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ABSTRACT. A two player, zero-sum, combinatorial game is one in which two
players, Blue and Red, take turns moving a token along the edges of a finite
directed graph. Some nodes are designated terminal nodes. Should the token
reach one of these nodes play ends, and a zero-sum payoff associated with the
node is made. We do not allow any chance element (such as the rolling of dice)
in the formulation of these games.

These games are particularly enticing to mathematicians for a number of
reasons. First, the model covers many examples of “real” games, from Chess
to Tic-Tac-Toe. Thus, the study of these games may give one an edge against
one’s opponents - always a worthy goal. Second, there is a profound gap
between what is mathematically provable and what is practicably accomplish-
able: While the finitary, deterministic, nature of these games ensures the exis-
tence of deterministic optimal strategies (or else the possibility of a mutually
enforced draw, with the token never reaching a terminal node), in general
there is no way to discover an optimal strategy other than backwards induc-
tion over the game graph. As most games have unmanageably large graphs,
this approach is of little use.

We study variations on the turn-allocation mechanism of combinatorial
games. In random-turn games, each turn is allocated according to the result
of the toss of a coin. In Richman games, an auction is held before each turn,
with the higher bidder paying his bid to his opponent and earning the right to
decide which player makes the next move. Regarding the former, we review
the work of Peres, Schramm, Sheffield, and Wilson in [18]. Regarding the
latter, we review the work of Lazarus, Loeb, Propp, Stromquist and Ullman
in [10] and [9].

The bulk of our work deals with characterizing optimal play in each of
these game types. It turns out that even if the graph of the underlying com-
binatorial game contains cycles, at least one player (in Richman games) or
either player (in random-turn games) can force the game to end using an op-
timal strategy. This is shown by associating a real-valued “Richman function”
to the nodes of the graph. After giving a suitable definition, we show that the
Richman function of a graph exists and is unique, and maps each node to the
expected value of an optimally-played random-turn game beginning from that
node. We then demonstrate how the Richman function governs optimal play
of both random-turn and Richman games. Thus, there is a deep connection
between the two variants.

We next analyze a special instance of combinatorial games: Selection
games. In a selection game each player, in turn, selects an element from some
finite set S and adds it to his collection (Hex is a well-known example). Once all
elements of S have been selected, the payoff function depends on the partition
of S. An equivalent formulation is to set some f: {—1,1}" — R. At the start

of the game, the variables z1,...,z, are undetermined. Each turn the player
selects one of the variables and assigns it a value (1 for Blue, —1 for Red). Once
all variables have been assigned, the payoff to Blue is f (z1,...,2n). We show

that selection games played under the random-turn rules have the property
that optimal play results in a random variable assignment. Thus the value of
the game is the expectation E,;_1 1}n [f (#)]. From this fact it follows that
a variable is an optimal selection (for either player) iff it maximizes its related
degree one Fourier coefficient, f(z) The connection to Fourier analysis of
Boolean functions allows us to to describe some properties of optimal random-
turn games, such as expected game length.

The remainder of our work considers algorithmic questions. We discuss
various ways to compute the Richman function of a graph, and show a polyno-
mial time probabilistic algorithm for finding a near-optimal move in a selection
game. We close by considering the feasibility of optimally-played random-turn
selection games as a computational model for the underlying Boolean function.
In particular we show that an optimal selection is not necessarily an optimal
root of a decision tree for the same function, thus disproving a conjecture by
Miao Chen in [3].
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CHAPTER 1

Introduction

A two player combinatorial game is one in which two players take turns moving
a token along the edges of a given directed graph. Some nodes are terminal nodes,
with an associated payoff to each player. Should the token be moved to one of
these nodes play will end and each player will be awarded the payoff associated
with the node. Many popular games can be modeled this way: Chess, Checkers,
and Go are some examples. Games where the available moves at each node depend
on the outcome of some chance event (such as the role of the dice in Monopoly
or backgammon) are not considered combinatorial games. The main pursuit of
combinatorial game theorists is determining which of the two players (if any) has a
winning strategy when play is started on a given vertex, and what that strategy is.

Perhaps the earliest result of modern game theory, Zermelo’s theorenﬂ implies
that when the underlying graph is acyclic there exist mutually optimal strategies
for the two players discoverable by backwards induction on the graph, using the
minimax algorithm. Moreover this algorithm is computationally efficient as a func-
tion of the size of the graph. When the underlying graph contains directed cycles
there may also be the possibility of a mutually forced draw (i.e. play the players
employ strategies that ensure the token never reaches a terminal node). This too is
discoverable by induction on the graph. In practice, however, this algorithm is of
little use as all but the most trivial games have graphs so large that any algorithm
taking the entire graph into account is infeasible.

This situation, in which a conceptually simple algorithm to determine the op-
timal move is known, but where the algorithm is practically useless is tantalizing.
It has invited the use of non-trivial mathematical techniques to aid in the analysis
both of specific combinatorial games as well as broad classes of such games. It has
also resulted in the invention (or discovery, depending on the reader’s philosophical
bent) of games solely for the purpose of analyzing their mathematical properties.
For the most part such games are uninspiring from a player’s point of view, but a
select few of them (most notably Hex, described as example have become popular
among the general game playing public.

ExAMPLE 1. Tic-Tac-Toe: The best-known combinatorial game is probably
the children’s game of Tic-Tac-Toe, or noughts and crosses. The game is played
on a three by three grid. Each turn, the player to move selects an empty cell and
colors it his color (or marks it with his shape, usually either 'x’ or ’0’). The first
player to color three cells of a row, column, or diagonal with his color wins. If the
grid is fully-colored without any of the above being monochromatic, the game is
declared a tie. For many of us, the first game-theoretic result we discovered was

1For an interesting discussion of the history of Zermelo’s theorem, as well as a translation of
the German article where the theorem first appeared, see [20].
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1. INTRODUCTION 6

that optimal play of Tic-Tac-Toe always leads to a draw. Some of us may have
even developed perfect strategies, that never lose and are able to capitalize on an
opponent’s mistake and turn the game into a win.

k™ Tic-Tac-Toe is played on the points [k]". Each player, in turn, selects one
of these points and colors it his own color. The winner is the first to color a
combinatorial line of length %k his own color (a combinatorial line is a progression
of elements of [k]" s.t. the difference between successive elements is non-zero and
is equal to 0,1 or —1 in each coordinate). If the board is fully-colored with no
monochromatic combinatorial lines, the game is declared a tie. In this notation,
standard Tic-Tac-Toe is 32.

Not much is known about optimal strategies for Tic-Tac-Toe in dimensions
higher than 2. This is true even for small board sizes: While 3% is easily shown
to be a first player win, for 43 this is not so easy. For 5% it is not even known
whether the game is a first player win or a drawﬂ Since any game of 53 must be
at least 9 turns long (as the winner must claim 5 points), there is a trivial lower
bound of (53571))! ~ 292 on the size of the game tree (which in actuality is far larger).
This is enough to make backtracking impractical. Thus, even as simple and small
a game as 52 Tic-Tac-Toe requires either significant computational power or non-
trivial mathematics (and quite likely both) to analyze. For more on Tic-Tac-Toe,
and combinatorial game theory generally, the reader is referred to Joészef Beck’s
Combinatorial Games: Tic-Tac-Toe Theory ([1).

An outgrowth of the study of combinatorial games is the study of games derived
from them by making small changes to the rules. One such possibility is to change
the way turns are allocated. In Richman games an auction is held before each
turn, with the winner paying his bid to the opponent and earning the right to
decide which player makes the next move. In random-turn games a coin is flipped
before each turn with the winner deciding on the next move. Both these models are
interesting in their own right as natural models for real-world conflicts where the
players don’t necessarily alternate their actions. Furthermore, both models offer
examples of graphs for which the combinatorial game seems difficult, whereas the
Richman or random-turn version is computationally tractable.

Selection games are a commonly played subset of combinatorial games. Here,
each player in turn selects a previously-unselected element from some fixed set, and
adds it to his own collection. Once all elements of the original set have been selected
the payoff to the players is a function of the partition of the original set between
the two players. Hex is an example of a selection game, with the elements being
the hexagonal tiles. Go and Tic-Tac-Toe are not, since in the former stones can be
removed over the course of play, thereby “unselecting” previously selected elements,
and in the latter the order in which elements are selected potentially influences the
outcome of the game.

This work surveys the main results for Richman games and random-turn games,
and demonstrates how techniques from the analysis of Boolean functions can be
used to study Richman and random-turn selection games. This includes a charac-
terization of the optimal move at each point of play, a study of algorithmic methods

2Interestingly, it’s known that for all board sizes, the game is not a second player win, and
therefore is either a first player win or a draw. This can be proved with the very elegant strategy-
stealing argument (see [8]). Unfortunately, strategy-stealing doesn’t help in constructing optimal
strategies.



1. INTRODUCTION 7

for finding such moves, as well as lower bounds on the expected length of optimally
played random-turn games.



CHAPTER 2

Preliminaries

2.1. Combinatorial Games

This section briefly defines combinatorial games and related concepts. Although
this work does not deal directly with combinatorial games, they give the basic
structure to both Richman and random-turn games.

As mentioned in the introduction, a (zero-sum) two player combinatorial game
is one in which two players, Blue and Red, take turns moving a token along the
edges of a given directed graph. At each vertex, the set of edges along which the
two players may move the token may not be the same (for example, if the game is
Chess, players may only move pieces of their own color). Some nodes are terminal
nodes, with an associated payoff to each player. Should the token be moved to one
of these nodes play will end and each player is awarded the payoff associated with
the node. Formally:

DEFINITION 2. A two player, zero-sum, alternating-turn combinatorial
game is a tuple G = (V,Ep, Eg,T,v), where (V,Ep U EgR) is a finite directed
graph, T' C V is the set of terminal nodes, and v : T' — R is the payoff function.
We assume that for each v € V, there is a path from v to T in both Eg and Eg.
We also assume that there are no outgoing edges from 7. The edges in Ep are
called blue edges, and those in Er are red. For notational convenience, we set
E =FEpUFEg.

DEFINITION 3. Let G = (V, Ep, Eg,T,v) be a combinatorial game. If v (T) C
{—1,1} G is called a win-or-lose game.

DEFINITION 4. A play of G starting at a node v € V is a walk on the graph
(V, E), alternating between edges from Ep and Eg, that is either infinite or else
reaches a terminal node ¢ € T', in which case the payoff to Blue is v (t) and to Red
is —v (t) and the play is said to terminate. A pure strategy for Blue (Red) is
a function deciding which edge to follow given an odd-length (even-length) proper
prefix of a play of G. A player is limited to choosing edges of his own color. Given
strategies for Blue and Red as well as a starting vertex, a play of G is induced, and
if the play terminates so is a payoff to each player.

REMARK. The distinction between blue and red edges is not always important.
First, alternating-turn games can always be set up in such a way that the vertices
are a disjoint union between vertices where it is always Blue’s turn anytime the
token reaches the vertex, and those where it is always Red’s turn. In this case
letting Ep = Egr has no effect on the game. Second, in some contexts (as in
[10}, 9]), the games considered are only those for which Ep = Eg. Finally, in some
cases (for example monotone selection games, defined later) it would never be an
advantage for a player to take an edge of the opposing player’s color, hence allowing

8



2.1. COMBINATORIAL GAMES 9

a single edge set £ = Ep U ER would have no effect on optimal play. In cases where
there is a single edge set, we’ll sometimes use the notation (V, E, T, v).

EXAMPLE 5. Tic-Tac-Toe: k™ Tic-Tac-Toe was described as example [I} The
game graph for k™ is defined recursively as follows:

e The completely uncolored board (represented by (), 0)) is a node.
e For every node (4, B):
— If A (B) contains a combinatorial line of length k, then (4,B) € T
and the payoff is 1 (—1).
— Otherwise, if AU B = [k]" then (A, B) € T and the payoff is 0.
— If neither of the above hold then for every z € [k]"\(A U B),(AU {z}, B)
and (A, B U {z})are nodes with a blue edge from (A, B) to (AU {z}, B)
and a red edge from (A, B) to (A, BU {z}).

2.1.1. Selection Games. Selection games are a special kind of combinatorial
game. These are played over a finite set S and Blue and Red take turns selecting
previously unselected elements of S until the set S is partitioned into the sets B, R
of elements selected by Blue and Red, respectively. Once S has been partitioned,
the payoff is decided according to some function f : 2% — R, f (B) being Blue’s
payoff and —f (B) being Red’s. These can be thought of as combinatorial games:

e The vertices are pairs of disjoint subsets of .S.
e For any vertex (A4, B) and z € S\ (AU B) there is a blue edge from (A, B)
to (AU{z}, B) and a red one to(A4, BU {z}).
e The terminal nodes are partitions of S.
e For any partition (A, B) of S, the payoff function is v (A4, B) = f (4).
Note that the underlying game graph for selection games is acyclic; in particular,
plays of selection games always terminate.

An equivalent way of thinking about selection games is to set some function
f:{-1,1}" — R. At the start of the game the values of the variables w1, ...,z,
are unknown. During each turn, a player selects some hitherto unassigned variable
and assigns its value (with the limitation that Blue must set a variable’s value to
1 and Red to —1). Once all the variables have been set to z1,...,z,, the payoff to
Blue is f (x1,...,2,). Such a game is completely specified by the function f, and
every function f : {—1,1}" — R specifies a selection game. In the following, we
will use these two specifications of selection games interchangeably.

DEFINITION 6. Let S the underlying set of a selection game, and let f be the
payoff function. If for all AC B C S, f(A) < f(B), (S, f) is called a monotone
selection game.

For monotone selection games, we may as well let Eg = Eg, since it’s never
advantageous for a player to select an element and “donate” it to his opponent.

ExaMpPLE 7. Hex: One well known selection game is Hex, where the players
alternate claiming tiles on a rhombus-shaped hexagonal grid (see figure[2.1.1]). Tiles
are considered adjacent if they share a side. Each player is assigned a (different)
pair of opposing edges of the rhombus, and the winner is the player who, when all
tiles have been claimed, has a chain of adjacent tiles linking his two sides of the
board. Figure shows a completed game of Hex.

Usually, play is stopped once such a chain has been created, even if the board
hasn’t been filled. Although our definition of selection games requires that play
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FIGURE 2.1.1. A completed game of Hex, showing a winning chain
for Blue (image by Jean-Luc W (own work), licensed under CC-
BY-SA-3.0-2.5-2.0-1.0 (http://creativecommons.org/licenses/by-
sa/3.0), via Wikimedia Commons).

continue until all elements have been selected, Hex under the normal rules may
still be considered a selection game since once a player has managed to connect his
two sides his opponent is prevented from doing so, no matter how the remaining
tiles are colored. This is not difficult to prove, but requires some care: if the game
were played with a different definition of adjacency, for example sharing a point,
it wouldn’t be true. A less trivial fact is that there is always a winner: no matter
how the board is filled, one of the players will manage to connect his sidesEl Taken
together, these facts imply that Hex’s payoff function takes on only two values,
which may as well be 1 (Blue wins) and —1 (Red wins). Thus Hex is a monotone,
win-or-lose, selection game. Although any Boolean-valued function can be made
into a selection game (and we’ll see more examples later), Hex is probably the best
example of a “real” game in this category.

ExaAMPLE 8. Weak Tic-Tac-Toe: At first glance k™ Tic-Tac-Toe might seem
to be a selection game: Blue and Red take turns selecting from a set until one of
them has a “winning” set. However, the winner of a game of Tic-Tac-Toe is the
first player to claim k spaces in a row. Unlike in Hex, the first player to select a
“winning” set isn’t necessarily the only one: If play continues until the board is full
a situation may arise where both players have claimed such sets. This scenario is
not covered under the “regular” rules of Tic-Tac-Toe.

Weak k™ Tic-Tac-Toe is the same as k™ Tic-Tac-Toe, except that Blue wins iff
he manages to claim a combinatorial line of length &k (equivalently, Red wins iff he
prevents Blue from claiming such a line). This has the effect of transforming k™
Tic-Tac-Toe into a monotone, win-or-lose, selection game.

ExXAMPLE 9. Maker-Breaker Games: In a Maker-Breaker game over a set
S, there is a family A C 2° of winning sets. Let B C S be Blue’s set at the
end of the game. Then Blue wins if there is some A € A st. A C B, and
otherwise Red wins. Thus Blue, as Maker, aims to select one of the winning sets,
and Red, as Breaker, aims to prevent him from doing so. All Maker-Breaker games

IFor (two different) straightforward proofs, see [6} [5]. While this fact may be intuitive, it
is mathematically deep. In particular, in Gale shows that it is equivalent to the Brouwer
fixed-point theorem (after suitably generalizing Hex, the equivalence is true in any dimension).
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are monotone, win-or-lose, selection games. Both Hex and Weak Tic-Tac-Toe are
examples of Maker-Breaker games.

The study of selection games occupies a significant portion of combinatorial
game theory. In general, there is no better way to discover optimal strategies than
induction on the game tree. Since the game tree is very large (having 3™ nodes -
at each game position, each element may be either unselected, Blue, or Red), this
is impractical. As a result for many games, including Hex and Tic-Tac-Toe (for
dimensions higher than 2), not much is known, mathematically, regarding optimal
play. It is therefore surprising that in the random-turn and Richman versions of
these games, a great deal can be said about optimal play ([10} 9, I8]), including a
strong characterization of the optimal strategies for these games. We present these
results in the later chapters.

2.2. Introduction to Boolean Analysis

The main tool we use to analyze random-turn selection games is the Fourier
transform for Boolean functions. This chapter introduces the definitions and results
we will need. As Boolean analysis as such is not our main concern, most of the
propositions are given without proofs. For a more thorough text on the subject,
see [14]. For the most part we’ve followed the notations and definitions employed
therein.

Boolean analysis concerns itself with the space H of functions f : {—1,1}" — C
(for some fixed n). Although most of the functions we encounter will have more
restricted ranges (usually R or even just {—1,1}), it’s useful to carry out analysis
in the more general setting since the above functions form an inner product space
with the inner product: (f,g) = 27" (4 1y» f(#)g (). Note that another
way of looking at this is to consider {—1,1}" as a sample space with the uniform
distribution. Then H is the set of complex random variables over this space, and

(f,9) = Epgo1,1)m [f () g (x)] From probability theory we know the latter is an
inner product. Depending on the context, in the following we will use the inner
product and expectation notations interchangeably. We will sometimes omit the
subscript of the expectation, when the underlying probability space is clear from
the context.

2.2.1. The Fourier Transform. Fourier analysis introduces a specific or-
thonormal basis for H, and then attempts to deduce the properties of various func-
tions from their coefficients in this basis. The natural place to start, therefore, is
by defining the basis, which we do right after laying out the following notation:

DEFINITION. Let z € {—1,1}". For every 1 < i < n, let x; denote the pro-
jection of x to its ith coordinate. We will use the following compact notations to
signify a change to a single coordinate of z: " = (z1,...,Z;_1,1,Ti11, .-+, Tn),
= (21, i1, — L, Ty, -, @), and 2P = (2, i, T, Ty e T

DEFINITION 10. For every S C [n], the parity function yg € H is defined as:

xs (z) = (—1)/SnEwi=—1 [l;cg i For asingleton S = {i} C [n], we will abuse
notation and write x; instead of x ;.

PROPOSITION 11. The set of parity functions {xs : S C [n]} forms an orthonor-
mal basis for H.
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The Fourier transform of a function in  is simply its representation as a linear
combination of parity functions:

DEFINITION 12. Let f € H, and S C [n]. Then f(S) = (f,xs). The values
{f(S)}SC[ | are called the Fourier coefficients of f, as explained in the next

propositio}l. For a singleton S = {i},1 < i < n, we will abuse notation and write

f(z) in place of f({z})
PROPOSITION 13. f =Y g F(S) xs

2.2.2. Monotone Functions and Influences. As our original motivation
for studying Boolean functions came from selection games, it is useful to think
what properties Boolean functions associated with such games might have. The
foremost one is monotonicity: In many selection games, it is never harmful to
add elements to one’s own set. That is, if A C B C S, then f(A) < f(B). In
particular, for win-or-lose games this property translates into the effect that once
Blue has selected a winning set, continued play of the game will not affect the
outcome (in fact, a win-or-lose selection game is monotone if and only if it is a
Maker-Breaker game). This property is translated to Boolean functions as follows:

DEFINITION 14. For each n, define the partial order relation on {—1,1}" as:
for z,y € {—1,1}", z < y if for every i, z; < y;. Let f: {—1,1}"" — R is said to be
monotone if Vz,y € {-1,1}" ;2 <y = f(x) < f ().

A key notion in Boolean analysis, both generally and (as we will show) in
its application to random-turn selection games, is that of a variable’s influence.
Roughly, this is the expected change one is able to effect in the function’s value if
one has the ability to change the given variable once all the other variables have
been decided randomly.

DEFINITION 15. Let f: {—1,1}" — R. The influence of the ith coordinate is

defined ss: Inf, [f] = E K()()) |

2

For functions with range {—1,1}, this is related to the notion of a variable
being pivotal:

DEFINITION 16. Let f: {—1,1}" — {—1,1}. For z € {—1,1}", the ith coordi-
nate is pivotal if f (z) # f (2®7).

This is related to influence in the following way:

CLAIM 17. Let f : {—1,1}" — {—1,1}. Then for every i, Inf; [f] = Pr [f (z) # f (%7)].
That is, the influence of the ith variable is the probability that it is pivotal.

In the special case of a monotone function f: {—1,1}" — {—1,1}, a variable’s
influence is related nicely to its degree-one Fourier coeflicients:

PROPOSITION 18. Let f : {—1,1}" — {—1,1} be monotone. Then for every i,

Inf; [f] = f (3).
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FIGURE 2.2.1. A decision tree for the function f(x,y,2) =
(ZAZ)V(xAYyAz2).

2.2.3. Decision Trees for Boolean Functions. Among the questions with
which we’ll concern ourselves is the expected length of play of a game. For a
selection game f : {—1,1}" — R this is equivalent to the number of input bits read
before the value of the function is known. This in turn is closely related to the
notion of a decision tree for a Boolean function.

A decision tree is a binary tree that encodes an algorithm for computing a
Boolean function: One starts at the tree’s root, where the name of one of the
variables is written. One examines the value of the variable. If it is 1, one proceeds
to the right child, and if it is —1, one proceeds to the left. This is repeated,
with each internal node labeled with the name of one of the variables, until a leaf
is reached, where the value of the function is written. Thus, each z € {-1,1}"
induces a particular walk on the tree, starting at the root and ending at a leaf.
Given a distribution on {—1,1}", a distribution on the random walks on the tree
is induced, and the sequence of vertices visited is a Markov chain. We’ll use the
following notations:

DEFINITION 19. Let T be a decision tree for a Boolean function f:{-1,1}" — R,
and let D be a distribution on {—1,1}". Let ¢ (T (z)) be the length (i.e. the num-
ber of edges, or equivalently the number of times a variable is examined) of the
walk z € {—1,1}" induces on T. Then the expected number of variables read to
compute f is E,. p [¢ (T (x))]. Let T be the set of all decision trees computing f.
The expected decision tree complexity of f with distribution D is defined as
Ap (f) = minger Eypup [0 (T (2))]. If D is clear from the context, we’ll omit the
subscripts.

REMARK. Although this definition suits our purposes, it is somewhat unusual.
It’s more common to define the complexity of a decision tree as the maximum,
among all distributions on {—1,1}", of the expected length of a walk on the tree.
Note that this is equal to the height of the tree. The (deterministic) decision tree
complexity of a function is then the minimal complexity of a decision tree computing
it. The expected decision tree complexity is also distinct from the randomized de-
cision tree complexity, which is the minimum, amongst all probability distributions
of decision trees computing f, of the maximum among probability distributions on
{—=1,1}" of the expected length of a walk on the tree.

EXAMPLE 20. Figure shows a decision tree for the function f (z,y,z) =
(ZANZ)V(z Ay A z). When D is the uniform distribution on {—1,1}", the expected
number of variables read is . This is also equal to Ap (f).



CHAPTER 3

Random-Turn Games

Random-turn games are the main object of study in this work. A random-turn
game is derived from an alternating-turn game by changing the rules so that instead
of the two players alternating turns, each time a move is to be made a fair coin is
flipped, and whichever player wins the coin toss is allowed to make the next move.
Other than the change in the order of play, the rules remain the same: The players
may only move the token along edges of their own color, and the game ends with
the associated payoff if the token reaches a terminal node.

The random and alternating-turn versions of a game are very different. In
particular, while the alternating version has no probabilistic element, probability
plays a crucial role in both play and analysis of random-turn games. As will be
shown, it is precisely this that makes some random-turn selection games susceptible
to techniques from Boolean analysis. The highlight of this approach will be to give
a characterization of the optimal move for such games, first shown in [I8]. We’ll
also discuss the expected length of optimally-played random-turn selection games,
and implications for the decision tree complexity of certain functions.

3.1. Random-Turn Selection Games

In the following we’ll consider selection games being played on the set [n], which
we’ll identify with the set of variables of the Boolean payoff function f : {—1,1}" — R.
We'll abuse notation somewhat: For A C [n], we’ll write f (A) to mean f (z4) where
1 ie€eA
-1 i¢ A

A pure strategy for a random-turn selection game is a function S from disjoint
pairs (A, B) of subsets of [n] to elements of [n] s.t. S (A, B) € [n]\ (AU B). Thus
if Blue is playing according to strategy S, whenever he wins the coin toss and the
previously-selected elements are the sets A and B for Blue and Red respectively,
Blue will select the element S (A, B). Note that we consider here only “memory-
free” strategies that take into account the current game configuration only, and not
the historical sequence of element selections. If we were to deal with strategies in
their full generality we would admit such strategies as well; however it’s clear that
no advantage can be gained by taking the history into account so we may as well
limit our analysis to the “memory-free” strategies.

If Blue and Red are playing according to pure strategies S and T respectively,
every sequence of n coin-flips induces a sequence of selections, culminating in a
partition of [n]. We’ll write fs o (x) for the payoff to Blue when the game is played
with strategies S and T" and the results of the coin-flips are z € {—1,1}". fsr ()
is also called the value of the game.

(za); =

14
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3.1.1. Optimal Play. As the result of the coin flips is not known ahead of
time, the outcome of a game f when the players use strategies S and T isn’t a
definite value (even if S and T are pure). Instead, we’ll consider the expected
value of the game, E, ¢_11}» [fs,r (x)]. Just as with alternating-turn games, as
finite, turn-based, games of perfect information there exist mutually optimal pure
strategies for random-turn selection games. Such strategies, as well as the expected
values under optimal play from any position can be calculated as follows: For any
disjoint A, B C [n] s.t. AU B = [n], the game is over and its value is f (4). Now,
if the expected value of a game is known for all disjoint A, B s.t. |A|+|B| =k +1,
then for any A, B s.t. |A|+|B| =k, if it is Blue’s turn he should choose an element
x € [n]\ (A U B) that maximizes the expected value of AU{z}, B, and if it is Red’s
turn he should choose an element minimizing A, BU {z}. The expected value from
position A, B is then the average of these two values.

The preceding paragraph gives an algorithm computing the expected value and
optimal move from a given position; however it requires backtracking over the entire
game graph, which is of size 3" (since each element can be either unselected, selected
by Blue, or selected by Red) hence its running time is exponential in n. It turns
out that for random-turn selection games there is a fairly simple characterization
of both the expected value of a game from any point of play and the optimal moves
themselves. The key is the following theorem, given as theorem 2.1 in [18]:

THEOREM 21. The value of a random-turn selection game is the expectation of
[ (z) when x is chosen uniformly from {—1,1}". Moreover, any optimal strategy
for one player is also an optimal strategy for the other player.

PrROOF. Let S be an optimal strategy for Blue. Should Red play by the same
strategy, each element of [n] has an even probability of ending up in A or in B.
Thus E [fs,s (z)] = E[f ()], so the game’s expected value under optimal play is no
more than E[f (x)]. By a symmetric argument, we can show that the value of the
game must also be at least E[f (z)], and so it is, in fact, equal to E[f (z)].

For the second part of the theorem, let S be an optimal strategy for Blue, and
let ; = S (0,0). It’s enough to show that if Red wins the initial coin-flip, selecting
x; is an optimal opening move (and the claim will follow by induction). We know
that the expected value of the game is E [f] and that Red achieves this by playing S.
Thus it remains to show only that if Red plays S Blue can’t improve his position by
playing a different strategy. Assume, for a contradiction, that if Red plays S Blue
can improve his position by selecting x; in the opening move. We know that the
expected value of play is then 3 (E [f|s;=1] + E[f|s,=—1]). Since this gives Blue
an advantage over playing .5,

% (E [flo;=1] +E[flai=]) > E[f] = % (E[flar=1] + E[fls,=—1])

Hence E [flz,=1] > E[f|s,=1] = E[fls,=—1] < E[f|s,=—1]. Now, since z; is an
optimal selection for Blue, we know that

% (E[fle;=1] +E [fle;=—1]) > E[f]
But ) )
3 (E[flai=1) + E [flz,=-1]) < 5 Elflema] + E[floim1)) =E[f]

which is a contradiction. So selecting z; is optimal for both Blue and Red. (]
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Theorem has several interesting consequences. The first is that although
a lot of thought and calculation might go into planning an optimal strategy for
a random-turn selection game, if play indeed proceeds optimally the outcome will
look no different than had both players played randomly. Second, if both Blue and
Red play according to some pure optimal strategy S, then at every point in the
game we know which element will be claimed next, regardless of the result of the
next coin toss. The only unknown is which of the players will claim it.

Theorem 2] also tells us that under certain circumstances a shortcut can be
taken in calculating the expected value of the game under optimal play. Whereas
backtracking requires considering a graph of size 3", in order to know the value of
the game it’s enough to know E[f]. It’s often quite simple to calculate this, for
example by taking advantage of certain symmetries among the variables. Even if the
only way to calculate E [f] is by iterating through all possible variable assignments,
there is still some gain: there are only 2" variable assignments, whereas there are
3™ nodes on the game graph. The drawback is that opposed to with backtracking,
the optimal strategy isn’t calculated as part of the algorithm. Despite this, we can
still give a nice characterization of the optimal move at any point in play:

THEOREM 22. A wariable z;,1 < i < n, is an optimal choice for the opening
move of a selection game iff f (i) is maximal.

PROOF. By definition,

F6) = ) = 5 (ELF (@) o = 1]~ ELF (2) o = ~1)
We also know that
ELf (#)] = 3 (BIf (@) e = 1] + E[f (@) os = ~1)

By adding the equations we get:
E[f () |e; = 1] =E[f (2)] + f (i)

Since the game played on the function f|;,—; is also a selection game, its value
under optimal play, according to theorem 21] is E [f|;,=1] = E[f (z) |2; = 1]. From
here it follows that a selection is optimal for f iff it maximizes E [f (z)] + f (i), iff
it maximizes f (). O

This result was presented in a slightly weaker form, for monotone win-or-lose
games, as lemma 3.1 in [I8], where it takes on the following interpretation: since
in these circumstances f (i) = Inf; [f] = Pr [f (z) # f (¢®%)] (proposition , a
selection is optimal iff the corresponding variable has the highest probability of
being pivotal.

The statement of theorem [22] refers to optimal opening moves; however, since
assigning some values of variables as part of gameplay leaves us with a selection
game, theorem [22] characterizes the optimal move at any stage of gameplay. The
only caveat is that the Fourier coefficients must be calculated w.r.t. the variables
already assigned. We’ll use the following notation: Let J C [n]. ; will denote an
assignment of variables in J, which is a partial assignment of variables in [n]. Then

flay  {—1, 1}”7”| — R will denote the function f given the partial assignment.
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3.1.2. Expected Length of Optimal Play. For some random-turn selection
games, the payoffs may be known before all the variables have been assigned. This
is often the case in monotone, win-or-lose selection games. For example in Hex,
once one of the players has a chain of tiles connecting his two sides, he is the winner
no matter how play unfolds from that point. If we decide that play ends once the
outcome is known, it’s interesting to consider the expected length of an optimally
played random-turn selection game. Assuming both players play according to the
same optimal strategy, a random-turn selection game can be thought of as carrying
out the computation of the value of the underlying function according to some
decision tree, where at each node the variable being queried maximizes f|,, (%)
(z; being the assignment of variables up to that point). Accordingly, we can use
bounds on the expected decision tree complexity of f to bound the expected length
of play. To this end we present the following proposition, which is a strengthening
of inequality 2 in [I8], where the result is stated only for monotone, win-or-lose
functions:

PROPOSITION 23. Let S be an optimal strategy for a non-constant game f. Let
E [#turns| be the expected number of turns when both Blue and Red play according
to S. Then

n F. 2
(Z )

Var[f]

PRrOOF. We'll use the following notation: For ¢ € R, the function f.: {—1,1}" —
R is defined as f. (z) = f (z) + ¢

It’s clear that a strategy is optimal for f. iff it is optimal for f, and that for

any z, the number of steps taken to evaluate f. (x) is the same as the number of
steps taken to evaluate f (). Further, due to the orthogonality of the Fourier basis

E [#turns| >

)-
for any 1 <i<n, f. (1) = f (¢). We'll prove the following family of inequalities:
N2
(X f )

Ve € R, E [#turns] > 5
E|(f+0)]

1 z; examined on input x

Let 1; (z) = . Then E [#turns] = E[> 1, 1; (z)].

0 otherwise
Now, by definition:
n

> F 0 =3 e =3 El (=)o) =E

i=1

For any z, if ; isn’t examined, it means that f. (z*%) = f. (z7%). Hence the
contributions of ¢ 7% to f.(x)z; cancel each other out. So:

Zif(z)— Zm]s E[f. ()] E (me

Where the inequality follows from Cauchy-Schwarz. For any j # ¢, E [1;1,;x;2,] = 0,
since conditioned on x; being examined before x; and x; = 1, ; is 1 or —1 with
equal probabilities. Similar distributions hold for other combinations of the order
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of examination of z; and z; and the value of the first query, so the expected value
is 0. This implies that E [(Z?Zl 11%)2} =E [> 1, 1?] = E [#turns]. Hence (after

i=1 "1
squaring the inequality):

E [#turns] > <Z?:1 f(l)>2 _ (22;1 f(z)>2

E[fe] E [(f+c)2]
Setting ¢ = —f () gives the desired inequality. Furthermore, since E [( f+ 0)2}
is minimal when ¢ = —f (), this is the tightest bound obtainable from the above
family of inequalities. (I

REMARK. Inequality 2 in [18] gives this inequality in the case that f is a win-
or-lose monotone function, and with ¢ = 0 (where c¢ is as in the proof). This gives
the following:

E [#turns] > (Z I; [f])

which uses the fact that f (i) = Inf; [f] when f is a monotone win-or-lose function.
This is based on the same inequality appearing in [17], with the Fourier coefficients
replacing the influences, as the monotonicity and Boolean range assumptions aren’t
made. The proof is almost identical to that of the more general formulation we’ve
presented; the only difference is the consideration of different values for ¢ and finding
the value that gives the sharpest bound. The more general inequality seems to have
appeared for the first time in [16].

Another bound on the expected length of optimal play is shown in [18]. The
following inequality, for a monotone function f : {—1,1}" — {—1,1} is given in
[15] as theorem 3.1:

Var[f] < i Pr [x; examined] Inf; [f]
i=1

In the setting of random-turn games, this implies:

PROPOSITION 24. Let f: {—1,1}" — R be a random-turn monotone win-or-
lose selection game. Then, when played optimally:

E [#turns| > _ Varlf]
max; Inf; [f]

We’ll now demonstrate how these propositions can be used to analyze optimal
play of several specific random-turn games. In [18], the original motivation for
defining random-turn games was Hex. In particular, attempts were made to analyze
the geometry of optimal play as well as its expected length. While some insights
were gained, the tools available weren’t enough to provide proofs. In contrast,
several other games were introduced for which the above tools enabled proving
properties of optimal random-turn play. We’ll define And-Or functions, and state
the results regarding optimal play. One of these results shows that proposition
is tight for And-Or trees played with coins with a specific bias (though we
haven’t shown this, the results above carry over to the case of biased coins). We
then introduce the Tribes functions, which show that proposition [24] is tight for
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FIGURE 3.1.1. A level-2 And-Or tree.

balanced coins as well. We won’t go into the proofs for And-Or trees; they are
fairly straightforward, and are similar to the analogous proofs for Tribes functions,
which we do provide.

EXAMPLE 25. And-Or Trees: The And-Or functions, f, : {-1, 1}4n —
{-=1,1} are defined recursively as follows:

fo(z) =2z

For n > 1, and (z1,...,24n11) € {—1, 1}4”+1 let ; = (.’1}'(1'_1)‘4n+1,...,$7;.4n) for
1=1,2,3,4. Then f,,41 is defined as:

Jrs1 (@1, 2gnn) = (fn (1) V [ (22)) A (fr (T3) V fr (T2)
fn can also be thought of as a complete binary tree of height n, where the
leaves are distinct variables and the internal nodes are labeled either “and” or “or”
according to the parity of their level (see figure .
[18], theorem 5.1 describes optimal play of And-Or functions as follows:

THEOREM 26. Consider an optimally played game of level-h And-Or with coin-
toss probability p. If a mowve is played in some subtree T rooted at some vertexr v,
then the succeeding moves are all played in T wuntil the label of v is determined.
Moreover, the labels of the level h — 1 vertices are determined in an order that is
an optimally played game on the tree truncated at level h — 1.

Armed with this knowledge, explicit recursion formulas for the length of optimal

play as well as the probability of a Blue win on the level-h tree can be given. These

3—5
2

2h
length of play, precisely (M> . If we allow f,, to take on the values 4/ 1%’ and

formulas depend on the coin bias, p. Setting p = gives, for the expected

2
-\ /% instead of 1 and —1 respectively, proposition [24is tight.

EXAMPLE 27. Tribes: The tribes functions, first constructed in |2], are the
standard examples of nearly-balanced Boolean functions (i.e. the function is 1 with
probability close to %) with influences as small as possible. The construction is as

follows: Let k,m € N. Then T{" : {—1, 1}’”"’ — {—1,1} is defined as:

m k
m J—
Tk; (xl,laxl,Qa' s L1y 2,1 -y L2 ky ey Tmy1y - - - 7xm,k‘) - \/ /\ x’i,j
i=1j=1
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Informally, the variables are split into m tribes of k& members each. The func-
tion is 1 iff at least one of the tribes unanimously votes 1, otherwise it is —1.
We'll give a complete analysis of optimal play of random-turn tribes, but we’ll

first generalize the function somewhat: Let ni,...n;y € N, and N = Zle ;.

The generalized tribes function, T, ., : {—1,1}" — {=1,1} is defined as
Ty (B1,05 o Tlngs oo Tids e oo Tmy) = \/f:1 /\;’;1 z; ;. In other words, sim-
ilar to the tribes function, the generalized tribes function is 1 iff one the tribes
unanimously votes 1. The only difference is that in the generalized tribes function
the tribes are allowed to be of different sizes. Note that 17" = T3, . .., if n; =k
for all i. The following hold:

o Pr(T,, n.=-1= Hle (1 —27™). For the special case of T}, Pr[I}" = —1] = (1 — 2_k)m.

e Ty, ...n, isamonotone function, hence propositionapplies and T,T\nk (1) =
Inf; [Tn,....n.) = Prlz; is pivotal] for any i. A variable is pivotal iff the
other members of its tribe all vote 1 and none of the other tribes votes
1 unanimously. Hence T}, . n, (z;;) = 27" HZ# (1 —27™) (note that
variables in the same tribe have the same influence). In the case of T}",
T (i) = 2% (1= 27%)" 7" for all 4.

e Partially assigning variables to a generalized tribes function leaves us
with a generalized tribes function, or a constant function, as follows: Let
T, ,...n, be a generalized tribes function. WLG let’s assume we’re assign-
ing a value to zy p,. If we assign it —1, then the kth tribe has not voted
1 unanimously and so Tm,...,nk|wk,nk:71 =T ..mp, (f k=1 we're left
with the constant function —1). If we assign xj ,, = 1, then if n,, = 1, the
kth tribe has voted 1 unanimously so the function is the constant function
1. Otherwise, n; > 1 so we're left with T5,, . n,—1.

Using these observations, we’ll prove the following claim:

CrAM 28. Let T5,,, .. n, be a generalized tribes function. A variable selection
is optimal for the random-turn selection game played on T5,, . », iff it is a member
of the smallest tribe.

PROOF. Based on theorem it’s enough to prove that the influence of a vari-
able is larger the smaller the tribe to which it belongs. Assume n; < n;. The in-
fluence of variables in the ith tribe is 217" [1rz; (1 —27"), and that of a variable in
the jth tribe is 2' =" [],_.; (1 —27"). We need to prove that 2' =" T, (1 —27") >
2173 [, (1 —27™). This is true iff 21" (1 —27™) > 217 (1 — 27"), which
holds since n; < n;. [l

Since, as already observed, assigning a variable in a generalized tribes function
leaves us with a generalized tribes function, optimal play of random-turn tribes
consists of iteratively selecting a member of the undetermined tribe with the fewest
undetermined variables (where by “determined tribe” we mean either all variables
set to 1 or at least one variable set to —1). We’ll now calculate the expected length
of optimally-played random-turn tribes:

PROPOSITION 29. The expected length of optimally-played random-turn T]" is

2(28 1) (1 (1-27F)").
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PRroOOF. Let I, i be the expected length of optimally-played 77*. Then F; =
ST 27 + k27F (the first term is the contribution to the expected length when
the tribe doesn’t unanimously vote 1, and the second term the contribution when
it does). Thus Ej; = 2 (1 - 2*’“). Now, consider an optimally played game of
T,:”H. Based on theorem we can describe play as follows: First, an optimal
game of T]" is played on the first m tribes. If the result is 1, then this is the result
of the game on T,:”H as well, so play ends. If the result is —1, then a game of T}
is played on the final tribe of T,’C”‘H. Hence we get the recursion relation:

Emi1k = Emp +Pr[T})" = —1]E1 = Ep i + 2 (1 _ 2_k)m+1

To which the solution is:
Eng=2(2"=1) (1= (1-27%)")
O

We can use the foregoing analysis to show that proposition [24]is tight: As with
any *+1-valued random variable

Var [Tj"] = 4Pr [T = 1] (1 - Pr[Ty" = 1)) =4 (1 - 27%)" (1 —(1- 2*’“)’”)

Further, all influences are the same, and are equal to 2! =% (1 — 2_k)m71 =max; ; Inf;; [f].
Hence:

Var(f] — _40=25" 002" k(g gkym
max; j Infi;[f] 21—k (1 — 2=k)" ! =22 (1 (1=27) )

The last term is exactly E,, , so proposition @ is tight. Further, since by setting
m = LQ’“ In 2J7 Pr[T;" = 1] can be made arbitrarily close to %7 the bound is tight
for essentially unbiased functions.

3.2. General Random-Turn Games

In this section we consider random-turn variants of general combinatorial games
(as defined in definition . We characterize optimal strategies, and discuss the
connection between general random-turn games and random-turn selection games.

In the following, let G = (V, Ep, Er,T,v) be a combinatorial game. If the
underlying graph contains cycles then not all pairs of strategies result in the game
terminating. However, we’ll show that optimal strategies exist that result in the
game terminating with probability one. For a pair of strategies S, T that terminate
with probability one, we’ll write vg ¢ (v) for the expected payoff to Blue when the
game starts at v € V and the strategies employed by Blue and Red are S and T
respectively.

3.2.1. Richman Functions. The key notion when analyzing general random-
turn games is the so-called Richman function, introduced in [10] for the purpose of
analyzing Richman games (discussed in chapter. Simply put, a Richman function
for a game G is a function from the set of nodes to the expected value of the game
under optimal play should play begin at the given node. Thus whenever Blue wins
the coin toss he should move the token to a vertex that maximizes the Richman
function, whereas Red should try to minimize it. In the following, we’ll formalize
and prove these assertions.
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We'll need the following notation: Let (V, Ep, ERr) be a (finite) directed graph,
with the edges colored either blue or red, or both. For any f : V — R, for any
v € V with outgoing edges of both colors, f* (v) = max{f (w) : (v,w) € Ep} and
f~ (v) =min{f (w) : (v,w) € Er}.

DEFINITION 30. Let G = (V, Ep, ERr,T,v) be a game. A Richman function for
G is a function R: V — R s.t:

e VoeT, R(v)=v(v)

e Vo e V\T, R(v)=3(R"(v)+ R (v))
Recalling definition [2] in our setting, where V' is finite and there is a colored path
from every node to a member of T', Richman functions exist and are unique. For
directed acyclic graphs the proof is straightforward (induction on the maximal
distance of a node to T'). However for cyclic graphs the proof is more involved. The
proofs given here are similar to those given in [10] for win-or-lose games, with the
required adaptations for multi-valued games.

PROPOSITION 31. Let G = (V, Ep, Er,T,v) be a game. There exists a Richman
function R:V — R.

Proor. We'll use the following notation: Let ry, = min{v (¢) : t € T}, Tmax =
max{v (t) :t € T}.

We'll show two existence proofs. The first is an application of the Brouwer
fixed-point theorem: Define the function f : [rmm,rmaz]v — [rmm,rmaw]v which
maps functions ¢ : V' = [Fimin, Tmaz] t0:

v(v) veT
3T )+~ (v) vé¢T

Then f is a continuous mapping of a compact, convex set into itself and so it
has a fixed point R : V = [Fmin, Tmaz)- f (R) = R, which by definition means that
R is a Richman function.

The second proof is more involved, but is constructive and will be of use later
when we consider the game-theoretic interpretation of the Richman function.

We'll inductively define a sequence of functions R,, : V' — R by:

o= {0 e

And for every n € N:

v veT
Rpy1 (v) = {;(ng(v)Jar (v)) vgT

(This is the same as letting R,+1 = f (R,) = f" ™ (Rp)).

For every v, the sequence {R, (v)}, oy is bounded above by ry,q,. We'll show
by induction that it is increasing: First, clearly Ry > Ry. Now, for n > 1,
assume that R, > R,—1. Let v € V. If v € T then R,; (v) = v(v) =
Rn (v) so Rn+1( ) > R, (v) as desired. Otherwise, v € V \ T, in which case
(v) = 2 (R} (v) + R, (v)). Now, since R,, > R,,_1, we know that R;} (v) >
1 (v), ( ) > R, _y (v). Hence 5 (RF (v) + Ry, (v) = 5 (By_y (v) + R,y (v)) =
). So Rp41 (v) > Ry, (v), and the sequence is increasing.

n+1

(v
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As the functions {R,}, .y are bounded above and increasing, they converge to
a limit R:V — R, for which the conditions defining Richman functions hold. O

In order to prove the uniqueness of Richman functions (and for the discussion
that follows) we’ll need the following definition and lemma:

DEFINITION 32. Let G = (V, Ep, Er,T,v) be a game with Richman function
R, and let v € V' \ T. An edge of steepest ascent (descent) from v is an edge
(v,w) € Eg ((v,w) € ER) s.t. R(w)=R" (v) (R(w) =R~ (w)).

LEMMA 33. Let G} (G, ) be the transitive closure of v under the steepest ascent
(descent) relation. That is, w € G} (w € Gy ) iff there exists some path v =
V0, VlyeenyUp = w 8.t for all 0 < i < n,(v;,v;41) @8 an edge of steepest ascent
(descent). Then GFNT #0 (G, NT #0).

In other words, for every v € V there exists a path of steepest ascent (descent)
fromwv toT.

Proor. We'll prove the lemma for the steepest ascent relation. The proof for
the steepest descent relation is similar.

Let w € Gf be s.t. R(w) is maximal. If w € T we’re done. Otherwise w
has successors in G and so also in G. Let u be a successor of w along an edge of
steepest ascent. Then R* (w) = R (u) < R (w), since R (w) is maximal in G. It’s
always true that R (w) < R (w), so in fact R (w) = R™ (w) = R (u). This implies
that R (w) = R~ (w), so all of w’s successors in G have the same value, and so they
are all in G . By induction it can be shown that all descendants of w (in G) are
in G and they all have the same value, R (w). In particular, w has a descendant
uweT,souec Gl and GFf NT # 0 as desired. O

PROPOSITION 34. Let G = (V, Ep, Er,T,v) be a game. The Richman function
R:V — R s unique.

PROOF. Let f1, fo : V — R be Richman functions. Let v € V bes.t. fi1(v) — fa(v) =M
is maximal. Let uy,ug,w;, ws be appropriately colored successors of v s.t. f;7 (v) =
fi (ui), fi- (v) = fi (w;). The following inequalities hold:

Ji(ur) = fo(u2) < fi(ur) — fo(ur) <M

Ji(wr) = f2 (w2) < fi(w2) = f2(w2) < M
By adding the two inequalities we get on the left side f1 (u1)+f1 (w1)—(f2 (u2) + f2 (w2)) =
2(f1 (v) = f2 (v)) = 2M. This implies that all the inequalities are actually equal-
ities, so f1 (u1) — fa(u1) = M. Since (v,uq) is an edge of steepest ascent for fi,
we can thus proceed to show that for any w € G (with the ascents measured
wr.t. f1), fi (w) — fo (w) = M. Since by lemma [33| there is some t € G N T,
it follows that M = fy(t) — f2(¢t). But by the definition of Richman functions
fi(t) = f2(t) = v(t), so M = 0, hence fi (v) — f2 (v) = 0. Since v maximizes
f1 — f2, we conclude that f; < fo. By switching the roles of f; and fy and repeat-
ing the argument we obtain the reverse inequality, and conclude that f; = fo. O

Richman functions characterize optimal strategies for random-turn games in
the sense that whenever Blue wins the coin toss he should move the token along a
vertex of steepest ascent, and Red should move the token along a vertex of steepest
descent. This is embodied in the following theorem:
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THEOREM 35. Let G = (V, Eg, Er,T,v) be a random-turn game with Richman
function R. Then the following strategy is optimal for Blue (Red), and ensures that
the game ends with probability one: Whenever the token is at a non-terminal vertex,
if Blue (Red) wins the coin toss, he should move the token along an edge of steepest
ascent (descent) that is part of a minimal-length path of steepest ascent (descent)
to T'. Moreover, the value of the game when started at v € V is R (v).

Proor. We'll first note that the strategy is well-defined because by lemma
there is a path of steepest ascent (descent) from any vertex v € V' \ T to T, and
hence there is such a shortest such path. Let S : V\ T — V be the strategy.

It’s enough to prove that if Blue plays according to the given strategy, then
from any vertex v € V reached during game play the game will end with probability
one and Blue’s expected payoff is at least R (v). The same proof with Red in place
of Blue will prove that if Red uses the above strategy his expected payoff is no more
than R (v). Thus R (v) is the value of the game, and the strategies are optimal.

We'll first prove that the game ends with probability one: Let N = max,ev dg+ (v,T)
(where dg+ (v,T) is the length of the shortest path of steepest ascent from v to
T). If at any point of play Blue wins N consecutive coin tosses, his play will result
in the game terminating, as moving the token along a shortest path of steepest
ascent from any vertex (as Blue will do when playing S) will result in the token
reaching T in at most N turns. Since as play progresses Blue will almost surely
win N consecutive coin tosses, play will terminate with probability 1.

In order to prove that the expected payoff for Blue when playing according
to the above strategy from any v € V is at least R (v), we’ll use the notion of a
truncated game: The n-truncated game for G is the random-turn game played on
the underlying graph of G, the only difference being that if T' is not reached within
n turns, the game ends and the payoff to Blue is 7,,;,. Any strategy for G induces
a strategy for the truncated game in the obvious way, and it’s clear that if the
strategy for G ensures the game ends with probability 1 then the expected payoff
for the truncated game is less than the expected payoff of the full game. We’ll
define a sequence of functions f, : V= R s.t. f, (v) is the expected payoff of the
n-truncated game starting at v if Blue plays S and Red plays optimally, as follows:

_Jrw) veT
fo (U) B {T'min v ¢ T

and for all n > 0:

) = v (v) vel
frar () {;umsw»+n«w>v¢T

Since after a single move has been made in the n + 1-truncated game the
remaining play constitutes an n-truncated game, f,, is indeed the expected payoff
for Blue playing S and Red playing optimally. f,, is bounded and increasing and
therefore converges to a function f satisfying:

o) = v (v) veT
f) {ufww»+fwm>v¢T

Clearly R satisfies these conditions, so if we can show that there is only one such

function, we may conclude that f = R. We won’t go into the details, but a technique
similar to that used in the proof of proposition [34] works here as well.
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FIGURE 3.2.1. A game of Tug of War with n = 3. The Richman
values are written inside the vertices. The terminal vertices are
marked with a double circle.

We've shown that Vv € V, R (v) = limy, o0 frn (v). Now assume that in the full
random-turn game, Blue is playing S and Red is playing some strategy 7. Then for
every n vgr (v) > fn (v), and so vsp (v) > limy, o0 fr (V) = R (v), as desired. O

REMARK. In [I0], an alternate approach is provided to proving uniqueness
of the Richman function for win-or-lose games: First, the analog of theoremi35|
is established for any Richman function (similarly to theorem . Assuming,
for a contradiction, that two different Richman functions exist for a given game,
this would mean that there are two contradicting values to the game. Hence the
Richman function is unique.

It is not clear to us whether this approach can be adapted to work in the case
of multi-valued games as well. In order to prove the analog of theorem [35] without
using the uniqueness of Richman functions, the authors consider Richman games
rather than random-turn games. Richman games do not generalize as nicely to the
multi-valued case (see section , and we do not know whether the reliance on
Richman games can be replaced with random-turn games.

COROLLARY 36. If G is a win-or-lose game (v (T) = {—1,1}), then the proba-
bility that Blue wins an optimally-played game of random-turn G starting at v € V.
18 %.

3.2.2. Optimal Play as a Random Walk. Theorem [35] describes a class
of optimal strategies for random-turn combinatorial games. If S and T are such
strategies for the two players, we can define the optimal-play graph (V, E,,:), where
Eopt is the set of all edges that may be taken during optimal play, i.e. for every
ve VAT, (v,S),w, T () € Eopt. Gopt = (V, Eopt, T, v) is a combinatorial
game, and S and T are optimal strategies for its random-turn variant. If we start
an optimally-played game of G at v € V, the game is simply a random walk on G
until 7" is reached. This observation enables us to describe some optimally-played
games.

ExampLE 37. Tug of War: Tug of War is played on a graph with n+2 vertices,
arranged in a path (see figure [3.2.1)). If the vertex set is {vg,v1,...,Upn, Unt1} then
T ={vo,vnt1}, v (v0) = =1, (vp41) = 1, and forevery 1 < i < n ,(v;,v,-1), (v, Viy1) €

E = Ep = Egi. The Richman values R (v;) form an arithmetic progression:
R(v;) = n%fl — 1. Blue’s optimal strategy is to move the token to the right when-
ever possible, and Red’s to move it to the left. Since this is a win-or-lose game, the
probability that Blue wins when play starts at v; is % = n%H An optimal

play of Tug of War looks like a random walk on the path of vertices.

3.2.3. Richman Functions for Selection Games. It’s interesting to con-
sider Richman functions for selection games played on a function f, and the re-
lationship of the Richman function to f itself. Here the nodes of the graph are
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the partial assignments of variables, with outgoing edges from each partial as-
signment x; (which hasn’t determined f) to partial assignments that extend x;
by one variable (a blue edge for an assignment of 1, and a Red edge for an as-
signment of —1). Since the Richman value of a node is the expected value of
the game under optimal play starting from the given node, and we know that for
selection games this is equal to the expected value of the function when the un-
determined variables are assigned Bgiformly and independently, we have, for any

partial assignment z;, R(z;) = fls, (#). For any ¢ € [n]\ J, this implies that

Fles ()= 5 (R (z3) = R (7"))-



CHAPTER 4

Richman Games

Random-turn games are formed by taking some combinatorial game and chang-
ing the way turns are allocated. Richman games, named for their inventor David
Richman and first presented in [10], are another way of doing so. As with random-
turn games, there is some underlying combinatorial game. At the start of the game,
Blue and Red are allocated some amount of money (which may not be the same
for both of them). At each turn, the two players bid for the right to decide which
of them will take the turn. The higher bidder pays the amount of his bid to his
opponent, and the player designated to make the next move decides how the token
should be moved. If the bids are equal some tie-breaking mechanism is used to
decide who is considered the auction winner (the player awarded the win must still
pay his bid to his opponent). For simplicity’s sake we’ll assume for the time being
that all ties are awarded to Blue, although we’ll consider other mechanisms as well.
The game ends when the token is moved to a terminal node, with the associated
payoffs going to each of the players. At this point the balance of each player’s bank
account, used for “buying” turns, is discarded (i.e. this money has no value once
the game is over).

In this chapter we will present some results relating to Richman games, mainly
from [I0] and [9], and discuss a surprising relationship between Richman games
and Random-turn games.

REMARK. In [I0] and [9] it is assumed that Ep = Eg. In keeping with this
work’s basic model, we do not require this. However, colored edges introduce the
possibility that neither player desires the next turn (consider the game where the
first person to move loses). Optimal play in this case (which dictates that both
players bid zero) depends heavily on the tie-breaking mechanism. In order to avoid
this complication, we allow the winner of the auction to force his opponent to take
the next turn, following the suggestion of [4]. Thus, it is never a disadvantage
to win the auction. This is in contrast to Richman games as presented in the
aforementioned papers, which require the winner of the auction to take the next
turn. With this modification to the rules, the results carry over to the colored-edge
case.

4.1. Win-or-Lose Richman Games

In [I0] and [9] the discussion is limited to win-or-lose games. The following
summarizes the results therein.

In the following, let G = (V, Eg, Er,T,v) be a win-or-lose game. By this we
mean that v is limited to two values, which WLG are assumed to be {0,1} (in
this we break from our usual custom of allowing Boolean variables to take on the

27
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values {—1,1}. The reason for this will become apparent when we discuss winning
strategies). We also assume WLG that the total money supply is 1.

As might be expected from the name, the Richman function is key in Richman
games. Let R :V — R be the Richman function for G, and let {R,}, .y be the
functions from the proof of proposition In this setting the Richman value of
a vertex v € V represents the critical ratio of the money that Red must have in
order to force a win from v, as formalized in the following theorem (theorem 2.2
and corollary 2.5 in [10]):

THEOREM 38. For any vertex v € V Blue has a winning strategy for the Rich-
man game played from v if Red’s share of the money is strictly less than R (v).
Furthermore, if Red’s share is strictly less than R,, (v) Blue has a strategy that will
guarantee a win within n turns (and the strategy in this case is made explicit in the
proof ).

Similarly, Red has a winning strategy if his share of the money strictly exceeds
R (v), and he can force a win within n moves if his share of the money strictly
exceeds 2R (v) — Ry, (v).

ProOF. We'll prove the claim only for Blue. The claim for Red is deduced by
reversing the roles of Blue and Red, and considering the game G’ = (V, Eg, Ep,T,1 — v),
for which it can be verified that R’ = 1 — R is the unique Richman function and
the functions R), = 1 — 2R + R,, take the place of the functions R,,.

We’ll prove the second part of the claim by induction on n. If n = 0, then
Red’s share is strictly less than Ry (v) only if v € T and v (v) = 1. In this case
Blue has already won, and the claim holds.

Now assume the claim is true for n, and that with the token placed at v Red
has strictly less than R, (v). If v € T this means v (v) = 1 and Blue has already
won, so the claim holds. Otherwise Let R < R, 41 (v) be Red’s share. Blue should
bid |R;} (v) — Ryt (v)| (the assumption that R < R,,11 (v) guarantees that this is
a valid bid). If Blue wins the auction and R; (v) > R, (v) he should move the
token to a blue successor u € V of v s.t. R, (u) = R} (v). If R} (v) < R,; (v)
he should force Red to make the next turn. Either way Red’s balance will have
increased by |R;} (v) — Rp41 (v)| , and the token will be on a vertex u s.t. R, (u) >
Rui1+ |R} (v) — Rpg1 (v)| > R+ |R} (v) — Ryt (v)|. Hence, by the induction
hypothesis, Blue can win within n turns. If Red wins the auction, Red’s balance
decreases by at least |R; (v) — Rp11 (v)|. If Red forces Blue to move, he should
move the token to a blue successor u € V s.t. R, (u) = R} (v). Then, similar to
the previous case, regardless of which player moves the token it will be at a vertex u
s.t. R, (u) is greater than Red’s share of the money, and the induction hypothesis
applies. This completes the proof of the second part of the theorem.

Now, assume Red begins the game with a share strictly less than R (v). R (v)
lim,,_, Ry (v) hence there is some n s.t. Red’s share is strictly less than R, (v
so the second part of the theorem applies and Blue has a winning strategy.

~

)

O

REMARK 39. Note that theorem [38] holds regardless of the tie-breaking method
used when the bids are equal. This mechanism becomes relevant only in the critical
case, where Red’s share of the money is exactly R (v), and 0 < R (v) < 1. In this
case theorem (38| dictates that bidding more than R™ (v) — R (v) will result in one’s
opponent gaining a winning position, thus optimal play dictates that both sides
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bid R* (v) — R (v). The analysis of optimal play thus depends on the tie breaking
mechanism employed:

o If all ties are awarded to Blue (as in [7]), Blue has a winning strategy for
all v € V s.t. R(v) > 0 (that is, iff there is a path from v to some t € T
with v (t) = 1).

e If ties are decided by the toss of a coin (as in [10]), the game reduces to
the random-turn game. If the players play according to theorem [35| then
the expected value of the game is R (v).

o If ties are decided by alternating turns between Blue and Red (as in [9]),
the game reduces to the alternating-turn game.

e With more exotic tie-breaking methods (such as arbitrary mappings from
the set of vertices to the winner in case of a tie bid), the game may not
have a value (see example in [7]).

The connection between random-turn and Richman games is especially strong
in the case of win-or-lose games. In this case the Richman function represents both
the critical ratio of the budget that Red must possess to force a win in the Richman
game (theorem , and the probability of a Blue win in the random-turn game
(because the payoffs are limited to {0,1}, the value of the game is equal to the
probability of Blue winning under optimal play. Thus by theorem [35] the Richman
function is the probability of a Blue win).

4.2. Multi-Valued Richman Games

In this section we consider Richman games with more than two outcomes. Let
G = (V,Ep,Ep,T,v), and let v (T) = {rmin=71<...<7Th = Tmaz}. In this
case the random-turn game is governed by the Richman function of section [3.2.1
However, unlike with win-or-lose Richman games, multi-valued Richman games are
analyzed differently: Using the technique of theorem [38] Blue finds the largest i s.t.
he can ensure the payoff to be at least r;. He then plays according to a strategy
that ensures this. This takes the following formal form:

For each k = 1,...n, we'll define the game Gy = (V, Ep, Eg,T,v;) where

1 v(v) >

7. Let {Ry};_, be the matching Richman functions. Clearly
0 otherwise

v (v) =

1=R; > Ry > ... > R,. Assume, as before, that the total money supply is 1, and
assume that R is Red’s share of the money. Assume the game starts at v € V, and
let k be the largest integer s.t. Ry (v) > R. If Ry (v) > R, then by the discussion
in the previous section the value of the game is r. If Ry (v) = R then the expected
outcome of the game played under the tie-breaking procedure must be weighed
against the fact that there may be some | < k s.t. R;(v) > Ry (v) = R in which
case Blue can force the outcome to be at least r;.

The connection of this analysis to the Richman function of section [3.2.1] isn’t
as strong as in the win-or-lose case. It appears the Richman function of section
doesn’t contain all the information necessary to decide on optimal play of
G as a Richman game. The fundamental difference between Richman games and
random-turn games is that as deterministic games, optimal play of Richman games
depends only on the topology of the graph w.r.t. the terminal nodes, but does not
depend on the actual values of the terminal nodes. In random-turn games optimal
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play takes into account the value of the payoffs as well. For win-or-lose games the
two coincide but for multi-valued games optimal play may be quite different.



CHAPTER 5

Algorithms and Complexity

The preceding chapters gave various characterizations and descriptions of opti-
mal play of random-turn and Richman games. If one desires to actually play a game
well, however, these characterizations are not enough. One must have an efficient
way to compute optimal strategies. This chapter considers algorithms achieving
this as well as their complexity.

In section [5.2] we consider a separate algorithmic question, that of whether
playing a random-turn game is an efficient way to compute a Boolean function.

5.1. Algorithms for Determining Optimal Moves

5.1.1. Selection Games. Theorem 22]tells us that finding the optimal move
in a random-turn selection game is equivalent to finding the variable that maxi-
mizes its degree-one Fourier coefficient. Thus, it’s sufficient to know the values of
the degree-one coefficients. This fact can be leveraged into various algorithms for
choosing optimal moves. In general, direct calculation of the values f (¢) for an n
variable selection game requires evaluating f on all 2" possible inputs. Thus the
naive approach of direct calculation is computationally quite infeasible. For some
games it’s possible to determine the variable with maximal influence in time poly-
nomial in n. For instance, this is the case for generalized tribes functions: Claim [2§]
shows that a variable is an optimal selection iff it’s a member of an undetermined
tribe with the smallest number of undetermined variables. This property can be
tested in time that is polynomial (in fact, linear) in n. While the ability to play
specific games optimally is nice, the ability to play any selection game well is nicer.
We’ll show that for all win-or-lose selection games a simple probabilistic algorithm
exists to find a near-optimal variable in polynomial time (as shown in [18]).

5.1.1.1. Probabilistic Algorithm for Finding Near-Optimal Selection. As ob-
served in [I8], a simple and efficient way to evaluate the degree-one Fourier co-
efficients for win-or-lose games is to randomly sample elements of {—1,1}". This
is because, by definition, f (i) = Egmq—1,137 [f (x) 2;]. f(2)2; can be regarded as
the result of a Bernoulli trial, so we can use a Hoeffding bound in order to re-
late the number of independent samples taken to the probability of deviation from
the expectation. Specifically, if we let S! denote the average of m independent

samplings of f (z) x;, then Pr HS}n — f(z) > 5} < 2exp (fészm). Thus, E% In (%)
independent samplings for each variable are sufficient to ensure that except with

probability 4, the i s.t. S! is maximal is within € of being optimal. Thus a near-
optimal selection can be found with ng% In (%) steps. Replacing € and § with £,

we get that after ZEL; In (2?”) samplings, except with probability £ the selection is
within £ of being optimal. Against an optimal opponent, playing this strategy wins
with probability at least p — e, p being the probability of a win under random play.

31
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We generalize this to the multi-valued case: Let M = max,e;_q,13» |f ()]
Then, again using the Hoeffding bound, Pr HS}n — f(z)} > 5} < 2exp (— ”}\f[z>
Thus, EM2 In (%) samplings for each variable are sufficient to ensure that except with
probability 4, the i s.t. S! is maximal is within € of being optimal. Thus a near-
optimal selection can be found with nEMQ In (%) steps. Replacing ¢ and § with =,

we get that after %?3 In (2?") samplings, except with probability = the selection is
within = of being optimal. Against an optimal opponent, playing this strategy has
expected outcome of at least E [f] — e.

5.1.2. Evaluating Richman Functions. We don’t know, in general, the
difficulty of finding the Richman function R of a game G = (V, Ep, Eg,T,v). In
this section we’ll introduce and discuss several algorithms for this problem that
were first described in [9]. In [9] the algorithms were presented for win-or-lose
games. We generalize them to multi-valued games. We’ll begin with cases for which
efficient algorithms are known, and then introduce a general algorithm, whose exact
complexity we don’t know.

5.1.2.1. Directed Acyclic Graphs. If the graph (V, Ep U ER) is a DAG, the val-
ues R can be calculated by backwards induction on the graph: The leaves of the
graph are exactly the members of T, so their Richman values are known. At each
step find a vertex v € V s.t. all its successors’ Richman values are known. Set
R(v) = 1 (R* (v) + R (v)).

The running time of this algorithm is polynomial in the size of G, so it may
be considered efficient. However, in many cases G itself is very large, and so in
practice the algorithm may not be helpful. For example, every selection game can
be represented as a DAG, yet there may be as many as 3" nodes. Most interesting
functions have a much more compact representation than an exponentially long list,
so this algorithm may not be of much use.

5.1.2.2. Graphs with Small Outdegree and Uncolored Edges. Another special
case is when every vertex has outdegree two or less, and EFg = Eg. In this case,
for every v € V'\ T, let vy, vs be the (possibly non-distinct) successors of v. Then,
as we will show in claim [f1] R is the unique solution of the linear equation

Vo e V, R (u) = {; (R()+R() veT
v(v) veTl
Thus R may be found by solving the linear system, which may be done in time
polynomial in |V].

Note, however, that unlike most of our results, which generalize to the biased-
coin case, this approach only works if the probability of each player winning the
next turn is %

5.1.2.3. Undirected Graphs. One last case for which an efficient algorithm to
compute R is known is that of undirected graphs, that is where £ = Ep = Ep,
and for every v,w € V\T, (v,w) € E <= (w,v) € E. This algorithm is
defined, and its correctness and runtime proved, in theorem 12 in [9]. Although it
is stated there for win-or-lose games only, the construction and proof carry over to
the general case without change. We’ll present here only the algorithm, and refer
the interested reader to the original paper for the proofs.

We’ll need the concept of a partial Richman function (PRF): A PRF R’ for G
is a subgraph (V',E’) C (V,E) s.t. T C V, E' is a set of undirected edges, and
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R’ is a Richman function for (V', E', T, v). Our algorithm will build a sequence of
PRFs with increasing domain s.t. once a value is assigned to a vertex it does not
change in successive iterations. The final PRF in the sequence will be augmented
to a Richman function for G. The algorithm is as follows:
(1) Set (V',E') = (T,0), and R’ = v. (This constitutes a PRF).
(2) If possible, find a path vy, v1,...,v, in G with the following qualities:
® vg, v, € V'
® Uy, ..., Up_1 &V’
® Uy # Uy
e Among all paths satisfying the three preceding conditions, this path
has the highest average slope, i.e. w is maximal.
(3) Ifsuch apathisfound, set V! = V'U{v1,...vp_1}, B = E'U{vgv1, v10a, ..
and for every v;;1 <i<n-—1set R (v;) = wi + R’ (vg). Con-
tinue from step 2.
(4) If no such path is found this means (see proof in [9]) that every vertex in
v € V\ V' is connected by a path not in E’ to a single vertex w € V'. Set
R’ (v) = R (w).
R’ constructed as above is a Richman function for G.

5.1.2.4. Linear Programming Solution for General Games. In the following, for
every v € V \ T, let v be a blue successor of v s.t. R(v") = R" (v), and let v~
be a red successor s.t. R(v™) =R~ (v).

The uniqueness of the Richman function (proposition , together with the
fact that R is defined by means of a system of linear equations and inequalities
(definition , suggest finding Richman functions by means of solving the linear
program given by the equations and inequalities. The problem with this approach
is that the equations themselves, at the outset, may not be known: In general we
can’t know which children of a vertex v € V'\ T maximize and minimize R. In some
cases it isn’t difficult to ascertain this. Notably, if the outdegree of all vertices is
less than or equal to two, v and v~ are simply the two (not necessarily distinct)
successors of v. In this case there is a unique solution to the linear equations (see
section .

In the general case, we must first discover the identity of vTand v~. One simple,
if inefficient, way to do this is to guess: For each v € V\T, we can arbitrarily choose
successors of each color and call them v* and v~. Then attempt to solve the linear
program. If there is a solution, it is the unique Richman function. By iterating
through all possible choices, eventually a correct one will be found and the algorithm
will have discovered the Richman function.

A different approach is to use the functions R,, (from the proof of proposition
31), as follows: Iteratively calculate R,, beginning with Ry. For each vertex v €
V\T let v}, v, be appropriately colored successors of v that achieve R} (v), R,, (v),

n»-n n
respectively. Attempt to solve the linear program:

R(v) = {ig(vb + R (vy) e ;\T

With the constraints:
Yw : (v,w) € Ep, R (w) <
Yw : (v,w) € Er, R(w) >

. 7vn71’0n}7
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If there is a solution, output it and halt. By uniqueness of the Richman function
it’s equal to R. If no solution is found, repeat the process.

We'll first note that this algorithm does always find R: Since R,, converges
to R, at some point the ordering of the values {R, (v)},c, Wwill coincide with the
(weak) ordering of the values {R (v)} at which point R will be found as the
unique solution to the linear program.

The efficiency of this algorithm depends on how quickly the values {R,, (v)},cy
achieve their final ordering. This depends on the speed of convergence of R,, to
R as well as the minimal difference between the values {R (v)}, .. In the general
case where there may be more than two possible payoffs, some of which may be
irrational, we do not know of a good bound for the differences between Richman
values. For the case where the payoffs are rational, we’ll bound these in the following
claims:

CLAIM 40. Let N = |V|—|T|. Then for every n € N,v € V| |R (v) — R, (v)| <
(Tma:r - rmin) (1 - 2_N) I—%J .

PROOF. Recall S (defined in theorem , which is the optimal strategy for
Blue. S is a function from V\T to V. In order to ease notation, in the following we’ll
extend S’s domain to all of V' by setting, for each v € T, S (v) = v. Further, for any
[V — R, recall that f* (v), f~ (v) were defined only for v € V' \ 7. We'll extend
this notation to all of V' as well, by setting, for any v € T, f (v) = f~ (v) = f (v).

Note that R, is the expected value of the n-truncated game when both players
play optimally. f, (from the proof of theorem is the value of the n-truncated
game when Blue is playing S and Red is playing optimally against S. Hence
R(v) > Ry, (v) > fn (v). We'll show by induction that R (v) — f,, (v) satisfies the
above inequality, and so it holds for R (v) — R,, (v) as well:

First, for any n < N, R(v) — fn (v) < Tmaz — Tmin, s0 the bound holds. Now
let n > N. Note that if Blue wins N coin tosses in a row, the game surely ends, i.e.
SN (v) € T for any v € V. Hence, no more than N coin tosses will occur without
either the game ending or Red winning one of the tosses. Using the law of complete
probability, we can rewrite the expected outcome of the game:

N
R(v)=Y_ 2""R™ (S (v)) + 27 VR (S" (v))
m=1
N
Fa0) =327 (S () + 27N o (SN (0)
m=1

Since S (v) € T, we can rewrite the last equality as:

veV?

N
Fo(@)= 27" (577 (0) +27VR(SY (v)

m=1

By using the induction hypothesis, we can write:

N n—m
Fu) 2 Y2 (B (™ 0) = (s = i) (1= 27 T ) 2V (57 ()

Hence:

Fu(0) 2 R(0)~(mas = rin) (1= 27T (12 27%) = RO0) (s = i) (1= 27 1
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which gives the desired inequality. (]

The next step is to bound the differences between the values {R (v)} To
do this we’ll need the following notation and two claims:

Recall the graph of optimal play Gope = (V, Eopt), where (v,w) € Egp iff
w =S8 ) orw=T(v) (with S and T being the optimal strategies for Blue and

Red respectively, described in theorem . Let A be G,pt’s adjacency matrix.

veV:

CLAIM 41. R is the unique solution of the linear system:

v (v) veTl

Yo e V,R(v) = {é(R(W+)+R(”_)) vgT

Note that proposition [34] shows that R is the unique Richman function. How-
ever, this does not preclude the possibility that the linear system has multiple solu-
tions, only one of which satisfies the definition of a Richman function (in particular,
perhaps R (vt) # R™ (v) for some solution to the linear system).

The fact that the linear system has a unique solution was used implicitly in [9],
but no proof was provided.

PRrOOF. Since with optimal play G ends with probability one, G,,: has the
property that every random walk (with the uniform distribution on the (at most
two) outgoing edges of every node) almost surely reaches T'. For every n € Nyv € V,
the sum of the entries in the row corresponding to v in A™ is the number of walks
of length n starting at v that do not reach T in n — 1 steps or less. Let n be large
enough such that with non-zero probability, a random walk on G, starting at any
vertex reaches T in n — 1 steps or less. Then the ¢! norm of each row of A" is
strictly less than 2". Since the spectrum of a matrix is bounded by the maximal ¢
norm of one of its rows, this implies that 2™ isn’t an eigenvalue of A™, and thus 2
isn’t an eigenvalue of A.

Now, note that the system of linear equations can be written as R = %AR +r,
which is equivalent to (2I — A) R = 2v. Since 2 isn’t an eigenvalue of A, 2I — A is
invertible and the system has a unique solution. (I

Cram 42. If v(T) C Z then for every uw,v € V, if R(u) # R(v) then
NS
IR (u) — R (v)| > <2|T|67) .

Proor. First note that any vertex with exactly one successor may be elimi-
nated from the equation, as its value must equal its successor. Thus (once these
vertices have been eliminated, repeating the process if necessary) , every row in A
is either all Os (if the row corresponds to a terminal node) or else all 0s except for
two 1s.

Since R is the unique solution to the system (2 — A) R = v, the solution can
be found by Cramer’s rule. Hence:

|det (M,)]
R =
RO = et @r = 2]

Where M, is 2I — A with v having replaced v’s column. The absolute value of
the determinant of a matrix is bounded above by the product of the norms of its
rows. In this case, 2I — A has |T'| rows of norm 2, and the remaining rows have norm
62. Thus |det (21 — A)| < 2716 . M, is an integer valued matrix. Hence det (M,)
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FIGURE 5.2.1. An influence-based construction of a decision tree
for a level-2 And-Or function.

is a whole number. Therefore R (v) — R (u) is a multiple of |det (2I — A)| ™", so if
oy —1
R(u) # R (v), |R(v) — R (u)| > <2|T|67) . O

COROLLARY 43. If v (T) C Q, let Q be the least positive integer s.t. Qu (T) C
-1
Z. Then for every u,v € V, if R(u) # R (v), |R(u) — R (v)| > (Q2‘T‘6%) .

PrOOF. The previous claim holds for the vector QR, and the bound follows.
O

Putting the above together, we can finally give a bound on the algorithm’s
runtime. If n = O (2NN (IV] +1og ((rmaz — Tmin) Q))), the order of the values

{Ry (v)},cy Will coincide with the order of the values {R (v)},c . For the special

case of win-or-lose games, we get the bound O (2IV!|V|?).

Unfortunately, this bound is exponential. However in [9] the authors report
that for win-or-lose games the algorithm does very well in practice. Note that the
problem of finding a Richman function for a win-or-lose game is in NP. Thus

it would be difficult to show that the bound of O (2"/‘ |V|2) is tight. On the

other hand we have not shown that the problem is N P-hard, and indeed it may be
possible to find a polynomial-time algorithm.

5.2. Optimal Play of Random-Turn Selection Games as Decision
Procedures

As laid out in section for every selection game f : {—1,1}" — R there
exists a pure strategy S that is optimal for both players. S induces a decision tree
for calculating f: At each stage, query S (x ;) where z; is the partial assignment of
the variables queried so far. Repeat this until enough variables have been queried
to determine the value of f. We’ll call this the influence-based construction
of a decision tree for f. Figure illustrates this for a level 2 And-Or tree (see
example [25| for the definition).
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Ficure 5.2.2. Two decision trees for the function
z z=-1 A N .
f<x,y,z>{y e =0 = fw) = b A
left is the influence-based construction of a decision tree for f
with expected complexity g At right is a more efficient decision

tree, with expected complexity 2.

Let T be an influence-based construction of a decision tree for f. The question
arises of of how the expected complexity of 7" compares with the expected decision
tree complexity A (f) (see deﬁnition. Propositions andare, in effect, lower
bounds on A (f). Example [27] demonstrates that for generalized tribes functions, T'
achieves A (f), and is therefore the most efficient decision tree (in terms of expected
running time) calculating f.

A far-reaching conjecture would be that for any Boolean f, T is the most effi-
cient decision tree computing f. This is certainly false for non-monotone functions:

=-1
Consider the function f(z,y,z) = v L Figure [5.2.2] illustrates how the
y z=

conjecture fails for f. This leaves open the possibility that for monotone functions,
the decision tree induced by optimal play indeed achieves A (f). This is related to
the question of whether the influence-based construction is the smallest (in terms
of the number of leaves) decision tree for a monotone function. The latter was
conjectured for win-or-lose functions in [3], where it was also reported, based on
computer experiments, that this is indeed the case for all monotone functions of
six variables or less. In [18], the question of whether the influence-based construc-
tion achieves the expected decision tree complexity for Hex and Recursive Ternary
Majority (example [44) was left open.

Of these questions, we do not know the answer to the one regarding Hex.
However it turns out that for level-2 Recursive Ternary Majority there is a more
efficient decision tree than the influence-based construction, both in terms of ex-
pected number of input bits read as well as the number of leaves. This disproves the
conjecture in [3], and answers the more general conjecture regarding the relation
between influence-based constructions of decision trees for monotone functions and
their expected decision tree complexity.
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FIGURE 5.2.3. A level-2 Recursive Ternary Majority tree.

EXAMPLE 44. Recursive Ternary Majority: Let maj : {—1,1}> — {~1,1}
be the function returning the value of the majority of its input bits. The level-n Re-
cursive Ternary Majority function, f, : {—1, 1}3n — {—1,1}, is defined recursively
as follows:

folx)=2x

fn+1 (LC) = maj (fn (.’L’l, N ,5[,'371) 7f (1'3714,1, N 71}2.3n) s f (.’E2.3n+17 N ,{E3n+1))

fn+1 can be thought of as a ternary tree, with the root labeled by the majority
function, and each of the three children the root of an f, tree. fy is a leaf labeled
by a single variable (see figure .

These functions were given in [19] (where they were attributed to Ravi Bop-
pana) as examples of functions for which the deterministic decision tree complexity
is provably less than the randomized decision tree complexity. The exact random-
ized complexity is an open problem: the best known bounds are O (2.64946™) ([12])
and Q (2.55") ([11]) for the level-n Recursive Ternary Majority function.

We’ll use the bounds of propositions and to lower-bound A (f,,): The
symmetries between input variables allow us to conclude that all variables have
the same influence. We also observe that z; is pivotal in f,; iff it’s pivotal in
fo(x1,... x30) and fp, (Tgng1,...,22.37) # fn (T23n41,...,T30+1) (e iff it’s piv-
otal in the leftmost f,, child of the root and the other two children evaluate to differ-
ent values). These events are independent, and the second occurs with probability
%. As this is a monotone win-or-lose function proposition |[18| applies, and ﬁ (1) is
equal to the probability of x1 being pivotal. This yields the following recursion for-
mula: f/n; (1) = %ﬁ(l) Since fo (1)=1, ﬁ(l) = 27", The function is balanced,
hence Var [f,] = 1. There are 3™ variables, hence the lower bound on the expected

37L 2 2n
number of input bits read from proposition [23| is (ZE(Z)> — (;) = ()"
i1

o

and the bound from proposition [24] is 2.

Theorem [26] describes the recursive nature of optimal play of And-Or trees.
If optimal play of Recursive Majority followed a pattern similar to optimal play
on And-Or trees, in the sense that once a variable had been played in a subtree
optimal play would remain in the subtree until it was determined, the expected

number of turns in optimal play would be (i)n: First the two leftmost trees would

be evaluated, and if they disagree (an event that occurs with probability %) the
third tree would be evaluated as well (this algorithm also demonstrates that (%)n
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FIGURE 5.2.4. A partially played game of level-2 recursive ternary
majority, with both players playing optimally. Blue won the first
two coin tosses, and selected x1 and x5. This determined the left-
most subtree. Red won the third toss and selected z4. Let z;

T

be this partial assignment. The influences are now: fl,, (5) =
fley (6) = 1 and flo, (T) = flo, 8) = fla, (9) = §. Hence the
optimal next selection is one of x7, xs, zg, none of which are in the
second, partially determined, subtree. Thus optimal play doesn’t
necessarily follow a recursive pattern similar to And-Or trees.

is an upper bound on the expected decision complexity of f,,). However, this is not
the case, as figure illustrates.

Regarding the efficiency of the influence based construction, it’s clear that the
expected deterministic complexity of fi = maj is 2.5, which is also the complexity
of the influence-based construction. We used a computer to construct both the
influence based construction and the optimal decision tree for fo (these are given

in appendix . The influence-based construction reads % input bits on average

whereas the optimal construction reads only 36%. Furthermore, the influence-based
construction has 120 leaves in the decision tree, whereas the optimal construction
(in terms of expected bits read) has only 116. This shows that the influence-based
construction of a decision tree need not be optimal, either in expected number of
bits read or in the size of the tree.

We can’t say much about the expected complexity of the influence-based con-

struction for f,,. We note, however, that the fact that the optimal construction for

393

f2 is expected to read 3

bits on average gives an upper bound of O ((%)%)

(y/32 ~ 2.47 < 2 so this is an improvement on the “simple” recursion described

above), with the following algorithm: If n is even recursively evaluate the subtrees
of depth two in the order dictated by the optimal tree for f5. The expected number

n=2
of subtrees evaluated is %, and each one requires reading O ((%) 2 ) bits on
average. Thus the expected number of bits read is O ((%)%). If n is odd the

bound may be achieved by evaluating all three subtrees (noting that the depth one
subtrees are of even height), which achieves the same asymptotic bound.

To summarize, we’ve shown a lower bound of 2.25™ and an upper bound of
~ 2.47" on the expected number of queries required to evaluate f,, n even, with
the uniform distribution on inputs. For n odd, the upper bound should be replaced
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with &~ 3-2.47"~1. Tt would be interesting to know what the expected deterministic
complexity of f,, is exactly.



CHAPTER 6

Future Work

The foregoing work opens several doors for consideration in the future. One
avenue is to consider other variations on the turn-allocation mechanism. For exam-
ple one may consider the Poorman variant of Richman games, where the highest
bidder pays his bid to the bank. Many such variants, including Poorman games,
have already been discussed in [9]. For many of these the analysis is quite similar to
Richman games, although some variants (for instance, allowing the players to place
negative bids) may result in drastically different game play. It would be interesting
to know if new variants exist, that are either interesting in their own right as games
or else whose analysis proves interesting.

Another possibility is to relax the definition of a combinatorial game: In partic-
ular, we did not allow probability to play a part in the definition of a combinatorial
game. We may generalize the definition of a combinatorial game and associate
with each non-terminal vertex a probability distribution on the subsets of outgoing
edges. Thus, once a player has won the right to move, the moves available to him
are chosen according to the probability distribution on the current vertex. In this
way, we may analyze (for example) random-turn Backgammon.

We may also consider different notions of winning. For example, in [I3] the
author considers infinite turn-based games played on Biichi automata (which are,
in particular, finite graphs). Blue wins iff the infinite play is accepted by the
automaton. It would be interesting to analyze random-turn and Richman variations
on such games.

Can we say more about the expected length of random-turn selection games?
This can be asked both about specific games such as Hex and Recursive Ternary
Majority, and as a general question: We’ve shown that the influence based con-
struction of a decision tree is not necessarily optimal, either in expected number of
queries or in space. What more can be said about such constructions?

Finally, and perhaps most interestingly, there are the algorithmic questions
associated with optimal play: We have not been able to show an efficient algorithm
for finding the Richman function of a general graph. On the other hand, this
problem is in NP. Is it in fact N P-complete?
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APPENDIX A

Influence-Based and Optimal Decision Trees for
Level-2 Recursive Ternary Majority

This appendix supplements example [I4] and demonstrates that the influence-
based decision tree for level-2 recursive ternary majority is less efficient, both in
terms of space and in terms of expected number of bits read, than the optimal de-
cision tree. To this end, we display two diagrams: figure shows the influence-
based decision tree, while figure [A.0.2] shows a decision tree that is more efficient
both in both of the above senses (it is, in fact, optimal in terms of expected number
of bits read, but we will not prove this).

The level-2 recursive ternary majority function has nine input bits, resulting in
a fairly large tree. To reduce the size of the diagrams, we take advantage of the sym-
metries between Blue and Red, as well as those between the input bits, and assume
WLG that Red has won the first coin toss and selected x;. Thus, the diagrams
actually show decision trees for the function f(xa,...,2,) = fo(—1,29,...,29).
In effect, we are showing non-optimality of the influence based construction for a
function of eight variables. Internal nodes in the decision tree are marked with a
single circle, with the variable to be queried written inside. Leaves are marked with
a double circle, with the identity of the winner (1 for Blue, —1 for Red) written
inside.

As may be verified directly, the expected number of input bits read in the
influence-based construction is %, whereas in the second construction it is %,
showing non-optimality in terms of expected number of bits read. With regard to
number of leaves, the influence-based tree has 120 leaves, whereas the second tree
has 116 leaves.
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FIGURE A.0.1. Influence based construction of a decision tree for

the function f(za,...,2,) = fo(=1,z2,...,29). The expected
332

number of bits read is %, and the number of leaves is 60.
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