f3¢2 + Afgca + fifsca +4Aficy

+4fs + fafe)/8
fi2 := (fifsce + 8facy + 8f3ci + 8f1fach + 8fsci + 8f1 foch + fafsca)/8
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f13 1= (8f3AA 4 80 fact 4 56 fscs + 80f1 f2¢3 + T6.f5c2 + 5512 fac? + 4 f10ca
+ 18 fafsca + 11f} foca + Af1a + fifo + fifofs + 411 f2)/8

fra = QLAEA +8fsA + 16 f4A + 20f3 A + fioce + 11f1c5 + 36f2¢h + 591 fscd
+ 490 f4cs + 43T f3c3 + 119 foch + 14011 fsca + T5f1ch + 10 f11¢q + 11 fscy
+32fPcs + 8f1f2f6)/16

fis = (Afe A+ [T f2A + T6 265 + BAfach + 90f1 a5 + T3fock + 50f7 faci + 3 froc]
+ 8¢ + 202 f5ci + 817 faci + Tfioca + 4f1faf504)/8

fi6 1= (2f1A% + 24 f13A + 9fsca A + 18 f4ca A + AfEcs A+ 2foA + fifsA
+36f2¢ + 480 f5¢t + 402fsct 4 359f3ct + 94 focs + 1121 fscs + 55fics
+12f11¢5 + 14fsci +20f7¢3 + 2f1aca + 5fafrea + foca +4f7 fsca + fifia
+ fsfo + fifafr)/2

fi7:= (2f2 A% 4+ 22f3¢2A + 11 foca A + fofsA + 19focics + 682 f2cS + 480 f3c)
+ 768 f1 fach + 648 focy + 4627 fach + 30 f10ci + 63 frch + 185 fo fsch
+ 84 £ foct + 12 f13¢] + 27 frack + 291 fofsch + 16 f1 foch + Af15ca + 45 foca
+ 27 fafsca + fafia + fofo)/2

fig := (4f2A% 4 168 f3c2 A + 96 foca A + 8fa fs A + 168 focics + 5880 foc§
+ 4140 f3¢5 + 6648 f1 foch + 5592 fsc + 39802 foct + 248 f1ocs + 560 frc3
+ 1586 fo fscs + TA4f3 focd 4+ 1121363 + 220 frac3 + 265 f1 fo f5¢2
+ 136 f1 focs + 40 f15cs + 4f1 fizca + 34 fs foca +19f2 fafsca + 87 faca
+4fsfo+ fifsfo + f2f2)/4

We shall now indicate the methods used to generate Table [1| and make some re-
marks about its contents.

The short exact sequences of Section give an inductive scheme for computing
Ext 4(2). (boy,), and charts in that section display the computation through dimen-
sion 64. In Section these short exact sequences are used to give an inductive
scheme for identifying the generators of vy L Ext A(2), (boy,), and appropriate multi-
ples of these generators generate the image of Ext 4(2y, (boy,)/tors in these localized
Ext groups. These generators are listed in the fourth column of Table

The two variable modular forms in the last column of Table [I| are detected by
the generators in the fourth column, in the sense of the previous section. In each
instance, if necessary, we use Corollary[4.27)or[£.30]to find the image of the generator
in Ext(tmf;(3) A tmf;(3)) and then apply Proposition

The 2-variable modular forms were generated by the following inductive method.
Suppose inductively that we have generated a basis of M2~"*"(I'(1))2) in dimension
n and Adams filtration greater than s and suppose that we wish to generate a 2-
variable modular form f in dimension n and Adams filtration s.
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Step 1: Write an approximation (modulo higher Adams filtration) for f. This
could either be generated using Proposition prop:detection, or it could be
obtained by taking an appropriate product of 2-variable modular forms in
lower degrees. Write this approximation as g(g,q)/2* where g(q,q) is a
2-integral 2-variable modular form.

Step 2: Write ¢(¢,q) as a linear combination of 2-variable modular forms
already produced mod 2:

9(q,q) = Z hi(q,q).

Step 3: Setting

9@, @) + 32 hi(q,9)
9'(¢,:9) = 5 :
the form ¢’(q,q)/2F ! is a better approximation for f.

Step 4: Repeat steps 2 and 3 until the denominator is completely eliminated.

We explain all of this by working it through some low degrees:

f1: The corresponding generator of EXt?a{Z(gz)* (X8bo, ) is £§. We compute

4y @1 Fay| [ —Ci+cy
)] = || =
We check that
. —Cq4 + 4
o=
has an integral g-expansion. ) B
2f;: The corresponding generator of Extjgg)*(Engl) is [8]€3. We compute
(appealing to Corollary [4.27))
[8t2 01, @)° + 2031 a1, )] = [23 + 23] = [—0),
We check that _Eﬁfﬂ“ has integral g-expansion. In fact the g-expansion is
zero mod 2, so we set
—Cg + Cp
—
f2: The corresponding generator of Ext?é"(lg)* (%16bo,) is £16. Since £ detects
f1, €16 detects f3.
2f1f2: The corresponding generator of Extf;?g’)*(zlﬁ@g is £§¢4. Since &
detects f1 and [8]€5 detects 2fa, [8]5€5 detects 2f; fa.
2f3: The corresponding generator of Exti‘(zs)*(ﬁ)sml) is [cs/4]€5. Since &
detects f1, we begin with a leading term cgf; /4. This 2-variable modular
form is not integral, but we find that

c6(q) f1(q,q) + f2(q,@)calq) =0 mod 4.
Therefore [c/4]€8 detects

cef1 + facy
=

fai=
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In fact
5¢6(q) f1(q, @) + 21f2(q,G)calq) =0 mod 8,

so we set
506;1 21,]1’204
f3 = S .

6. APPROXIMATING BY LEVEL STRUCTURES

Recall from §3] the maps
U, : TMF[1/n] A TMF[1/n] — TMFy(n)
and
Bpn) - TMF A TMF[1/n] — TMF A TMF[1/n)].

Here ¥, is induced by the forgetful and quotient maps f,q : Mo(n) — MJ[1/n],
while ¢p,) = 1 A [n] where [n] : TMF[1/n] — TMF[1/n] is the “Adams operation”
associated to the multiplication by n isogeny on M([1/n]. For reasons motivated
by the conjectural K (2)-local behavior of these objects, we are interested in the
composite map ¥ given as

tmf A tmf g ——————— [] TMFo(3/) x TMFy(57)

1€Z,5>0
J{ /

TMF A TMF 5,

where
b= [T Wsrdpg x Vaidps.
1€2,j20
We will abuse notation and refer to the composite

tmf A tmf () — TMF A TMF () -2 TMFo(n)
(for (2,n) =1) as ¥,, as well; these are the ¢ = 0 factors of V.

In order to study ¥,, we consider the square

tmf, tmf o) Lﬁ/") m TMFq(n)

J |

M2 (D(1))(2) —5 Mi(To(n)).

Here the left-hand vertical map is the composite

tmf.tmf () — tmf.tmf () /tors < M27"*"(T(1)) {5 =" < MZ""(T(1))2),

and M. (Ty(n)) is the ring of level I'g(n)-modular forms. The bottom horizontal
map is also induced by f and ¢; if we consider a 2-variable modlar form as a
polynomial p(cs, cs, €1, C6), then ¥, (p) = p(f*ca, f*c6,q"ca, q" o).

We are especially interested in the cases n = 3, 5. Recall from [MR09] (or [BO) §3.3])
that M, (I'g(3)) has a convenient presentation as a subalgebra of M, (I';(3)). Indeed,
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M*(F1(3))(2) = Z(g) [0,1,0,37 Afl] where A = ag(a‘r{’ - 27(13), and M*(F0(3))(2) is the
subring generated by a?,ajaz, a3, i.e.,

M.(To(3))(2) = Zoy[al, aras, a3, A™'].
Using the formulas from loc. cit., we may compute
[*(cs) = af — 24a;as3, q*(cq) = af + 216a;a3,
f*(ce) = —aS +36a3az — 21643, q*(cs) = —a$ + 540a3az + 5832da3.

There are similar formulas for the n = 5 case which we recall from [BO| §3.4]. Here
the ring of I'g(5)-modular forms takes the form

M, (To(5))(2) = Z2)[b2, ba, 6, A7/ (b] = b30 — 46?)

where |ba| = 2 and |by| = |§] = 4. (These are the algebraic, rather than topological,
degrees.) The discriminant takes the form

A = 1183 + 6Dy,
and we have
f*(cq) = b2 — 1204 + 126, q*(ca) = b3 + 228by + 4925,
f*(cg) = —b3 + 18boby — T2b26, q*(cg) = —b3 4 522b3bs + 10008by6.

7. CONNECTIVE COVERS OF TMF(3) AND TMF(5)
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