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1. WHAT 1S IWASAWA THEORY?

1.1. Inspiration from function fields. Let X be a smooth projective variety over F,. Its zeta function was originally

defined as
_ § #X(Fpm) —ms
C(X7 S) - m>1 m !

Frob™=1

To prove the easy parts of the Weil conjecture, one writes X (Fpm) = X (F,) , and rewrites this using Grothendieck—

Lefschetz as

HX (Fpn) = D (=1)tr (Frob™* | HE (X, @)

k>0
and thus
k 1 m, — k — k (=n*
C(X,8) = exp | Yo (1)t [ 32 —Frob™p~ | H(Xg @) | | = [ det (1 - Frob-p~* | HE (Xe, Q) :
k>0 m>1 k>0
That is,
. (—)FH
((X,5) = [ char (Frob- T | HE (X, @) lr—pe.

k>0
So, very roughly, we see some extra structure when we look at all the #X (F,m) together. For example, the #X (Fym)

must satisfy a recurrence relation!

1.2. Iwasawa’s idea. Now imagine we want to replace the variety X above by a number field F. Instead of X (F,), we
should have some other interesting arithmetic quantity. Iwasawa’s original investigations were about CI(F'), so let’s take that
as the analogue.

For X (F,m), we can think of this as the rational points of X .. If X corresponds to F, maybe X ,, corresponds to a
finite extension F,, of F. But what should be this tower of number fields? The Galois group Gal(F,/F,) is 7 = [, Zy. It

turns out it will be easier, instead, to focus on one of the Z, components.

Definition 1.1. A ZZ-extension of a number field F' is an infinite Galois extension Fi, with Gal(Fi/F) ~ Z%. Concretely,

this is a tower of number fields F,, where Gal(F, /F) ~ (Z/p"Z).

Remark 1.2. Leopoldt’s conjecture for a number field F and a prime p is equivalent to': if d is the largest positive integer
such that there exist a Zg extension of F, then d = 1+ ro(F'), where r9(F) is the number of complex places of F. Leopoldt’s

conjecture is known for abelian extensions of Q and abelian extensions of a quadratic imaginary field.

Example 1.3. If F' = Q, there is a unique Z,-extension, contained inside the tower of cyclotomic fields Q(gpn).

IThis is explained in | , Theorem 13.4]
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Example 1.4. If F = K is a quadratic imaginary field, There is a unique Zz—extension K. Complex conjugation acts on
Gal(Kw/K), with eigencomponents Gal(K$¢Y/K) and Gal(K2"/K). Of course, K& is contained in the tower K ().

K2 is the unique Z,-extension contained in the tower of ring class fields of p-power conductor of K.

For concreteness, let’s focus our attention on the cyclotomic Z,-extension. It is contained inside the tower K, := Q(ftpn+1),
say F,, C K,, for n > 0. So Fy = Q and Ko = Q(p)-
If we want an analogue of the zeta function (x, we need to somehow assemble the groups Cl(K,,) together. It turns out

that the groups CI(K,,) do not behave well in families, but their p-primary parts do. So denote
X, = Cl(K,,)[p™].

This is a Z,[Gal(K,,/Q)]-module.

Definition 1.5. We let X := lim X, with transition maps given by the norm map Nmg,,/k, : Cl(Kni1)[p™] —
CI(K,,)[p>]. This is a Z,[Gal(K«/Q)]-module. Call A := 7, [Gal(K/Q)].

Now note that

Gal(K o /Q) = lim Gal(K,,/Q) = lim(Z/p" ' 2)* = Z,).

Assuming p > 2 for simplicity, we can choose a topological generator v € (1 + pZ,)* Log» Z,, (for example v = 1+ p), we
identify

Gal(K/Q) = A X Z,,
where A = (Z/pZ)* & Z, for w the Teichmiiller character.

Definition 1.6. Let A := Z,[T] denote the Iwasawa algebra. It is a complete regular local ring of dimension 2 with maximal

ideal m = (p, T)).
Proposition 1.7. A%< ~ A[A] where T € A is identified with v — 1.2

Proof. We just need to show that Z,[Gal(Fo/Q)] ~ A. The problem is seeing that the map and its inverse are well-defined
and continuous. That is, we need to see that
(T+1)" - 1in A
and that
(v = 1" = 0 in Z,[Gal(Fe / Q)]

The first one simply follows from (T 4+ 1)?" — 1 € mimini<ason (@4 (7)) Since Vp (p:) =n—1p(a) for 1 < a < p", we have
(T +1)P" =1 €mntl,

For the second one, we need to show that for any m > 0, we have (y — 1)” mod (77" — 1) goes to 0 in Z,[Gal(F,,/Q)].

Write n = ag + a1p + - - - + axp”® in base p. Then

k m—1 k
=" =JI6" =1+ C- =[] =140 ¢ - T
1=0 =0 i=m
So (y—1)" mod (*" — 1) is divisible by p>=izm % and D ism B — 00 as m — oo. O

2In general, the completed group algebra of a Zg extension is identified with Zp,[T1,...,T4] in a similar way.
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Roughly speaking, the goal of Iwasawa theory in this case is to:

(1) Understand the structure of X, as a A®¢! = A[A]-module.

(2) “Descend” this information to the finite level modules X,,.

2. THE TWASAWA ALGEBRA

3 We can think of A = Z,[T] as the ring of functions of the closed p-adic unit disk. Such a function can only have finitely

many zeroes, that is, we have:
Theorem 2.1 (p-adic Weierstrafl preparation). Any element f(T) € A can be uniquely written as
f(T) = p"NT)u(T)
where >0, uw(T) € A* and A\(T) € Z,[T] is a distinguished polynomial, i.e. of the form
MNT)=T"+ T P+ -+ a1 T +ayg where p | a;.
We call i the p-invariant of f, and deg A the A-invariant of f.

In particular, A is a UFD. Its height 1 prime ideals are simply (p) and (f(T")) for f irreducible distinguished polynomials.

Hence all the localizations A, at height 1 prime ideals are DVRs.?

Definition 2.2. A A-module M is pseudo-null® if it is annihilated by some power of m. A pseudo-isomorphism is a morphism

My — M5 with pseudo-null kernel and cokernel.

Remark 2.3. If there is a pseudo-isomorphism M; — Mo, it is not true that there must be a pseudo-isomorphism My — M;.
But this is true if M; and M are finitely generated torsion A-modules, where pseudo-isomorphism gives an equivalence

relation.

We note that a A-module M has finite cardinality if and only if it is finitely generated and pseudo-null. We have the

following analogue of the structure theorem for finitely generated modules over PIDs.%

Theorem 2.4. Let M be a finitely generated A-module. Then there is a pseudo-isomorphism
M= Ao @A/fA
i

for some r > 0 and f; are finitely many irreducible elements. r is determined by M and is additive on exact sequences. If

r =0, then f; and e; are uniquely determined.

We define

Definition 2.5. For M a finitely generated torsion A-module, we define its characteristic ideal Ch(M) = Hp plengthAP M®ahy

3 , Section 13.2] or [Sha, Section 2.4] contain proofs for the statements in this section.

4More generally, Zp[T1,...,Tn] is still a Krull domain, a certain higher dimension generalization of Dedekind domains
5A module over a Krull domain is said to be pseudo-null if its annihilator ideal has height > 2.

6This also holds over Krull domains, although it is not true that pseudo-null is the same as finite cardinality.
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By definition, the characteristic ideal is multiplicative in exact sequences of finitely generated torsion A-modules. Moreover,

for M finitely generated torsion, M is pseudo-null exactly if Ch(M) = A. Thus

Proposition 2.6. If M — @, A/ f{" as above is a pseudo isomorphism, then Ch(M) = (], f{*).

3. THE DESCENT PROCEDURE

Let’s now come back to the case that X;, = CI(K,,)[p™] for K,, = Q(ppn+1). We formed Xo, = lim X, under norms. How

can we hope to recover X,,? By the definition of X, we have a natural map
KXo — Xy
Proposition 3.1. The natural map X, — X, is surjective.
Proof. In fact, we will prove that Nmg /i, Xny1 — X, is surjective for all n > 0. This will rely on the fact that p is

totally ramified in Kn+1.7 Let L, denote the maximal unramified abelian p-extension of K,. Then we have the diagram,

where labels denote the behaviour of primes above p.

Ln+1
Ln Kn+1
Kn+1
Ln tot.ram
unr
K,

By ramification reasons, we must have L, N K,,+1 = K. Thus
Xn+1 = Gal(Ln+1/Kn+1) - Ga,l(LnKn+1/Kn+1) = Gal(Ln/Kn) = Xn

and such map is identified with Nmpg, k@ Xni1 — Xo. O

Proposition 3.2 (| , Proposition 13.22]). We have X,, = Xoo/vnXoo where
Upi=(1+T)"" —1€A.

Proof. Recall that 1+ T =+, and thus o := 1+ v, is a topological generator of Gal(K,/K,).

"This is not true for all Zp extensions. For instance, it is not true for K& /K for a quadratic imaginary field K.
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Consider the diagram as in the previous proof

Lo
|
LK
\
Ko
L, tot.ram
Ky

Then G := Gal(Loo/K,) = Xoox(a) for a choice of lift of a.. L, is the maximal unramified abelian subextension of L, /K,
o

X = Gal(Ln/Kn) = (Xoo () /([G, G, 0) = Xoo /(g ~ @ g1 9 € Xoo) = Xoo /vn Xoc,

as a lgag™! € [G,G] and thus we must have - g = a~tga ~ g. O
Corollary 3.3. X, is a finite generated torsion A-module.

Proof. As Xo/pXo = Xoo/mX is finite, we conclude that X, is a finitely generated A-module by Nakayama. It is also

A-torsion as X is finite. O

Now given y = w® a power of the Teichmiiller character, assume that we had a pseudo-isomorphism XX — @ A/f;. Then

we can consider the diagram

XX —— DA/fi

A

X —— DA/

to try to compare XX = XX /v, XX and @ A/(f;,vn). Following this, one can prove

Lemma 3.4 (| , Theorem 13.13]). If X is a finitely generated torsion A-module with X /v, X finite for all n > 0, then
there is ng > 0 and ¢ € Z such that

#HX /v, X = prP" A for all n > no,

where p, A are the invariants of Ch(X).

But often we can be more precise than that. The main issue for the ambiguity in the lemma above is that X — @ A/ f;
in general can have both a kernel and cokernel. But fortunately, often for the modules in Iwasawa theory the kernel must be

0. For example:
Proposition 3.5. XX has no nonzero pseudo-null submodules.

Proof. If it did contain a nonzero pseudo-null submodule Y, then m*Y = 0 for some k. So it suffices to prove that if Y C XX
is a submodule with mY =0, then Y = 0. If ¢ = (¢, )n>0 € Y, then pc = 0, and thus ¢,, € C1(K,)[p] for all n. As Tc =0, we
also have (v — 1) = 0 for any v € Gal(K,/Ky). So ¢, € CI(K,)[p] %0 But then ¢, = Nmyg, ., /K, Cnt1 =D+ Cng1 = 0 for all
n > 0. O
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Corollary 3.6. We have #XX =[], #A/(fi,vn). In particular, # X = #Z,/Ch(XX)(0).

Proof. This follows from applying the snake lemma to

0 XX D, A/ fi coker 0
0 XX D, A/ fi coker 0

Since XX is finite, the Snake lemma implies that A/(f;,v,) must have finite cardinality. This means that f; and v, are
coprime, and hence that ker(A/f; = A/f;) = 0. Now the claim follows from the Snake lemma by noting that coker[v,] and

coker /v, have the same cardinality as coker has finite cardinality. O

Recall that we should have

0 if x =w,
CLQ(pp)) ™)X = IL(0,x"Y)], if x is odd and x # w,
|(06(HP)+/C)X|p if y is even.

We proved this for x even using Euler systems, but historically it was first deduced from Mazur—Wiles proof of:

Conjecture 3.7 (Iwasawa Main Conjecture). Let E,, denote the units of K, that are congruent to 1 modulo the prime above
p. Let C,, C E,, be the subset of cyclotomic units. Denote F,Cy their limits under the norm map. For x even nontrivial,

denote also £, € A the Kubota—Leopoldt p-adic L function for x. Then for x # w°, w', we have

(f;fil) if x is odd,
Ch(Foo/Cs)X if x is even.

Ch(XX) =

Here, for x even nontrivial, the Kubota-Leopoldt p-adic L-function is the unique element %%, € A such that Eyel (L) =
L*(n,xw™™ 1) for all n < 0. For an explicit construction of element, see | , Theorem 7.10]. We will later give another
way to construct this.

In fact, the Euler system argument we gave can be adapted to prove the above conjecture when x is even: see | ,
Section 15| for details. We will explain how, in fact, the two parts of the main conjecture are equivalent. This is often
called the reflection theorem in this classical context. We will see next week how this is a particular case of a more general
philosophy connecting Euler systems and Iwasawa main conjectures.

To build up for the proof of the reflection theorem, we will reinterpret the modules we have been considering in terms of

Selmer groups.

4. IN TERMS OF SELMER GROUPS

Suppose we have a p-adic representation V' with a Gg-stable lattice A. Denote W := V/A. From the exact sequence

0—>A—>V —>W — 0, we have for a place v

HY(K,,A) % HY(K,,V) 2 HY(K,,W).
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A Selmer structure on H}(K,, V) can be propagated to H*(K,,A) and H'(K,, W) simply by defining
HE(Ky, A) o= a7 Y (HE (Ko, V), HE(Ky, W) o= BHE(K,, V).

We will look mostly at H} (K, W). Recall from Gefei’s talk

Proposition 4.1. The Kummer map induces an isomorphism O ® Q, = H}(K7 Q,(1)). For an elliptic curve E/K, the
Kummer map E(K) ® Q, — H}(K, VpE) is an isomorphism if and only if II(E/K)[p™>] is finite.

But in fact, we actually have

Proposition 4.2. The inverse limit of the finite level Kummer maps identify Oy ® Z, — H}c (K,Zp(1)). The direct limit of

the finite level Kummer map fits into an exact sequence
0= Of @ Qp/Zy — Hj(K,Qp/Zy(1)) — CUK)[p™] — 0.

Simalarly, if E is an elliptic curve over K, then the natural map E(K)QZ, — H}(K, T,E) is an isomorphism iff III(E /K )[p>°]
is finite, and we also have that H}(K,E[p“’]) = Sel, (E/K) fits into the exact sequence

0= B(K)®Q,/Z, — H}(K, E[p>]) - II(E/K)[p>] — 0.

Let’s also look at the trivial representation Q. Since its weight is 0, the Bloch-Kato conditions are unramified everywhere.

The propagations to Z, and Q,/Z, can be checked to also be just the unramified cohomology. Thus
H}(K, Q) = H}(K, Zp) =0, H}(K, Qp/Zp) = Hom(CK), Qp/Zy).

So X is identified with
Hom <hﬂ H}(Kanp/Zp)’Qp/ZI) )

where the transition maps are simply the restriction.

Following Greenberg, we an give a different description of this direct limit.

Proposition 4.3. Let V be a p-adic representation of G unramified away from ¥ with G i -stable lattice T. Denote W = V/T.
Let Koo/ K be an abelian tower of finite extensions K, /K unramified away from X. Let A /i = Zp[Gal(K/K)], and
Ay k= Hom(Ak_/x,Qp/Zp) as Gx-modules, and Avel-action by (A - f)(z) = f(zX). Let Ty == T ®z, Ag_/x and
Wr =T ®z, Ay(oo/K' Then
@Hl(KE/Kn,T) = HY(Kx/K,Tr) and n_n>aH1(Kg/Kn, W)= HY(Kx/K,Wr).
n n

Proof. We only prove the second equality, since the first is analogous.

By Shapiro’s lemma, we have H'(Kx/K,, W) = H'(Ks/K,Indg% W). So It suffices to see that lim Indgx W =W as
G g-modules. We have

IndGx W= {f: Gk = W: f(oz) = f(z)" for x € Gk, 0 € Gk, }

and so

lim Ind &% W = Hom(Ag_xc, W)



8 MURILO CORATO ZANARELLA
which is Wy as W =T ®z, Qp/Z,. O

One can define Selmer structures on these cohomology groups by the inverse/direct limit of the Bloch—-Kato local condi-

tions.® Then we indeed have H (K, Tr) = lim H3(K,,, T) and Hy(K, Wr) = lim H(K,, W).

Definition 4.4. We denote Sel(T') = H}(Q,TT), S(T) = H}(Q,WT) and X(T') = Hom(S(T'), Q,/Z,) when the extension
K /K is implied.

Example 4.5. For T'=7Z, and T = Z,(1), we have
Sel(Z,) =0, Sel(Z,(1)) = m(OF, ®Z,). X(Z,) = lim CI(K,) [p™],

and X (Z,(1)) fits in the exact sequence

0— (hgl Cl(Kn)[p‘X’]> — X(Z,(1)) — (h_n;((?f( ® Zp)> -0

n

5. REFLECTION THEOREM

Let’s return to the case K, = Q(upn).

5.1. Local conditions. We think of AU as a p-adic interpolation of the Tate twists Z,(k). Indeed, we have Gg-equivariant

k

specializations sp,: A% — Z,(k) given by g €cyel

(g9)- So we note the following quite confusing fact:

Proposition 5.1. H}”,{p} (Q,Tz,1)) = H},{p} (Q, sz)®ec_y1d as A -modules. Similarly, H},{p} (Q,Wz, 1)) = H}7{p} (Q,Wz,)®

Ecycl G5 Avel modules.

Proof. We have Ty (1) = Zp(1) ®z, AV = Z, ®z, A®?(1). But note that we have a Gg-equivariant isomorphism of A®<!-

modules A%< (1) = ACyCl(egyld) where €.y¢ denotes a twist only on the A“’-action, not on the Gg action. This is simply

-1
cycl

-1

given by g — € cyel:

(9)g- Hence Tz 1) = Tz, ®¢ Similarly, Wy ) = Wz, @ €cyer- Finally, one can check that the local
conditions outside p agree, since they are in fact trivial for both Wz, and Wy (1, as we explain in what follows.

In fact, if I # p, then H} (Qq, Tr) = 0 for any T. If p® is the largest power of p that divides I —1, then [ splits completely over
K./Q, and each prime X\ above [ is totally inert in K /K,.. Fix such A, and let A,, be the unique prime above it in K,,. We
are looking at lim H(k(\,), Whn). Now for any ¢, € H(k(\,), Whn), choose a large enough so that c,(Froby, ) is fixed
by Gk Then ¢, (Froby,,,) = Nmg, /i, ca(Froby,) by the cocycle condition. Choose b such that p°c,(Froby,) = 0.

n4ta*

Then the above says that the restriction of ¢, to H'(k(Anyass), W n+a+s) is zero. O
Now let’s discuss the local conditions above p.
Proposition 5.2. H}(Q,,Tz,) =0 and H(Qp, Wz, 1)) = H'(Qy, Wz, (1))

Proof. We have
H} (K"-,Pv ZP) = H’i7LT(Kn7p7 ZP) = Hl (]F(p—l)p" ’ ZP) = Hom(GF(,,fl)pn ’ ZP)

8To be precise, one needs to consider the inverse/direct limit of the semi-local cohomology groups: for a place v of K, consider H}(Kn,v,?) =
®w|v in Ky, H}(K’ﬂ,w’ ?)'
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but then the transition maps are identified with the restrictions Gg,_,, . — GF . And then we conclude H } (Qp,Tz,) =

(p—1)pnt1

Hom(GF(p,l)poo Zp) = 0.

The second claim follows from local duality. O

For Z,(1), the local condition at p is more subtle: we have 0 — p,—1 — O@p(ﬂp") — H{(Qp(ppr), Zp(1)) — 0, and so we

are looking at @NIH(OS (u n)). This module can be very concretely described, as done by Coleman:

Theorem 5.3 ([Sha, Theorem 5.4.31]). Fiz a choice of norm-compatible roots of unity Cyn. Then there exist an exact sequence

of AV _modules

(5,&)!—)(5(‘;”)"
e

0 — pp_1 X Zp(1) lm(0F () =2 AV L 7,(1) 0,
Nm

The map Col is explicit, and we have explicit norm compatible cyclotomic units C, C @1 ng(u n)). One can compute
P

Nm(

their image on the Coleman map:

Theorem 5.4 (Explicit reciprocity law, [Sha, Theorem 6.13]). If x: A — Zy 1is even and nontrivial, then the image of
Col(CX)) € AvelX = A is generated by a function f(T) with f((1+p)* —1) = L*(1 — k,xw™*) for all k > 0. In particular,

we must have €}, (f) = eiy_j(i’}&) for all k € Z.

This result is a very explicit computation. It is also constructing the Kubota—Leopoldt p-adic L-function! Moreover, it

k

gives an interpretation of €cyel

(&%, ) for k € Z outside the range of interpolation. For instance, it recovers the following

formula.

Corollary 5.5 (Leopoldt). For x: A — Z, a nontrivial even character,

Shoi X (@) log, (1 = ¢)
cue gX — a — D D .
i) = T WG

5.2. Reflection theorem. By the analysis of the local conditions above, we have

— loc,
0= Sel(Zy) ® €, = Sel(Zy(1)) — HH(Qp, Tz, (1))
and
loc,
0— S(Zp) & €cyel — S(Zp(].)) R H/lf(Qp,WZp) & €cyel -
We can piece these together by global duality. Since Sel(Z,) = 0, we get

v
loc,, loc

0 — Sel(Zy(1)) —= Hj(Qp, Tz, (1)) — X(Zp(1)) ® €cyer — X(Zy) — 0.

Dividing by the cyclotomic units, we get

_, Sel(Zy(1)) 1oc, H}(Qp, Tz, (1)) locy
Cuo loc,(Cwo)

X(Zy(1)) ® €cyar = X(Zp) — 0.

Since C%, is only nonzero if x: A — Z is even and nontrivial, let’s take such x and consider

Sel(Zp(l))X locy, H}(QpaTZP(l))X loc;]/
O loc, (CX)

X(Zp(1))X " ® €oyer = X(Zp)X — 0.
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Now the explicit reciprocity law says that the second A-module is torsion. We already known the last one is also torsion. So

all four modules are torsion, and we can compare their characteristic ideals.

1

From the description of X (Z,(1)), note that since xyw™' is odd and not w™*!, we have

-1

Hom (13 01<Kn>[p°°1w><i@p/zp> = X(Zy(1))

An exercise in algebra let us conclude from this that Ch (X (Z,(1))X) = ((Ch(XX, ")), where 1: A — A is the involution given

by inversion ¢(g) = g~!. More generally, the following is true.

Proposition 5.6 (| , Proposition 15.32]). If X is a finitely generated torsion A-module with X/v,X finite, then
Ch (Hom(li_r)n X/vnX,Q, /zp)) = (Ch(X)).

The explicit reciprocity law says that

HYQ,, Ty (1))

where Tw: A — A is g — €cyer(g)g. So the above exact sequence tells us that

Ch(Boo/Coo)* _ i o [ (ZiL)
chxg) )<Ch(X:;gX1)>'

That is, this proves:

1

Theorem 5.7 (Reflection Theorem). For x # w® w!, the Iwasawa main conjecture for x and wx ="' are equivalent.
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