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Abstract. This paper concerns the intersection numbers of tautological classes
on moduli spaces of parabolic bundles on a smooth projective curve. We show that
such intersection numbers are completely determined by wall-crossing formulas,
Hecke isomorphisms, and flag bundle structures and resulting Weyl symmetry.
As applications of these ideas, we prove the Newstead–Earl–Kirwan vanishing
– and a natural strengthening in terms of Chern filtrations – and the Virasoro
constraints for parabolic bundles. Both of these results were already known for
moduli of stable bundles without parabolic structure, but even in those cases our
proofs are new and independent of the existing ones. We use a Joyce style vertex
algebra formulation of wall-crossing, and define intersection numbers even in the
presence of strictly semistable parabolic bundles; all of our results hold in that
setting as well.
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1. Introduction

Let C be a smooth projective surface and let Mr,d be the moduli space of stable

vector bundles on C of rank r and degree d, where r ě 1, d P Z are coprime integers.

The moduli spaces Mr,d, and in particular their topology and their intersection

theory, have been a topic of interest for more than 50 years. Let us mention, in a

non-exhaustive way, some of the results that motivate the present paper.

Newstead [New] (in rank 2) and Atiyah–Bott [AB] (in higher rank) identified a

set of generators for the cohomology of Mr,d, which we will refer to as descendents,

or tautological classes. Two natural questions arise: what are the relations among

descendents, and what are their intersection numbers. Both questions have been

completely answered in the 90s. The study of relations culminated in the proof

[EK2] that the set of Mumford relations is complete.

The question of determining intersection numbers – which we also refer to as

“integrals” – of descendents was first solved in rank 2 by Thaddeus [Tha1] and

Donaldson [Don]. Thaddeus proved his formula for integrals of descendents as a

consequence of the Verlinde formula for the number of sections of determinant line

bundles. Witten [Wit] proposed a formula for such integrals in arbitrary rank,

which was later proved by Jeffrey–Kirwan [JK].

In this paper we propose a different approach to determining integrals on moduli

spaces of bundles and, more generally, on moduli spaces of parabolic bundles [Ses,

MS]. Given a marked point p P C, a parabolic bundle on pC, pq is essentially a

vector bundle V on C together with a flag on the vector space Vp (and also a

choice of weights). Parabolic bundles can be thought of as vector bundles on an

orbifold curve where we introduce a sigularity at p via a root stack construction

[Bis]. It turns out that enriching bundles by adding a parabolic structure is very

profitable: it introduces new features, namely wall-crossing, Hecke modifications,

and Weyl symmetry, that allow us to completely determine all the integrals. This

statement is the content of Theorem A, which we call the reconstruction theorem.

It is analogous and greatly inspired by the recent proof of the Verlinde formula by

Szenes–Trapeznikova [ST].

Although we do not pursue explicit formulas for the integrals, in principle these

can be extracted from the reconstruction theorem. We give two applications of

these ideas, namely a proof of the Newstead–Earl–Kirwan vanishing for parabolic

bundles – and a natural generalization in the context of Chern filtrations –, and the

Virasoro constraints for parabolic bundles proposed in [Mor2].

1.1. Main results. Given r P Zě1, d P Z, f‚ “ pf1, . . . , fl´1q and a choice of

weights

0 “ c0 ă c1 ă c2 ă . . . ă cl ă cl`1 “ 1 ,
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we have a moduli space Mr,d,f‚
pcq parametrizing c-semistable parabolic bundles

with rank r, degree d and dimension vector of the flag f‚. We often write α for the

data pr, d, f‚, cq and Mα “ Mr,d,f‚
pcq. For appropriate choices of α (which we call

regular), all the semistable objects in this moduli space are stable, in which case

Mα is a smooth projective variety of dimension

dimMα “ r2pg ´ 1q ` 1 `

l
ÿ

i“1

fi´1pfi ´ fi´1q .

There is a natural way to construct tautological classes (also called descendents)

on the cohomology of the moduli spaces Mα. Indeed, such moduli spaces carry a

universal rank r vector bundle V on Mα ˆ C, and a universal flag

0 “ F0 Ď F1 Ď . . . Ď Fl “ V|Mαˆtpu

of vector bundles on Mα. The tautological classes that we consider are the Kunneth

components of the Chern classes of V and the Chern classes of Fi. It is well known

that these generate H˚pMαq as an algebra. We refer the reader to Section 2 for

more detail on parabolic bundles, stability, moduli spaces and tautological classes.

In this paper we are interested in intersection numbers of tautological classes, i.e.

(1)

ż

Mr,d,f‚ pcq

D

whereD is a polynomial in the classes described before. Our main result is that such

numbers can be fully reconstructed from some key properties of parabolic bundles:

Theorem A (Reconstruction theorem). Integrals of descendents (1) over moduli

spaces of semistable parabolic bundles are completely determined by the following

properties:

(0) The rank r “ 1 case, i.e. integrals over the Jacobian M1,d;

(1) The wall-crossing formula (7);

(2) The flag bundle formula (11) and Weyl anti-symmetry (15);

(3) The Hecke compatibility (13).

The theorem will be proved in Section 7.3. We will briefly explain what (1), (2)

and (3) mean, and the key ideas in the proof, in Sections 1.2 and 1.3. This theorem

is inspired by the proof of the Verlinde formula given by Szenes–Trapeznikova [ST]

(see also [Tra]), which is itself inspired by work of Teleman–Woodward [TW].

Remark 1.1. We hope that the reconstruction theorem will lead to a new proof of

the Witten–Jeffrey–Kirwan formulas for integrals on Mr,d as iterated residues, and

to a generalization of those to parabolic bundles. Once there is a proposal for a

formula for any moduli space of parabolic bundles, showing that it is correct just

amounts to showing that it satisfies the same properties (0)-(3).



4 MIGUEL MOREIRA

As an application of these ideas, we prove two vanishing results for intersection

numbers on moduli spaces of parabolic bundles. The first is addressed in Section 8,

and is related to a conjecture of Newstead, which was proved for moduli spaces

of semistable bundles by Earl–Kirwan [EK1] (based on the integral formulas from

[JK]). For parabolic bundles, a non-optimal result of the same type was proved by

Gamse–Weitsman [GW] with a more direct geometric/combinatorial argument.

We state our result in terms of the Chern filtration (see Definition 8.1). In the

case of bundles, this formulation already appears in [LMP, Theorem 0.2, Corollary

1.7, Proposition 1.8], where a proof is given following [EK1].

Theorem B (=Theorem 8.2). If D is a product of tautological classes with Chern

degree ď dimMα ` rpg ´ 1q, then
ż

Mα

D “ 0 .

Moreover, if D has Chern degree dimMα ` rpg ´ 1q ` 1, then

p´1q
pr´1qd

ż

Mα

D

does not depend on d and on c.

We refer the reader to Section 0.3 and Remark 1.11 in [LMP] for a discussion

concerning the relevance of the Chern filtration and on how this result is analo-

gous to expected properties of moduli spaces of 1-dimensional sheaves on del Pezzo

surfaces.

A consequence of this result (cf. Corollary 8.3) and Poincaré duality is the coho-

mological vanishing

(2) ck1pFj1q . . . ckmpFjmq “ 0 P H˚
pMr,d,f‚

pcqq

for any ki ě 0 such that1

k1 ` . . . ` km ě dimMα ´ rpg ´ 1q

and ji P t1, 2, . . . , lu.

The next application is a proof of the Virasoro constraints for moduli spaces of

parabolic bundles. The Virasoro constraints are a set of linear relations among

integrals of tautological on different moduli spaces.

Theorem C (=Theorem 9.3). Every moduli space of parabolic bundlesMα satisfies

the Virasoro constraints.

1For full parabolic bundles we get vanishing when the sum of the ki is at least rpr´1qg´
`

r
2

˘

`1.
The vanishing of [GW, Theorem 1.6] is the same, except that they only show it when the sum of
the ki is bounded below by rpr´1qg´ r`2, so our result is stronger for r ą 2. Indeed, our bound
is optimal, see Remark 8.4.
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Virasoro constraints for moduli spaces of sheaves and related objects have been

investigated in [MOOP, Mor1, vB, BLM, Boj, LM]. The constraints for moduli

spaces of bundles on curves, which are also a particular case of Theorem 9.3, were

proved in [BLM]. The parabolic version was formulated in the author’s thesis

[Mor2]. A path of proof was sketched in loc. cit.; there, the proof suggested was

by reducing to the case of bundles. However, the present proof does not depend on

the case of bundles, and therefore is independent of the argument in [BLM] (but it

does rely on the ideas there, most notably the wall-crossing compatibility).

Remark 1.2. Parabolic bundles with weights in 1
N
Z correspond to orbibundles on

the root stack C “ N
a

pC, pq, which introduces an orbifold singularity locally looking

like rC1{ZN s at the point p. In particular, the Virasoro constraints for parabolic

bundles are the first instance of Virasoro constraints for sheaves on orbifolds. Note

that if I “ 1
N
Z X r0, 1s then the vector space HIpCq defined in Section 2.3 can be

naturally identified with the orbifold cohomology of C. This hints that, in general,

the orbifold descendents should be modeled in the orbifold cohomology. This is

also what Lin proposes in [Lin, Definition 5.23], in the context of Pandharipande–

Thomas invariants for orbifolds of dimension 3.

1.2. Wall-crossing, Joyce style vertex algebras, and stable‰semistable.

One of the key aspects of parabolic bundles, with particular importance in the

present paper, is wall-crossing. By wall-crossing we mean the dependence of the

moduli space Mr,d,f‚
pcq, and associated invariants (1), on c. The weight vector c can

be regarded as a stability condition; indeed, Mr,d,f‚
pcq is constructed as a GIT quo-

tient where the linearization is determined by the choice of c, cf. Section 2.2.1. The

space of possible weight vectors c (later denoted by Sr,d,f‚
) admits a wall-chamber

decomposition; i.e., there are finitely many codimension 1 walls that partition the

space of stability conditions into chambers, and the moduli space Mr,d,f‚
pcq is the

same when c varies within a chamber, but might change when a wall is crossed.

We say that c (or, equivalently, α “ pr, d, f‚, cq) is regular if it does not lie in any

wall, in which case there are no strictly c-semistable sheaves, and the moduli space

Mr,d,f‚
pcq is smooth and proper.

In Section 4, we prove Theorem 4.8 (see also Theorems 4.4 and 4.5), which

provides a wall-crossing formula for integrals of tautological classes in moduli spaces

of full parabolic bundles, i.e. when f‚ “ p1, 2, . . . , r ´ 1q. Full parabolic bundles

have the advantage that generic weight vectors c are regular. In concrete terms,

letting α “ pr, d, f‚, cq and α1 “ pr, d, f‚, c
1q, the wall-crossing formula expresses the

difference
ż

Mα

D ´

ż

M 1
α

D

between integrals of tautological classes D P Dpar (see Section 2.3) over moduli

spaces defined with respect to two different regular stability conditions c, c1 as a
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sum of integrals over product of moduli spaces of parabolic bundles of smaller rank
ż

Mα1ˆ¨¨¨ˆMαl

l ;

the sum runs over some of the partitions2

α “ α1 ` . . . ` αl ,

and the tautological classes l inside the integrals are determined from D by an

explicit formula.

Following Joyce, we write the precise wall-crossing formulas (in particular, de-

scribing l) using the vertex algebras Vpar and Vpar
tr , and the corresponding Lie

algebras qVpar and qVpar
tr . The vertex algebra Vpar is exactly the vertex algebra

constructed from the C-linear exact category of parabolic bundles following [Joy1,

Joy3]. On the other hand, Vpar
tr is defined more concretely in terms of the descendent

algebra and it is isomorphic to a lattice vertex algebra. Note that Vpar is naturally

a vertex subalgebra of Vpar
tr (cf. Proposition 3.2) and qVpar is a Lie subalgebra of

qVpar
tr . For regular α, the moduli space Mα defines a class

rMαs P qVpar
Ď qVpar

tr

containing information about integrals
ż

Mα

D

of tautological classes D P Dpar (see Section 2.3). The wall-crossing formula ex-

presses the difference between two such classes in terms of Lie brackets of lower

rank classes.

An important feature of Joyce’s wall-crossing theory, which is also present here,

is that one also defines classes rMαs for non-regular α, which amounts to giving a

meaning to the integrals (1) when c is non-regular. Such classes may appear in the

wall-crossing formula, even between regular stability conditions. Our main results –

Theorems A, B and C – apply to non-regular weights when interpreted in this way.

Our definition of rMr,d,f‚
pcqs utilizes full parabolic bundles, where we can always

perturb a non-regular c to a regular c. We prove in Theorem 5.7 that our definition,

in the particular case of bundles Mr,d (when gcdpr, dq ‰ 1 every c is non-regular),

agrees with Joyce’s.

Remark 1.3. In his work, Joyce considers families of stability conditions on a

fixed exact category. The nature of parabolic bundles, however, is different. The

weight vector is part of the data of a parabolic bundle, and there is only one sta-

bility condition. Even if c, c1 are in the same chamber, the moduli spaces Mr,d,f‚
pcq,

2A partition of α is the same as the data of partitions

r “ r1 ` . . . ` rl, d “ d1 ` . . . ` dl, t1, . . . , ru “ J1 \ . . . \ Jl ,

with |Ji| “ ri.
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Mr,d,f‚
pc1q technically parametrize different parabolic bundles3 because they have

different weights; indeed, the objects that they parametrize even have different

classes in the K-theory of parabolic bundles. Hence, Joyce’s setup does not imme-

diately apply to parabolic bundles, although most of the ideas adapt easily with

minor modifications, for instance requiring the wall-crossing formulas to hold only

after forgetting weights (cf. Definition 4.3).

1.3. Flag bundles, Hecke isomorphisms and (affine) Weyl symmetry. We

now briefly explained the remaining structures mentioned in the formulation of

Theorem A.

1.3.1. Flag bundles. Often, there are flag bundle maps between different moduli

spaces of parabolic bundles. The simplest example is when gcdpr, dq “ 1; if c is

a small stability condition, meaning that ci`1 ´ ci ! 1, then a parabolic bundle

pV, F, cq with rank r and degree d is stable if and only if V is stable. In particu-

lar, there is a morphism Mr,d,f‚
pcq Ñ Mr,d that forgets the data of the flag. See

Proposition 5.1 for a more general statement. The intersection theory of the total

space of a flag bundle can be related to the intersection theory of the base. This

observation reduces Theorems A, B and C to the case of full parabolic bundles.

1.3.2. Weyl symmetry. The Weyl (anti-)symmetry appears when we consider a full

flag bundleM full
r,d pcq Ñ Mr,d. As we explain in Section 6, the cohomologyM full

r,d pcq ad-

mits an action of the symmetric group Σr which permutes t1, . . . , tr P H2pM full
r,d pcqq;

these classes ti are the first Chern classes of the line bundles Fi{Fi´1 obtained as

successive quotients of the universal flag. Another consequence of the flag bundle

structure is the anti-invariance of the integration functional:

(3)

ż

M full
r,d pcq

σ ¨ D “ p´1q
sgnpσq

ż

M full
r,d pcq

D

for any σ P Σr and D a polynomial in tautological classes. See Proposition 7.2

and 7.3. This anti-invariance property is what we mean in (2) of Theorem A.

1.3.3. Hecke isomorphisms. The last ingredient in the reconstruction theorem are

the Hecke isomorphisms, which we discuss in Section 6. A feature of full parabolic

bundles is that moduli spaces of parabolic bundles with different degrees are iso-

morphic, provided we change the weights accordingly. The basic idea behind this

fact is the construction of Hecke modifications. If pV, F‚q is a parabolic bundle,

then
rV “ ker

`

V Ñ Vp Ñ Vp{Fi

˘

3They parametrize the same quasi-parabolic bundles. But, crucially, quasi-parabolic bundles
do not form an exact category – there is no natural notion of morphisms or subobjects for quasi-
parabolic bundles, for instance – and in particular the homology of the stack of quasi-parabolic
bundles does not have a natural vertex algebra structure.
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is a new vector bundle of degree degpV q ´ r ` dimpFiq which inherits a para-

bolic structure from V . Such Hecke modifications preserve stability as we show

in Lemma 6.6. The upshot of Section 6 is Corollary 6.7: given a rank r, two degrees

d, d1 and a stability condition c then we can always find another stability condition

c1 such that

M full
r,d pcq » M full

r,d1 pc1
q .

1.3.4. Affine Weyl symmetry. One insight from [TW, ST] is that by combining

Hecke isomorphisms and the Weyl symmetry we obtain a much larger group of

symmetries, namely the affine Weyl group. Consider the following diagram, where

c, c1 are small stability conditions and c2 is so that we have an Hecke isomorphism

as explained above.

M full
r,1 pcq M full

r,1 pc2q M full
r,´1pc

1q

Mr,1 Mr,´1

Σr

wall-crossing

flag bundle

rΣr

Hecke

Σr

flag bundle

The flag bundle structures imposes the Σr anti-invariance of the integral func-

tionals on M full
r,1 pcq and M full

r,´1pc
1q. Using the Hecke isomorphism, we obtain anti-

invariance of the integral functional on M full
r,1 pc2q with respect to a different action

of the symmetric group, which we now denote by rΣr; this action is obtained from

conjugating the Σr action by the Hecke isomorphism.

When the two groups Σr, rΣr are put together by regarding both as groups of

automorphisms of the formal descendent algebra Dqpar, they generate a much larger

group, the affine Weyl group of slr (see Remark 7.5).

Example 1.4. Consider the two actions of the symmetric group Σ2 and rΣ2 on the

lattice Z, generated by the involutions x ÞÑ ´x and x ÞÑ 1 ´ x, respectively. Then,

Σ2 and rΣ2 generate the entire group of automorphisms of Z, consisting of reflections
and translations. This is isomorphic to the affine Weyl group of sl2.

1.3.5. Proofs of main results. The proof of the reconstruction theorem uses induc-

tion on r. Using wall-crossing, the Hecke operators and the flag bundle structures,

it is enough to determine integrals on M full
r,1 pcq. The proof of the reconstruction

theorem then boils down to an algebraic fact that we prove in Proposition 7.4. If it

were the case that c, c2 were in the same chamber of Sr,d, the functional
ş

M full
r,1 pcq

D

would be anti-invariant with respect to the actions of both Σr, rΣr and hence Propo-

sition 7.4 would say that all the integrals vanish. Although this is never the case,
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wall-crossing gives the difference between integrals
ż

M full
r,1 pcq

D ´

ż

M full
r,1 pc2q

D “ lower rank invariants

on the two moduli spaces, so Σr anti-invariance for M full
r,1 pcq and rΣr anti-invariance

for M full
r,1 pc2q are still enough to recover the integrals over M full

r,1 pcq.

The proofs of Theorems B and C follow a strikingly similar strategy. In both

cases, induction on r and the wall-crossing formula are used to first show a wall-

crossing independence statement, and then the affine Weyl anti-symmetry is used

to show vanishing. In both cases we need a result showing compatibility with

wall-crossing; for compatibility with the Chern filtration, that is the content of

Lemma 8.7, and for the Virasoro constraints such statement is already known from

[BLM]. Compatibility with Hecke operators and the flag bundle morphisms are also

necessary. In that regard, the flag bundle compatibility for the Virasoro constraints

is the most subtle part, and it is shown in Theorem 9.7, using an identity from

[KLMP, Appendix A].

1.4. Rank 3 example. Let us illustrate some of the structures explained above

when r “ 3. We encourage the reader to come back to this example while reading

Sections 4 to 7.

We first consider the case of full parabolic bundles with rank 3. In that case, the

moduli space M3,dpcq depends on a choice of weights

0 ă c1 ă c2 ă c3 ă 1 .

Actually, M3,dpcq only depends on the differences

λ1 “ c2 ´ c1 and λ2 “ c3 ´ c2 .

In the picture below, we have the spaces of stability conditions

S3,d “ tpλ1, λ2q : λ1, λ2 ą 0, λ1 ` λ2 ă 1u

for d “ 1, 0,´1 and their respective wall-chamber structure:

+

-

W1

W2

W3

S3,1

+

-

W1

W2

W3

S3,0

+-

W1

W2

W3

S3,-1

Figure 1. The spaces of stability conditions S3,d for d “ 1, 0,´1.
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In each of the three cases d “ ´1, 0, 1, there is a unique wall W1 which intersects

S3,d (but we also draw the walls W2,W3 that intersect the closure S3,d) and divides

the space of stability conditions into two chambers. In general, the walls are deter-

mined by the existence of a partition α “ α1 `α2 of topological types such that α1

and α2 have the same slope (see the definition in Section 2.2.1). For example, in

the case of d “ 1, the topological types

α1 “
`

r1 “ 2, d1 “ 1, f1
˘

and α2 “
`

r2 “ 1, d2 “ 0, f2
˘

where

f1ptq “

$

’

&

’

%

0 if 0 ď t ď c2
1 if c2 ă t ď c3

2 if c3 ă t ď 1

and f2ptq “

#

0 if 0 ď t ď c1
1 if c1 ă t ď 1

have the same slope if and only if λ1 ` 2λ2 “ 1, which is the equation for the

wall W1.

Let c` be a stability conditions in the “`” chamber of S3,1 (below the wall W1)

and c´ in the “´” chamber (above the wall W1). The moduli spaces M1 “ Mα1 and

M2 “ Mα2 control the difference between M` “ M full
3,1 pc`q and M´ “ M full

3,1 pc´q, in

the sense that
ş

M`
D ´

ş

M´
D can be expressed as an integral over M1 ˆ M2. In

the vertex algebraic formulation of wall-crossing, we have an identity (cf. Theorem

4.5)

rM`s ´ rM´s “
“

rM1s, rM2s
‰

in qVpar. If c0 is on the wall W1, then the moduli space M0 “ M full
3,1 pc0q includes

strictly semistable objects, soM0 is no longer smooth and does not admit a universal

sheaf. We formally define the class rM0s – i.e., give a definition of “intersection

numbers” over M0 – by imposing the wall-crossing formula, which in this case reads

as

rM0s :“ rM´s `
1

2

“

rM1s, rM2s
‰

“ rM`s ´
1

2

“

rM1s, rM2s
‰

.

Note that rM0s can be defined by using either the wall-crossing formula comparing

c0 and c´ or c0 and c`, and this is consistent by the wall-crossing formula comparing

c´ and c`.

The spaces of stability conditions S3,d for different d can all be naturally identified

via Hecke modifications, see Section 6.3. This correspondence identifies the 3 walls

labeled as W1,W2,W3 and the chambers labeled by “˘”. The moduli spaces M3,dpcq

are isomorphic toM` for c in the “`” chamber in any of the 3 spaces, and isomorphic

to M´ in the “´” chamber.

We now address partial parabolic bundles. It is convenient to think of weight

vectors for partial parabolic bundles as degenerate cases of weight vectors for full

parabolic bundles where we allow some of the weights to be equal, or equivalently

some of the differences λi to be 0; see Section 5.1. Take for example d “ 1 and

f‚ “ p2q. Then M3,1,p2qpcq depends on the choice of two weights 0 ă c1 ă c2 ă 1,

and we let c “ pc1, c1, c2q be a point on the side λ1 “ 0 of the compactified triangle
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S3,1. The wall-chamber structure on the space of stability conditions S3,1,p2q for

partial parabolic bundles is obtained by restricting the wall-chamber structure on

S3,1 to this edge. In particular, there are two different moduli spaces M3,1,p2qpcq,

depending on whether λ2 is ą 1{2 or ă 1{2. On the other hand, since there is no

wall intersecting the side λ2 “ 0, the moduli spaces M3,1,p1qpcq are all isomorphic,

regardless of the choice of c. The vertex λ1 “ λ2 “ 0 corresponds to the most

degenerate case M3,1, where we do not parametrize any flag.

When we perturb a regular c P Sr,d to a “less degenerate” stability condition, we

obtain flag bundle morphisms. For example, in the picture with r “ 3, d “ 1 we get

the following fibrations:

M`

M3,1,p2qpλ2 ă 1{2q M3,1,p1qpλ1q

M3,1

P1 bundle P1 bundle

FlpC3;1,2q

bundle

P2 bundle P2 bundle

There is also a P1-bundle M´ Ñ M3,1,p2qpλ2 ą 1{2q. These bundles can be used

to calculate the intersection numbers on the base from the intersection numbers of

the total space. This fact is nicely encoded by the vertex algebra homomorphisms

Ω defined in Section 5.2. For example,

rM3,1s “
1

3!
ΩprM`sq .

Such homomorphisms are also used to define classes rMr,d,f‚
pcqs for partial parabolic

bundles when c is not regular, see Definition 5.6. For example,

rM3,0s :“
1

3!
ΩprM full

3,0 p0qs

where the class M full
3,0 p0q is formally defined by a wall-crossing formula. Concretely,

let c be a stability condition in the “`” chamber of S3,0, i.e. above W1, and let

αi “ p1, 0, fiq where fiptq “ 0 for t P r0, cis and fiptq “ 1 for t P pci, 1s. Then

rM full
3,0 p0qs :“ Mα1`α2`α3 ´

1

2

“

Mα1 ,Mα2`α3

‰

´
1

2

“

Mα2 ,Mα1`α3

‰

`
1

2

“

Mα3 ,Mα1`α2

‰

`
1

3

““

Mα1 ,Mα2

‰

,Mα3

‰

´
1

6

““

Mα1 ,Mα3

‰

,Mα2

‰

.

On the right hand side we abuse notation and write Mα for the class rMαs, to make

the formula more readable. The complexity of the formula, when compared to the

previous wall-crossing formula, is due to the fact that the origin λ1 “ λ2 “ 0 is in
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the intersection of the 3 walls

W1 : µpα2q “ µpα1 ` α3q

W2 : µpα3q “ µpα1 ` α2q

W3 : µpα1q “ µpα2 ` α3q .

We have the Hecke isomorphism Mα1`α2`α3 “ M full
3,0 pcq » M`. The part of The-

orem 8.2 concerning the independence of d can be illustrated from these formulas.

Integrals on M3,1 are related to integrals on M`; the same is true for integrals

against the formally defined class rM3,0s, modulo the wall-crossing corrections that

vanish when we impose the condition on the Chern degree.

The full flag bundle M` Ñ M3,1 is responsible for the existence of an action

of the Weyl group Σ3 on H˚pM`q, and for the anti-invariance of the functional

D ÞÑ
ş

M`
D with respect to this action. On the other hand, by making use of the

Hecke isomorphism, we also have a full flag bundleM´ Ñ M3,´1 which is responsible

for the rΣ3 action on H˚pM´q and analogous anti-invariance.

1.5. Acknowledgements. This paper draws great inspiration from [ST] and the

author benefited from conversations with O. Trapeznikova and A. Szenes, in par-

ticular during a visit to Université de Genève in 2022, which is more or less when

the idea for this project started. The author also thanks D. Joyce, I. Karpov, W.

Lim, D. Maulik, W. Pi and R. Pandharipande for conversations related to differ-

ent aspects of this paper. The author was supported during part of the project

by ERC-2017-AdG-786580-MACI. The project received funding from the European

Research Council (ERC) under the European Union Horizon 2020 research and

innovation programme (grant agreement 786580).

1.6. Table of notation.

C, p Fixed smooth projective curve C and point p P C

W‚ “ pV, F‚q Quasi-parabolic bundle (V vector bundle, F‚ flag)

W “ pV, F‚, cq “ pV, F q Parabolic bundle (c weight vector)

α‚ “ pr, d, f‚q Topological type of a quasi-parabolic bundle

α “ pr, d, f‚, cq “ pr, d, fq Topological type of a parabolic bundle

I Ď r0, 1s Set of weights

CpIq (resp. KpIq) Monoid of topological types of parabolic bundles

with weights in I (resp. its Grothendieck group)

P “ PI Category of parabolic bundles with weights in I

χP (resp. χsym
P ) Euler pairing on KpIq (resp. its symmetrization)

Mpar “ MI (res. Mqpar) Moduli stack of parabolic bundles with weights in

I (resp. quasi-parabolic bundles)
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Mα “ Mr,d,f‚
pcq Coarse moduli space of stable parabolic bundles

of type α “ pr, d, f‚, cq

M full
r,d pcq Coarse moduli space of full stable parabolic bun-

dles, i.e. f‚ “ p1, . . . , r ´ 1q

Mr,d Coarse moduli space of stable bundles, i.e. f‚ “ H

1, pt Unit class in H0pCq and Poincaré dual to a point

in H2pCq

Dpar “ DI Descendent algebra for parabolic bundles with

weights in I

Dpar
α (resp. Dqpar

α‚
) Descendent algebra for parabolic (resp. quasi-

parabolic) bundles of topological type α (resp. α‚)

chkpγq and chkpeptqq Generators of Dpar (or Dpar
α )

chkpγq and chkpeiq Generators of Dqpar
α

W “ pV ,Fq Universal parabolic bundle on stacks Mpar

W “ pV,Fq Universal parabolic bundle on moduli spaces Mα

Vpar “ VI Joyce’s vertex algebra on H˚pMIq

Vpar
tr “ VI

tr Ě VI Descendent style vertex algebra

qVpar “ qVI , qVpar
tr “ qVI

tr Associated Lie algebras

rMαs P qVpar Ď qVpar
tr Class of a moduli space Mα in the Lie algebra

Sr,d (resp. Sr,d) Space of stability conditions for full parabolic bun-

dles (resp. its compactification)

ΩI,I 1 Vertex algebra morphism VI Ñ VI 1

(or induced

Lie algebra homomorphism qVI Ñ qVI 1

)

hτ Hecke modification, automorphism of the cate-

gory PI , of the stack MI , or of the abelian group

KpIq

phτ q˚ (resp. phτ q:) Induced Hecke operator on Vpar or qVpar (resp.

Vpar
tr or qVpar

tr )

deg, degC Cohomological and Chern degrees on Dpar (or vari-

ations), respectively

C‚Dpar, C‚H
˚pMαq Chern filtration on the descendent algebra or co-

homology of moduli spaces

Ln “ Rn ` Tn Virasoro operators on Dpar

Ln Dual Virasoro operators on Vpar
tr

qP0 Ď qVpar
tr Lie subalgebra of primary states
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2. Preliminaries on parabolic bundles

Let C be a smooth projective curve over C and p P C a point that will be fixed

throughout. We start with the definitions of (quasi-)parabolic bundles on pC, pq.

Definition 2.1. A quasi-parabolic bundle W‚ “ pV, F‚q is a vector bundle V on C

together with a flag

0 “ F0 Ĺ F1 Ĺ . . . Ĺ Fl´1 Ď Fl “ Vp .

We call l the length of W‚. The topological type of a quasi-parabolic bundle is

the triple α‚ “ pr, d, f‚q where r “ rkpV q, d “ degpV q and f‚ “ pf1, . . . , fl´1q is

the vector encoding the dimensions of the vector spaces in the flag, fj “ dimFj;

in particular, the length is part of the topological type. For convenience, we will

also denote f0 “ dimF0 “ 0 and fl “ dimFl “ r. A quasi-parabolic bundle with

f‚ “ p1, 2, . . . , r ´ 1q is called a full quasi-parabolic bundle. We say that α‚ is a full

topological type if f‚ “ p1, 2, . . . , r ´ 1q.

In what follows, I is a subset of the interval r0, 1s such that 0, 1 P I. This interval

will be fixed throughout most of paper, except in Section 5, so we will often suppress

I from the notation.

Definition 2.2. A parabolic bundle with weights in I is a quasi-parabolic bundle

W‚ together with a choice of weights c0, . . . , cl`1 P I such that

0 “ c0 ă c1 ă c2 ă . . . ă cl ă cl`1 “ 1 .

The weights of a parabolic bundle define a partition of I. It is useful to encode

the information of a parabolic bundles as a pair W “ pV, F q of a vector bundle V

together with an increasing lower semicontinuous function

F : I Ñ tsubspaces of Vpu

defined by

F ptq “ Fj for cj ă t ď cj`1

and F p0q “ 0. Such function is increasing in the sense that t ă t1 implies that

F ptq Ď F pt1q.

It is convenient to also define F`ptq by F ptq “ Fj for cj ď t ă cj`1 and F`p1q “ Fl,

and let

BF ptq :“ F`ptq{F ptq “

#

Fj{Fj´1 for t “ cj , j “ 1, . . . , l

0 otherwise
.

The topological type of a parabolic bundle W “ pV, F q is the triple α “ pr, d, fq

where f : I Ñ Zě0 is the increasing function fptq “ dimF ptq. Given such function

f , we denote by imf “ f‚ “ pf1, . . . , fl´1q the vector of images of f , excluding 0

and r. Since the information contained in f is exactly the same as the information



ON THE INTERSECTION THEORY OF MODULI SPACES OF PARABOLIC BUNDLES 15

of f‚ and choice of weights, we sometimes write α “ pr, d, f‚, cq instead. We let

CpIq be the monoid of topological types of parabolic bundles with weights in I, i.e.

CpIq “ tpr, d, fq| r P Zą0, d P Z, f : I Ñ Zě0 increasing with fp0q “ 0, fp1q “ ru

Y tp0, 0, 0qu .

We also consider its Grothendieck group KpIq, i.e.

KpIq “ tpr, d, fq| r P Z, d P Z, f : I Ñ Z such that fp0q “ 0, fp1q “ ru .

2.1. The category of parabolic bundles. Given I, we have a C-linear exact

category P “ PI of parabolic bundles with weights in I. A morphismW “ pV, F q Ñ

W 1 “ pV 1, F 1q in P is a morphism of vector bundles φ : V Ñ V 1 such that the

induced φp : Vp Ñ V 1
p preserves the respective flags, in the sense that

φppF ptqq Ď F 1
ptq , t P I .

The direct product of W ‘W 1 is defined by pV ‘V 1, F ‘F 1q where pF ‘F 1qptq “

F ptq ‘ F 1ptq; exact sequences are defined similarly.

This category can be embedded into the abelian category of parabolic coherent

sheaves, which has homological dimension 1. Indeed, if W “ pV, F q and W 1 “

pV 1, F 1q are two parabolic bundles, its Ext groups can be calculated [Moz, Theorem

5.1] from the long exact sequence

0 Ñ HomPpW,W 1
q Ñ HomCpV, V 1

q ‘
à

tPI

HompF ptq, F 1
ptqq(4)

Ñ
à

tPI

HompF ptq, F 1
`ptqq Ñ Ext1PpW,W 1

q Ñ Ext1CpV, V 1
q Ñ 0 .

In particular, the Euler pairing for parabolic bundles is given by

χPpW,W 1
q :“ dimHomPpW,W 1

q ´ dimExt1PpW,W 1
q

“ χCpV, V 1
q ´

ÿ

tPI

dimpF ptqq dim
`

BF 1
ptq

˘

where χC is the usual Euler pairing between the underlying vector bundles on the

curve. Note that χPpW,W 1q only depends on the topological types of W,W 1 and

defines a non-degenerate pairing in KpIq.

2.2. Stack of parabolic bundles and stability. There is a stack Mpar “ MI

parametrizing the objects in the exact category P “ PI ; since P has homologi-

cal dimension 1, this stack is smooth. It admits a decomposition into connected

components according to the topological type:

Mpar
“

ğ

αPCpIq

Mpar
α .
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The stack Mpar comes equipped with a universal parabolic bundle pV ,Fq con-

sisting of a vector bundle V on Mpar ˆ C and a collection of vector bundles

F : I Ñ tvector bundles over Mpar
u

with the property that Fp0q “ 0, Fp1q “ V|Mparˆtpu.

Similarly, there is a stack of quasi-parabolic bundles

Mqpar
“

ğ

r,d,f‚

Mqpar
r,d,f‚

.

The connected component Mqpar
r,d,f‚

comes with a universal quasi-parabolic bundle

pV ,F‚q where

0 “ F0 Ď F1 Ď . . . Ď Fl´1 Ď Fl “ VMparˆtpu

is a flag of vector bundles on Mqpar
r,d,f‚

. We can understand Mqpar
r,d,f‚

explicitly as

follows: if Mr,d is the stack of vector bundles on C and V is the universal bundle

on Mr,d ˆ C, then Mqpar
r,d,f‚

is the flag bundle

Mqpar
r,d,f‚

“ FlMr,d
pV|Mˆtpu; f1, f2, . . . , fl´1q .

Note that, for any f with impfq “ f‚, the connected components of the stacks of

parabolic and quasi-parabolic bundles are identified:

Mpar
r,d,f “ Mqpar

r,d,f‚
.

In particular, there is a canonical map

Mpar
Ñ Mqpar

that forgets the weights.

2.2.1. Stability. There is a slope function

µ : CpIq Ñ R

defined by

µpr, d, fq “
d ´

ş1

0
fptq dt

r

where in the integral we understand fptq to be defined for every t P r0, 1s by

extending f . In other words,

ż 1

0

fptq “

ℓ
ÿ

j“0

pcj`1 ´ cjqfj .

Remark 2.3. If f‚ “ p1, 2, . . . , r ´ 1q then

µpr, d, fq “
d `

řr
j“1 cj

r
´ 1 .
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A parabolic bundle is said to be semistable if µpW 1q ď µpW q for any 0 ‰ W 1 Ĺ W ,

and stable if the inequality is strict for any such W 1.4 We denote Mst
α Ď Mss

α Ď Mα

the stacks of stable and semistable objects. When Mst
α “ Mss

α , we say that α is

regular (or, if r, d, f‚ are fixed, we say that the weight vector c is regular), and

we write Mα for the coarse moduli space of stable parabolic bundles, which is the

rigidification of this stack.5 The moduli space is a smooth projective variety of

dimension

r2pg ´ 1q ` 1 `

l´1
ÿ

i“1

fi .

We also denote

Mr,d,f‚
pcq “ Mr,d,f

where c are the weights of f . The moduli spaces Mr,d,f‚
pcq are constructed as GIT

quotients

X �Lc G

where X,G depend only on r, d, f‚ and Lc depends on the weights. We refer to [MS]

for the details on the construction.

2.3. Descendents. One may extract enumerative invariants out of the moduli

spaces Mα by integrating tautological classes constructed out of the Chern charac-

ters of V and Fptq. We keep track of this information by introducing the formal

descendent algebra. First, we define the Z{2-graded Q-vector space6

HIpCq “

´

H˚
pCq ‘

à

tPI

Q ¨ eptq
¯

{xep0q, pt ´ ep1qy

where eptq are formal symbols. The Z{2 grading is obtained from the Z{2 grading

on H˚pCq and by setting the generators eptq to be even. Note in particular that if

I “ t0, 1u then Ht0,1upCq “ H˚pCq. The I-parabolic descendent algebra DI is the

free supercommutative algebra generated by the symbols

chkpgq , for g P HIpCq ,

which are understood to be linear in g. As usual, if I is understood to be fixed, we

write Dpar “ DI . The algebra Dpar admits a natural cohomological grading given

by

degpchkpγqq “ 2k ´ 2 ` degpγq and degpchkpeptqq “ 2k .

4If V 1 Ď V is a subbundle, there is an induced parabolic subbundle W 1 “ pV 1, F 1q where
F 1ptq “ W 1

p X F ptq, called the saturated parabolic subbundle. Since W 1 has larger slope than
any other parabolic subbundle with the same underlying vector bundle V 1, it is enough to test
stability against saturated parabolic subbundles.

5Note that the stabilizer group at any point 0 ‰ rW s P Mpar always contains a copy of Gm

given by scalar multiplication, and if W is stable that is the entire stabilizer. The rigidification is
the procedure of removing this Gm, see [AOV, Appendix A].

6Unless explicitly stated, cohomology H˚p´q “ H˚p´;Qq is always implicitly taken with Q
coefficients.
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Let p : Mpar ˆC Ñ Mpar and q : Mpar ˆC Ñ C be the projections of the product.

We have a realization morphism

ξ : Dpar
Ñ H˚

pMpar
q

which is a homomorphism of graded algebras and sends

chkpγq ÞÑ p˚

`

chkpVqq˚γ
˘

, for γ P H˚
pCq Ď HIpCq

and

chkpeptqq ÞÑ chkpFptqq , for t P I .

Given α “ pr, d, fq P CpIq, the realization morphism ξ : Dpar Ñ H˚pMpar
α q factors

through

Dpar
α “

Dpar

@

ch0peptqq “ fptq, ch1p1q “ d, ch0pγă2q “ 0
D

where γă2 denotes an arbitrary class in Hă2pCq.

Similarly, given a quasi-parabolic topological type α‚ “ pr, d, f‚q, we also have a

quasi-parabolic descendent algebra

Dqpar
α‚

generated by symbols chkpγq for γ P H˚pCq and chkpejq, for j “ 0, 1, . . . , l, l ` 1

modulo relations e0 “ 0, el`1 “ pt and

ch0pejq “ fj , ch1p1q “ d , ch0pγ
ă2

q “ 0 .

There is a realization map ξ : Dqpar
α‚

Ñ H‚pMqpar
α‚

q defined in a similar way to its

parabolic version. There is also a natural map Dpar
α Ñ Dqpar

α‚
which sends chkpeptqq

to chkpejq where j is such that cj ă t ď cj`1. This makes the square

Dpar
α H‚pMpar

α q

Dqpar
α‚

H‚pMqpar
α‚

q

ξ

ξ

commute.

2.3.1. Weight 0 descendents. Let α P CpIq be such thatMst
α “ Mss

α . On the moduli

space Mα, there is a non-unique universal parabolic bundle W “ pV,Fq where V is

a rank r vector bundle on MαˆC and Fptq is a vector bundle of rank fptq on Mα for

each t P I. The universal property of W is that its pullback along the rigidification

map Mss
α Ñ Mα coincides with the restriction of W to Mss

α . The non-uniqueness

of W stems from the fact that if W is a universal parabolic bundle and L is a line

bundle on Mα, then WbL :“ pWbq˚L,FbLq is also a universal parabolic bundle.

Given a choice of W, one obtains a realization homomorphism ξW : Dpar
α Ñ

H˚pMαq. Often, one forces uniqueness of W by requiring some normalization con-

dition. Instead, we follow the approach in [BLM] and consider weight zero descen-

dents.
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Let R´1 be the derivation on Dpar or Dpar
α which is defined on generators as

R´1pchkpgqq “ chk´1pgq .

Lemma 2.4 ([BLM, Lemma 2.8]). Given a parabolic universal bundle W, we have

ξLbW “
ÿ

jě0

c1pLqj

j!
ξW ˝ Rj

´1 .

It follows from the Lemma that if R´1pDq “ 0 then ξWpDq does not depend on

the choice of W. Hence, we obtain canonical – in the sense that they do not depend

on the choice of W – realization homomorphisms

ξ : Dpar
wt0 Ñ H˚

pMαq or ξ : Dpar
α,wt0 Ñ H˚

pMαq

from the subalgebras of weight zero descendents

Dpar
wt0 “ kerpR´1q Ď Dpar , Dpar

α,wt0 “ kerpR´1q Ď Dpar
α .

The operator R´1 can also be defined on Dqpar
α‚

, and we also define the algebra

Dqpar
α‚,wt0 “ kerpR´1q Ď Dqpar

α‚
.

3. Vertex algebra and descendent integrals

Joyce associates in a canonical way a vertex algebra to C-linear additive cate-

gories; in particular, this applies to the category of parabolic bundles PI . We briefly

recall here his construction, and then give a more concrete version of this vertex

algebra in terms of the descendent algebra. We refer to [Kac] for an introduction to

vertex algebras; see also [BLM, Section 3] for a short presentation which contains

everything that will be needed in this paper.

3.1. Joyce’s vertex algebra. Joyce defines a vertex algebra with underlying vec-

tor space being the homologyVpar “ H˚pMparq of the stack parametrizing parabolic

bundles. The vertex algebra structure is obtained from the following data on Mpar:

(1) The direct sum map Σ: Mpar ˆ Mpar Ñ Mpar sending a pair of parabolic

bundles pW1,W2q to W1 ‘ W2.

(2) The BGm action ρ : BGm ˆMpar Ñ Mpar induced by scalar multiplication.

(3) A complex Ext12 (respectively Ext21) on Mpar ˆ Mpar which, at a point

pW1,W2q is given by RHomPpW1,W2q (respectively RHomPpW2,W1q). The

restriction of Ext12 (respectively Ext21) to Mα1 ˆ Mα2 has constant rank

χPpα1, α2q (respectively χPpα2, α1q).

By (4), the complex Ext12 is given in the K-theory of Mpar ˆ Mpar by

(5) Ext12 “ Rp˚RHompV1,V2q ´
ÿ

tPI

HompF1ptq, BF2ptqq

where V1,V2 are the pullbacks of V along the two possible projectionsMparˆMparˆ

C Ñ Mpar ˆ C and p : Mpar ˆ Mpar ˆ C Ñ Mpar ˆ Mpar.
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From this data, one defines the vacuum vector |0y as the class of a point in

H0pM0q “ H0pt0uq “ Q. The translation operator T : Vpar Ñ Vpar is defined by

T puq “ ρ˚pt b uq

where t is the generator of H2pBGmq. Finally, the state-field correspondence is

defined by the formula

Y pu, zqv “ p´1q
χP pα,βqzχ

sym
P pα,βqΣ˚

“

pezT b idqpcz´1pΘq X pu b vq
‰

for u P H˚pMpar
α q Ď Vpar and v P H˚pMpar

β q Ď Vpar, where Θ and χsym
P are

symmetrizations of the Ext complex and χP , i.e.

Θ “ Ext_
12 ` Ext21

and

χsym
P pα, βq “ χPpα, βq ` χPpβ, αq .

In particular, Θ has rank χsym
P pα, βq.

3.2. Descendent vertex coalgebra. It is possible to define a similar but more

concrete vertex algebra in terms of the descendent algebra, in which Vpar em-

beds. Indeed, the construction explained below produces a vertex algebra isomor-

phic to the one which Joyce would construct on the homology of the higher stack

parametrizing objects in the derived category of parabolic bundles.

The underlying vector space of the new vertex algebra is7

Vpar
tr “

à

αPKpIq

pDpar
α q

_ .

The vacuum vector is the obvious augmentation on Dpar
0 which sends 1 P Dpar

0 to 1

and any non-empty product of descendents to 0. The translation operator is defined

to be the dual

T “ R_
´1 : pDpar

α q
_

Ñ pDpar
α q

_ .

To write down the state-field correspondence, we let

Σ˚ : Dpar
α`β Ñ Dpar

α b Dpar
β

be the homomorphism defined on generators by

Σ˚chkpgq “ chkpgq b 1 ` 1 b chkpgq .

Taking into consideration the formula (5), the Chern classes cz´1pΘq P H˚pMα ˆ

MβqJz´1K can be written in terms of descendents in a canonical way by applying

7The subscript tr stands for triangulated, and is motivated by the fact that this vertex algebra
can be regarded as coming from the derived category of parabolic bundles, which is a triangulated
category. More precisely, let Mpar

tr be the (higher) moduli stack parametrizing parabolic com-
plexes. This stack admits universal complexes V and Fptq on Mpar

tr ˆ C and Mpar
tr , respectively;

the induced realization homomorphism
À

αPKpIq Dpar
α Ñ H˚pMpar

tr q is an isomorphism.
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Grothendieck–Riemann–Roch. We denote by Cz´1 P pDα b DβqJz´1K this canonical

lift of cz´1pΘq P H˚pMα ˆ MβqJz´1K along the realization homomorphism

ξ b ξ : Dpar
α b Dpar

β Ñ H˚
pMα ˆ Mβq .

See for example [BLM, (48)] for this lift written explicitly in a slightly different

context.

The state-field correspondence is defined to be the dual of

Y _ : Dpar
α`β Ñ pDpar

α b Dpar
β qJz, z´1K

given by the formula

Y _
“ p´1q

χP pα,βqzχ
sym
P pα,βqCz´1pezR´1 b idqΣ˚ .

Proposition 3.1. The construction above makes Vpar
tr into a vertex algebra iso-

morphic to a lattice vertex algebra in the sense of [BLM, Theorem 3.5].8 More

precisely, following the notation in loc. cit., it is the vertex algebra associated to

the data

Λsst “ KpIq ,Λ0 “ KpIq bZ Q ,Λ1 “ K1
pCq bZ Q

and q is the Euler pairing, i.e.

q0 “ χP and q1 “ pχCq|K1pCqb2 .

Proof. The proof for non-parabolic bundles (i.e. the I “ t0, 1u case) can be found

in [BLM, Theorem 4.7], and the parabolic case is an easy adaptation, so we will

only say a few words. Recall that the descendent algebra is defined in terms of

HIpCq “
H˚pCq ‘ QI

xep0q, ep1q ´ pty

and note that

Λ “ tpu, fq P K˚
pCq ‘ QI : fp0q “ 0 , fp1q “ rkpuqu .

There is a non-degenerate pairing H˚pCq b K˚pCq Ñ Q defined by the Chern

character isomorphism together with Poincaré duality:

K˚
pCq » H˚

pCq » H˚
pCq

_ .

We also have the standard pairing QI b QI Ñ Q. Together, these induce a non-

degenerate pairing

HIpCq b Λ Ñ Q .

Following the proof of [BLM, Lemma 4.8], this non-degenerate pairing induces an

identification of the vector spaces

pDpar
α q

_
» DΛ

and hence establishes an isomorphism of vector spaces between Vpar
tr and the vertex

algebra associated to the data described. The fact that this isomorphism of vector

spaces is also an isomorphism of vertex algebras is a calculation similar to the one

8Unlike in loc. cit., we use coefficients in Q rather than C.



22 MIGUEL MOREIRA

in the proof of [BLM, Theorem 4.7] (see also [LM, Theorem 5.13, Proposition 5.20]

for a fairly general statement, which does not quite apply in our setting due to the

presence of odd cohomology classes), which crucially uses the formula (5) for the

Ext complex. □

The structure of the vertex algebra Vpar is best understood by embedding it into

Vpar
tr . Recall that we have a realization homomorphism ξ : Dpar

α Ñ H˚pMαq. Taking

duals, one obtains a canonical map

ξ_ : Vpar
Ñ Vpar

tr .

Proposition 3.2. The canonical map Vpar Ñ Vpar
tr is an embedding of vertex

algebras.

Proof. The map being a morphism of vertex algebras can be easily checked. For

instance, the fact that it respects the translation operators can be shown as in [BLM,

Lemma 4.9] (see also Lemma 2.4). For the state-field, observe that Σ˚ : : Dpar
α`β Ñ

Dpar
α b Dpar

β and the pullback Σ˚ : H˚pMpar
α`βq Ñ H˚pMpar

α ˆ Mpar
β q are intertwined

by the realization map.

The mapVpar Ñ Vpar
tr being injective is equivalent to the realization map ξ : Dpar

α Ñ

H˚pMpar
α q being surjective, i.e. H˚pMpar

α q being generated by descendents. Recall

that Mpar
α is a flag bundle over the moduli stack Mr,d of vector bundles on C; it fol-

lows that its cohomology is generated by elements pulled back from H˚pMr,dq and

the cohomology classes chkpFptqq. Since the cohomology H˚pMr,dq is well known

to be generated by descendents ξpchkpγqq (cf. [AB]), we are done. □

3.3. Associated Lie algebra and intersection theory. Given a vertex algebra

V, the quotient qV “ V{T pVq by the image of the translation operator admits a

Lie algebra structure [Bor]; the bracket is defined by

ru, vs “ Resz“0 Y pu, zqv ,

where u P qV denotes the image of u P V in the quotient.

If α is regular, the moduli spaces Mα define elements in the Lie algebras qVpar or
qVpar

tr , as we now explain. Since Mα is the rigidification of Mss
α Ď Mpar, it admits

an open embedding into the rigidification Mα ãÑ pMparqrig. It is shown in [Joy1,

Proposition 3.24] that H˚ppMparqrigq is naturally isomorphic to qVpar, so pushing

forward the fundamental class of Mα along the embedding above defines a class

rMαs P H˚ppMpar
q
rig

q » qVpar .

The class rMαs P qVpar
tr can be described in the alternative way that we now

explain. Since by definition the translation operator on qVpar
tr is the dual of R´1, we

have
qVpar

tr “
à

αPKpIq

pDpar
α,wt0q

_ .
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The moduli space Mα determines a functional

rMαs P pDpar
α,wt0q

_
Ď qVpar

tr

given by

D ÞÑ

ż

Mα

D :“

ż

Mα

ξpDq

where ξ is the canonical realization homomorphism explained in Section 2.3.1. It

is immediate that the two definitions of rMαs are compatible with respect to the

embedding qVpar Ď qVpar
tr .

Note that the class rMαs, by definition, contains complete information about the

intersection theory of Mα. In Joyce’s theory, wall-crossing formulas are expressed

as formulas in the Lie algebras qVpar, qVpar
tr . Our goal in the next sections is to prove

such formulas for parabolic bundles.

4. Wall-crossing formula for full parabolic bundles

In this section, we will focus on the case of full parabolic bundles, i.e. f‚ “

p1, 2, . . . , r ´ 1q, and denote the moduli spaces by M full
r,d pcq.

Given fixed r and d, the moduli space M full
r,d pcq depends on the choice of weights

c1, . . . , cr. Note that changing c1, . . . , cr to c1 ` s, c1 ` s, . . . , cr ` s does not affect

stability; in other words, stability only depends on the difference of weights

λ1 “ c2 ´ c1 , λ2 “ c3 ´ c2 , . . . , λr´1 “ cr ´ cr´1 .

Hence, we will sometimes write M full
r,d pλq “ M full

r,d pcq. Our goal is to study the

dependence on λ of these moduli spaces and their intersection numbers.

4.1. Space of stability conditions. We define the space of (full) stability condi-

tions

Sr,d “
t0 ă c1 ă . . . ă cr ă 1u

pciqri“1 „ pci ` sqri“1

“ tpλ1, . . . , λr´1q|λi ą 0 , λ1 ` . . . ` λr´1 ă 1u

Given a partition r “ r1 ` r2, d “ d1 ` d2 and t1, . . . , ru “ J1 \ J2 with |J1| “

r1, |J2| “ r2 there is a wall

WJ1,J2,d1,d2 Ď Sr,d

defined as follows:
d1 `

ř

iPJ1
ci

r1
“

d2 `
ř

iPJ2
ci

r2
Equivalently

r2d1 ´ r1d2 “
ÿ

iPJ1

r2ci ´
ÿ

iPJ2

r1ci “
ÿ

pi,jqPJ1ˆJ2

pci ´ cjq .

This forces
ř

pi,jqPJ1ˆJ2
pci ´ cjq to be an integer (congruent to r2d modulo r). Note

that only finitely many walls intersect the simplex Sr,d. The following proposition

is immediate from the description of the walls.
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Proposition 4.1 (No double walls). If

rrs “ J1 \ J2 “ J 1
1 \ J 1

2 and d “ d1 ` d2 “ d1
1 ` d1

2

are two different partitions, then the intersection of the wallsWJ1,J2,d1,d2XWJ 1
1,J

1
2,d

1
1,d

1
2

has codimension at least 2.

For each α such that c is on a wall, there is a distinguished decomposition α “

α1`α2 in CpIq with µpα1q “ µpα2q “ µpαq associated to this wall, where αi, i “ 1, 2,

is the topological type of full parabolic bundles with ranks ri, degree di and weights

cJi “ pcjqjPJi . If c P Sr,d is not in any wall, there are no strictly semistable parabolic

bundles of type α, i.e. α is regular.

Remark 4.2. Suppose that c´, c` P Sr,d are both regular and they are in the same

chamber of Sr,d, i.e. there is a continuous path in Sr,d connecting c´ and c` that

does not cross any wall. Then, the corresponding moduli spaces are isomorphic.

However, they define two different classes rMα´
s, rMα`

s on the Lie algebra qVpar (or
qVpar

tr ) since they have different topological types.

To address the issue in the previous remark, we define the notion of equality after

forgetting weights.

Definition 4.3. Let A,B P Vpar “ H˚pMparq (respectively qVpar “ H˚ppMparqrigq).

We say that A “ B after forgetting weights if the images of A,B along the map

H˚pMparq Ñ H˚pMqparq (respectively H˚ppMparqrigq Ñ H˚ppMqparqrigq) are the

same.

Let A,B P Vpar
tr (respectively qVpar

tr ). We say that A “ B after forgetting weights

if they induce the same functional on Dqpar
α‚

(respectively Dqpar
α‚,wt0).

In particular, in the setting of Remark 4.2, we have an equality rMα´
s “ rMα`

s

after forgetting weights.

4.2. Simple wall-crossing. Let α´, α` be the topological types of full parabolic

bundles with rank r, degree d and weights c´ and c`, respectively. We say that

the wall-crossing between c´ and c` is simple if there is a wall WJ1,J2,d1,d2 with the

following properties:

(1) c´, c` are regular;

(2) We have

d1 `
ř

jPJ1
c`
j

r1
ă

d2 `
ř

jPJ2
c`
j

r2
and

d1 `
ř

jPJ1
c´
j

r1
ą

d2 `
ř

jPJ2
c´
j

r2
,

so that c´ and c` are on two different sides of the wall WJ1,J2,d1,d2 .

(3) The wall WJ1,J2,d1,d2 is the only one separating c´ and c`. I.e., there is a

continuous path in Sr,d that crosses the wall WJ1,J2,d1,d2 exactly once at c0,

and no other wall.
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Let α0 be the topological type corresponding to r, d, c0 and let α0 “ α1 ` α2 be

the decomposition associated to the wall WJ1,J2,d1,d2 . Note that the assumption that

c0 is only on one wall implies that α1, α2 are regular.

Let

M˘ “ Mα˘
“ M full

r,d pc˘q , Mi “ Mαi
“ M full

ri,di
pcJiq , i “ 1, 2 .

We will also denote by W`,W´,W1,W2 the universal parabolic bundles on these 4

moduli spaces.

Theorem 4.4 (Simple wall-crossing I). Consider the setup above. Then, for any

D P Dqpar
α‚,wt0 , we have

ż

M`

D ´

ż

M´

D

“ Res
z“0

p´1q
χpα1,α2qzχsympα1,α2q

ż

M1ˆM2

Cz´1 ¨ pezR´1 b idqΣ˚D

Note that, since D P Dqpar
α‚,wt0 , the integrals on the left hand side of the equality

in Theorem 4.4 do not depend on the choices of universal parabolic bundles. While

not obvious, it is also true that the right hand side does not depend on choices of

universal parabolic bundles on M1,M2. Indeed, observe that the right hand side is

equal to

Resz“0

ż

M1ˆM2

Y _
pDq “

ż

“

rM1s,rM2s

‰

D

where
“

rM1s, rM2s
‰

is the Lie bracket defined in Sections 3.2, 3.3; hence, indepen-

dence of the choices of universal bundles is a consequence of the fact that this Lie

bracket is well defined on the quotient qVpar
tr . In particular, from this discussion,

Theorem 4.4 can be reformulated in the vertex algebraic language as follows:

Theorem 4.5 (Simple wall-crossing II). Consider the setup above. We have the

identity

rM`s ´ rM´s “
“

rM1s, rM2s
‰

after forgetting weights.

Proof. This is just a restatement of Theorem 4.5 and the definition of the bracket

in Vpar
tr . □

We will give the proof of Theorem 4.4 in Section 4.2.2. The proof of simple wall-

crossing utilizes the construction of a master space as in [Tha2, Moc, Joy3, BH, ST],

which we recall below.

4.2.1. Master space. Moduli spaces of parabolic bundles can be constructed as GIT

quotients. In this construction,

M full
r,d pcq “ X �Lc G
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where X is a flag bundle over (an open subset of) the Quot scheme parametrizing

quotients O‘N
C Ñ V , with N sufficiently large; G is PSLpNq; Lc is a rational ample

line bundle with a G-linearization that depends on the weight vector c. Without

loss of generality we may assume that the linear path

p1 ´ tqc´
` tc`

crosses the simple wall only at t “ 1{2. Denote L˘ “ Lc˘ . The general construction

of a master space [Tha2, Section 3] is as follows: the P1 bundle PXpL´ ‘L`q over X

comes with a G action induced from the G-actions of L˘ and with a G-linearization

Op1q. Then the master space is

Z “ PXpL´ ‘ L`q �Op1q G .

The master space Z also comes equipped with a Cˆ action induced from the

action of Cˆ on L´ ‘L` that scales L`, i.e. the action with weights p0, 1q. Denote

by u P KCˆ the class of the tautological line bundle on BCˆ and z “ c1puq P H2
Cˆ .

9

We record below the properties of the master space and refer to [ST, Section 5.2]

for details:

(1) Z is a smooth projective variety with dimension dimM˘ ` 1.

(2) Both M´ and M` embed into Z via the inclusions L´ ‘ 0 Ď L´ ‘ L` and

0 ‘ L` Ď L´ ‘ L`.

(3) The fixed point set ZCˆ

decomposes into three connected components

ZCˆ

“ M´ \ M` \ Z0

where Z0 » M1 ˆ M2.

(4) Z comes with a (non-unique) Cˆ-equivariant universal quasi-parabolic bun-

dle W “ pV,Fq. The quasi-parabolic bundle W is defined as in the Con-

struction before Lemma 5.3 in [ST]: by construction, X comes with a quasi-

parabolic bundle; the quasi-parabolic bundle on Z is defined by pulling back

along PXpL´ ‘ L`q Ñ X and descending to the quotient.

(5) The restrictions W˘ “ W|M˘
are universal parabolic bundles on M˘. The

restriction to Z0 » M1 ˆM2 is identified with W1 bu`W2. More precisely,

this means that

V|Z0 “ V1 b u ` V2

in KCˆpM1 ˆ M2 ˆ Cq, where we omit the obvious pullbacks along the

projections M1 ˆ M2 ˆ C Ñ Mi ˆ C, and

Fptq|Z0 “ F1ptq b u ` F2ptq

in KCˆpM1 ˆ M2q.

9Note that the meanings of u and z are swapped compared to [ST], where z is the K-theoretical
variable and u is the cohomological variable.
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(6) The normal bundles of M˘ inside Z have weights ¯1, i.e.

NM´{Z “ u b L´ and NM`{Z “ u´1
b L`

for non-equivariant line bundles L˘ P PicpM˘q.

(7) The normal bundle of Z0 is

NZ0{Z “ Ext12r1s b u´1
` Ext21r1s b u ,

where Ext12r1s is the vector bundle over M1 ˆ M2 with fiber Ext1PpW1,W2q

over pW1,W2q P M1 ˆ M2; similarly, Ext21r1s is the vector bundle with

fiber Ext1PpW2,W1q. We observe that stability forces HomPpW1,W2q “ 0

and HomPpW2,W1q “ 0,10 so our use of Ext12 and Ext21 is consistent with

Section 3.1. In particular,

rk Ext12r1s “ ´χPpα1, α2q , rkExt21r1s “ ´χPpα2, α1q

4.2.2. Proof of Theorem 4.4. LetD P Dqpar
α‚

. By the equivariant localization formula

on Z, we have

ż

Z

ξWpDq “

ż

M´

ξWpDq|M´

eCˆpNM´{Zq
`

ż

M`

ξWpDq|M`

eCˆpNM`{Zq
`

ż

Z0

ξWpDq|Z0

eCˆpNZ0{Zq
(6)

“

ż

M´

ξW´
pDq

z ` c1pL´q
`

ż

M`

ξW`
pDq

´z ` c1pL`q
`

ż

Z0

ξW1bu`W2pDq

eCˆpNZ0{Zq

in pH˚
Cˆqloc “ Qrz˘1s. The left hand side is a non-localized class, i.e. it is a

polynomial in z, rather than a Laurent polynomial. In particular, Resz“0 annihilates

the left hand side. Moreover,

Res
z“0

ż

M˘

ξW˘
pDq

¯z ` c1pL˘q
“ ¯

ż

M˘

ξW˘
pDq .

Hence, taking the residue in (6) we find that
ż

M`

ξW`
pDq ´

ż

M`

ξW`
pDq “ Resz“0

ż

Z0

ξW1bu`W2pDq

eCˆ

`

Ext12r1s b u´1 ` Ext21r1s b u
˘ ,

We now simplify the right hand side. First, note that

ξW1bu`W2 “ pξW1bu b ξW2q ˝ Σ˚
“ pξW1 b ξW2q ˝ pezR´1 b idq ˝ Σ˚

as linear maps Dpar Ñ H˚
CˆpM1 ˆ M2q. In the second equality we used Lemma 2.4.

To relate the Euler class of the normal bundle to Cz´1 we use the following Lemma,

which is a straightforward calculation with Chern roots; since it is so fundamental

in understanding Joyce’s definition of the Lie bracket on qVpar, we record it here:

10A homomorphism between stable objects is either an isomorphism or the zero morphism; if
W1 and W2 were isomorphic then they would have the same set of weights, contradicting α1 `α2

being the topological type of a full parabolic bundle.
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Lemma 4.6. Let A,B be vector bundles on Z. Then

eCˆpA b u´1
` B b uq “ p´1q

rkpAqzrkpAq`rkpBqcz´1pA_
` Bq

holds in H˚
CˆpZq.

Applying the Lemma to A “ Ext12r1s, B “ Ext21r1s, we obtain

eCˆ

`

Ext12r1s b u´1
` Ext21r1s b u

˘´1

“ p´1q
χpα1,α2qzχsympα1,α2qcz´1pExt_

1,2 ` Ext2,1q

“ p´1q
χpα1,α2qzχsympα1,α2q

pξW1 b ξW2qpCz´1q .

This concludes the proof of Theorem 4.4. □

Remark 4.7. The same proof can be adapted to a K-theoretical wall-crossing

formula in the style of [Liu]. The two fundamental properties of the residue that

we have used are precisely the defining properties of what is called a residue map

in [Liu, Appendix A].

4.3. General wall-crossing formula for full parabolic bundles.

The general wall-crossing formula relates moduli spaces of full parabolic bundles

with different weights that are not necessarily contained in adjacent chambers. To

state it, we have to introduce some notation. Let r P Zě1, d P Z and c, c1 P Sr,d.

Given a subset

J “ tj1, . . . , jr1u Ď rrs “ t1, . . . , ru ,

with j1 ă . . . ă jr1 , we define the restriction of weights

cJ “ tcj1 , . . . , cjr1 u .

We will consider partitions J⃗ “ pJ1, . . . , Jmq $ rrs of rrs, i.e. a collection of

disjoint subsets of rrs such that rrs “ J1\. . .\Jm, and partitions d⃗ “ pd1, . . . , dmq $

d, i.e. integers such that d1` . . .`dm “ d; note that J⃗ $ rrs also induces a partition

of the rank r⃗ “ pr1, . . . , rmq $ r, where ri “ |Ji|.

4.3.1. Wall-crossing coefficients. Writing the general wall-crossing formula for two

stabilities separated by more than a simple wall requires the wall-crossing coeffi-

cients [Joy2, Joy3]

UpJ⃗ , d⃗; c, c1
q P Q

which depend on partitions J⃗ $ rrs and d⃗ $ d of the same length m and weights

c, c1 P Sr,d. Although stability for parabolic bundles does not exactly fit into the

setup where such coefficients are defined (cf. Remark 1.3), they can still be defined

with minor modifications, which we now describe.

First, given a subset J Ď rrs, r1 “ |J | and d1 P Z we denote

µcpJ, d
1
q “

d1 `
ř

jPJ cj

r1
.
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One starts by defining constants SpJ⃗ , d⃗; c, c1q P t0,´1, 1u analogously to [Joy3,

Definition 3.10]; conditions paq, pbq in loc. cit. should be replaced by

µcpJi, diq ď µcpJi`1, di`1q and(a)

µc1pJ1 \ . . . \ Ji, d1 ` . . . ` diq ą µc1pJi`1 \ . . . \ Jl, di`1 ` . . . ` dlq

µcpJi, diq ą µcpJi`1, di`1q and(b)

µc1pJ1 \ . . . \ Ji, d1 ` . . . ` diq ď µc1pJi`1 \ . . . \ Jl, di`1 ` . . . ` dlq .

If for every i “ 1, . . . ,m´1 we have either (a) or (b), SpJ⃗ , d⃗; c, c1q is defined to be

p´1q#occurences of (a); otherwise, SpJ⃗ , d⃗; c, c1q “ 0. From here, one defines coefficients11

U˚pJ⃗ , d⃗; c, c1q P Q via [Joy3, (3.3)]; as in the definition of the S constants, whenever

there is a sum of topological types in Joyce’s formulas one should replace it by a

disjoint union of subsets Ji. The coefficients UpJ⃗ , d⃗; c, c1q P Q are then defined via

[Joy3, Theorem 3.12].

Theorem 4.8. Let c, c1 P Sr,d be regular. Then we have

rM full
r,d pc1

qs “
ÿ

J⃗$rrs

d⃗$d

UpJ⃗ , d⃗; c, c1
q¨

““

. . .
“

rM full
r1,d1

pcJ1qs, rM full
r2,d2

pcJ2qs
‰

, . . . ,
‰

, rM full
rm,dmpcJmqs

‰

(7)

after forgetting the weights.

The coefficients UpJ⃗ , d⃗; c, c1q are defined so that the right hand side of (7) expands

as
ÿ

J⃗$rrs

d⃗$d

U˚
pJ⃗ , d⃗; c, c1

qrM full
r1,d1

pcJ1qs ˚ rM full
r2,d2

pcJ2qs ˚ . . . ˚ rM full
rm,dmpcJmqs

‰

in the universal enveloping algebra of qVpar or qVpar
tr .

Proof of Theorem 4.8. Suppose c “ c´, c1 “ c` are separated by a simple wall

so that we are in the setup of Section 4.2. We have from the definition of the

coefficients that

U˚
prrs, d; c´, c`

q “ Sprrs, d; c´, c`
q “ 1

U˚
ppJ1, J2q, pd1, d2q; c

´, c`
q “ SppJ1, J2q, pd1, d2q; c´, c`

q “ 1

U˚
ppJ2, J1q, pd2, d1q; c

´, c`
q “ SppJ2, J1q, pd2, d1q; c´, c`

q “ ´1

and all the remaining coefficients are 0. So (7) is equivalent to

rM`s “ rM´s ` rM1s ˚ rM2s ´ rM2s ˚ rM1s “ rM´s `
“

rM1s, rM2s
‰

,

which is precisely Theorem 4.5.

In general, by Proposition 4.1 we can find a sequence c0, c1, . . . , ck P Sr,d with

c0 “ c and ck “ c1 such that each consecutive weight vectors ci and ci`1 are separated

by a simple wall. By the formal property of the coefficients in [Joy2, Theorem 4.8]

11In our notation, U˚ is what Joyce calls U and U is reserved for what Joyce calls Ũ .
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(see also for instance the proof of [GJT, Proposition 6.1]), the wall-crossing formula

for c, c2 and the wall-crossing formula for c2, c1 imply the wall-crossing formula for

c, c1, so we conclude the general case from the case of simple wall-crossing. □

4.4. Extension to non-regular weights. Suppose that c1 P Sr,d is not necessarily

regular. We can define Joyce style classes by imposing the wall-crossing formula.

Definition 4.9. Let c1 P Sr,d and let α P CpIq be the corresponding topological

type. Choose an arbitrary c P Sr,d regular and define the class

rM full
r,d pc1

qs P H˚ppMpar
α q

rig
q Ď qVpar

Ď qVpar
tr

as the unique class that satisfies equation (7) after forgetting weights.

These classes are well defined and satisfy the general wall-crossing formula.

Proposition 4.10. Definition 4.9 does not depend on the choice of regular c P Sr,d.

Moreover, (7) holds for any c, c1 P Sr,d not necessarily regular.

Proof. Both claims follow from Theorem 4.8 and the fact that the wall-crossing for-

mula is well-behaved under composition, i.e. the formal properties of the coefficients

in [Joy2, Theorem 4.8]. □

5. Partial parabolic bundles

One feature of parabolic bundles is that one can obtain maps between different

moduli spaces by forgetting part of the data of the flag. In this section we explore

this structure from the vertex algebra point of view and use it to construct Joyce

style classes for partial parabolic bundles.

5.1. Space of stability conditions for partial parabolic bundles. When one

considers partial parabolic bundles, it is natural to consider a compactification of

the space of stability conditions Sr,d from the previous section by allowing some of

the weights to coincide:

Sr,d “
t0 ď c1 ď . . . ď cr ď 1u

„
» tpλ1, . . . , λr´1q|λi ě 0 , λ1 ` . . . ` λr´1 ď 1u .

Given f‚ “ pf1, . . . , fl´1q we let

Sr,d,f‚
“

t0 ă c1 ă . . . ă cl ă 1u

„
.

There is a natural inclusion of Sr,d,f‚
ãÑ Sr,d defined by

(8) Sr,d,f‚
Q pc1, . . . , clq “ c ÞÑ c “ pc1, . . . , c1, c2, . . . , c2, . . . , cl, . . . , clq P Sr,d

where cj appears fj ´ fj´1 times. Conversely, given c P Sr,d we can recover the

dimension function fptq (and hence f‚ and c) as

fptq “ #tj P t1, . . . , ru| cj ď tu .
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We observe that the definition of the walls WJ1,J2,d1,d2 extends to the compactifi-

cation Sr,d, and hence define a wall-chamber structure on Sr,d,f‚
. A decomposition

J1 \ J2 “ rrs induces a decomposition fptq “ f1ptq ` f2ptq where

fiptq “ #tj P Ji| cj ď tu , i “ 1, 2

and

µpr1, d1, f1q “ µpr2, d2, f2q ô c P WJ1,J2,d1,d2 .

In particular, the moduli spaces Mr,d,f‚
pcq are unchanged when c varies within a

chamber on Sr,d,f‚
. A weight vector c P Sr,d,f‚

is regular if it does not lie in any wall.

The collection of subspaces tSr,d,f‚
uf‚

defines a stratification of

Sr,d X tλ1 ` . . . ` λr´1 ă 1u ;

note that Sr,d,p1,...,r´1q “ Sr,d is the open locus. Let Sr,d,f‚
be the closure of Sr,d,f‚

inside Sr,d. Note that Sr,d,f 1
‚

Ď Sr,d,f‚
if and only if f 1

‚ Ď f‚.

5.1.1. Flag bundles. Suppose that f 1
‚ Ď f‚, so that Sr,d,f 1

‚
Ď Sr,d,f‚

. Concretely, let

f‚ “ pf1, . . . , flq and f 1
‚ “ pf 1

1, . . . , f
1
kq

where f 1
i “ fji for some 1 ď j1 ă . . . ă jk ď l. If pV, F‚q is a quasi-parabolic bundle

of type pr, d, f‚q, then we let pV, F 1
‚q be the quasi-parabolic bundle of type pr, d, f 1

‚q

with associated flag F 1
i “ Fji .

Proposition 5.1. Let c1 P Sr,d,f 1
‚

Ď Sr,d,f‚
be a regular weight vector. Let c P

Sr,d,f‚
Ď Sr,d,f‚

be sufficiently close to c1 so that c, c1 are in the same chamber. Then

pV, F‚q is c-stable if and only if pV, F 1
‚q is c1-stable. Hence, there is a map

π : Mr,d,f‚
pcq Ñ Mr,d,f 1

‚
pc1

q

with fiber over pV, F 1
‚q given by

k
ź

i“0

FlagpF 1
i`1{F 1

i ; fji`1 ´ fji , fji`2 ´ fji , . . . , fji`1´1 ´ fjiq

Proof. The proof is well-known, see [ST, Lemma 8.3] for a particular case for exam-

ple. For completeness, let us briefly explain it. Since c1 is regular, a quasi-parabolic

bundle being c-stable does not depend on c as long as c is in an open neighbor-

hood of c1 that does not intersect any wall. So we may assume that c is chosen

so that cji “ c1
i and ck “ c1

l. Then W 1 “ pV, F 1
‚, c

1q is a parabolic subbundle of

W “ pV, F‚, cq. Since c, c1 are sufficiently close, µpW 1q ă µpW q ď µpW 1q ` ϵ for

a small enough ϵ. Therefore, a destabilizing subobject of W 1 will also destabilize

W . On the other hand, a destabilizing subobject of W produces a destabilizing

subobject of W 1 after forgetting part of the flag.

To identify the fibers of the morphism considered, note that the flag F‚ contains

for each i “ 0, . . . , k the flag

(9) F 1
i “ Fji Ď Fji`1 Ď Fji`2 Ď . . . Ď Fji`1´1 Ď Fji`1

“ F 1
i`1 .
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Given fixed F 1
i , F

1
i`1, choosing the intermediate subspaces is the same as choosing a

point in

FlagpF 1
i`1{F

1
i ; fji`1 ´ fji , fji`2 ´ fji , . . . , fji`1´1 ´ fjiq

obtained from (9) by quotienting by F 1
i . □

A particular case of the proposition above is the following: if gcdpr, dq “ 1 and

c “ pc1, . . . , clq is such that cl ´ c1 is sufficiently small, then we have a map

π : Mr,d,f‚
pcq Ñ Mr,d

to the moduli space of stable bundles Mr,d which forgets the flag. Its fiber over

V P Mr,d is

FlagpV ; f‚q .

5.2. Maps of vertex algebras. To make use of the flag bundle structures de-

scribed before, we will introduce a morphism of vertex algebras given by weight

restriction.

Let I 1 Ď I Ď r0, 1s be two sets of weights. Throughout this section, we will

emphasize the role of the weights and denote the moduli stack of parabolic bundles

with weights in I, I 1 by MI ,MI 1

instead of Mpar. Similarly, we denote by VI ,VI 1

the vertex algebras H˚pMIq, H˚pMI 1

q.

Given a parabolic bundle W “ pV, F q with weights in I, we have an induced

parabolic bundle WI 1 “ pV, F|I 1q with weights in I 1. Restriction of weights defines a

morphism of stacks

π “ πI,I 1 : MI
Ñ MI 1

.

For example, if I 1 “ t0, 1u this morphism is the projection of the stack of parabolic

bundles with weights in I onto the stack of bundles that forgets all the flag data. In

general, the fibers of π are products of flag varieties. We consider the vector bundle

Ξ “ ΞI,I 1 on MI ˆ MI defined by

Ξ “
à

tPIzI 1

HompF1ptq, BF2ptqq ,

where F1ptq,F2ptq are the pullbacks of Fptq by the two projections onto MI . Note

that Ξ has a different rank at each connected component of MI . It is immediate

from (5) that we have the following equality in the K-theory of MI ˆ MI :

(10) ExtI12 “ pπ ˆ πq
˚ExtI

1

12 ´ ΞI,I 1 .

Proposition 5.2 ([GJT, Theorem 2.12]). Define the linear morphism

Ω “ ΩI,I 1 : VI
“ H˚pMI

q Ñ H˚pMI 1

q “ VI 1

by

Ωpuq “ π˚

`

u X ctopp∆˚Ξq
˘˘

,

where ∆˚Ξ is the restriction of Ξ along the diagonal map ∆. Then Ω is a morphism

of vertex algebras.



ON THE INTERSECTION THEORY OF MODULI SPACES OF PARABOLIC BUNDLES 33

We will also denote by Ω: qVI Ñ qVI 1

the induced morphism of Lie algebras.

Lemma 5.3. Let I2 Ď I 1 Ď I. Then we have

ΩI,I2 “ ΩI 1,I2 ˝ ΩI,I 1 .

Proof. We observe that we have an equality

ΞI,I2 “ ΞI,I 1 `
`

πI,I 1 ˆ πI,I 1

˘˚
ΞI 1,I2

in the K-theory of MI ˆ MI . The statement of the Lemma then follows from an

easy application of the push-pull formula. □

Remark 5.4. A parabolic bundle with weights in I 1 is also automatically a para-

bolic bundle with weights in I Ě I 1, so we have an open and closed embedding of

stacks MI 1

ãÑ MI . Thus, we can regard VI 1

Ď VI as a vertex subalgebra, and

ΩI,I 1 as a vertex algebra endomorphism VI Ñ VI .

5.3. Joyce style classes for partial parabolic bundles. The morphisms of

vertex algebras Ω above can be used to define classes in qVI for partial parabolic

bundles, as we did in Section 4.4 for full parabolic bundles. Before we make the

definition, we explain the relation between the flag bundles on Proposition 5.1 and

the morphisms of vertex algebras Ω.

Proposition 5.5. Suppose we are in the conditions of Proposition 5.1 and suppose

further that c is so that cji “ c1
i. Let I 1 “ t0, c1

1, . . . , c
1
k, 1u. Then we have the

equality

(11) rMr,d,f 1
‚
pc1

qs “

śk
j“0pf

1
j`1 ´ f 1

jq!
śl

i“0pfi`1 ´ fiq!
ΩI,I 1

`

rMr,d,f‚
pcqs

˘

in qVI 1

.

Proof. Let α P CpIq, α1 P CpI 1q be the topological types associated to the two

moduli spaces. Note that ΩI,I 1pαq “ α1 by the assumption. By Proposition 5.1, we

have a pullback square

Mr,d,f‚
pcq Mr,d,f 1

‚
pc1q

pMI
αqrig pMI 1

α1q
rig

π

πI,I1

By (10), the descent of ∆˚Ξ to Mr,d,f‚
pcq is the relative tangent bundle of the

morphism πI,I 1 . Hence, the pushforward of ctopp∆˚Ξq along the smooth morphism

πI,I 1 is equal to the Euler characteristic of the fibers, which is precisely the constant
śl

i“0pfi`1 ´ fiq!
śk

i“0pfji`1
´ fjiq!

according to the description of the fibers in Proposition 5.1. □
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5.3.1. Extension to non-regular weights. Finally, we would like to define

rMr,d,f‚
pcqs P qVI

for any c P Sr,d,f‚
, not necessarily regular.

Note that the definition of the wall-crossing coefficients UpJ⃗ , d⃗; c, c1q makes perfect

for c, c in the compactification Sr,d. Hence, we can use the wall-crossing formula

to extend the definition of the classes rM full
r,d pcqs to the boundary of the space of

stability conditions.

Definition 5.6. Let c P Sr,d,f‚
and c P Sr,d be as in (8). Choose some rc P Sr,d such

that rcfi “ cfi “ ci. We define the class rM full
r,d pcqs by imposing the wall-crossing

formula (7):

rM full
r,d pcqs “

ÿ

J⃗$rrs

d⃗$d

UpJ⃗ , d⃗;rc, cq
““

. . .
“

rM full
r1,d1

prcJ1qs, rM full
r2,d2

prcJ2qs
‰

, . . . ,
‰

, rM full
rm,dmprcJmqs

‰

Then, we let I 1 “ t0, c1, . . . , cl, 1u and define

rMr,d,f‚
pcqs “

1
śl

i“0pfi`1 ´ fiq!
ΩI,I 1prM full

r,d pcqsq P qVI 1

Ď qVI .

As in the proof of Proposition 4.10, the class rM full
r,d pcqs does not depend on the

choice of rc after forgetting weights. Since ΩI,I 1 forgets all the weights in IzI 1 and

we require rcfi “ ci, the class rMr,d,f‚
pcqs is independent of the choice of rc and

hence it is well defined. If c P Sr,d,f‚
is regular, then we may choose rc P Sr,d in

the same chamber as c, in which case the wall-crossing constants UpJ⃗ , d⃗;rc, cq are 0

except for the trivial partitions, for which it is 1. Thus, Proposition 5.5 implies that

Definition 5.6 is consistent with the previous one in Section 3.3 when c is regular.

5.4. Comparison with Joyce’s definition for bundles. In particular, Defini-

tion 5.6 with f‚ “ H determines a class rMr,ds in the Lie algebra qVI 1

with I 1 “ t0, 1u,

hence providing a way to define descendent integrals on the moduli of vector bun-

dles when gcdpr, dq ‰ 1, and thus we are in the presence of semistable objects. The

definition is similar in spirit to the one provided by Joyce’s theory [Joy3], but not

trivially equivalent. We now show that the two agree.

A key input in Joyce’s construction of the classes rMr,ds is a choice of a “framing

functor” Φ (or a collection of such functors) from the category of coherent sheaves

on C to vector spaces, with some properties (see [Joy3, Assumption 5.1 (g)] for

precise definitions). Loosely speaking, Φ is required to be exact when restricted

to some exact subcategory containing the semistable objects. Given such Φ, one

constructs an auxiliary moduli space, sometimes referred to as moduli of Joyce–Song

pairs, that parametrizes a vector bundle V together with a section C Ñ ΦpV q, and

an appropriate stability condition that does not admit strictly semistable objects;

see [Joy3, Example 5.6]. One of the fundamental aspects of Joyce’s theory is that

actually the definition of such classes does not depend on the choice of Φ.
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A typical choice of Φ, considered for example in [Joy3, Section 7.6] or [Bu], is to

take ΦpV q “ H0pV b OCpNqq for N sufficiently large. To obtain the relation with

parabolic bundles, we instead consider the framing functor ΦpV q “ H0pV _
p q. Note

that giving a section for this framing functor is the same as choosing a 1-dimensional

subspace of V _
p or, equivalently, a pr ´ 1q-dimensional subspace of Vp. Indeed, it

is not difficult to see that the Joyce–Song moduli space associated to this framing

functor is precisely

Mr,d,pr´1qpc1, c1 ` ϵq

where ϵ ą 0 is sufficiently small. We will just write Mr,d,pr´1qpϵq for the moduli space

above. The claim that our definition agrees with Joyce’s amounts to the following

wall-crossing formula.

Theorem 5.7. Let ϵ ą 0 be sufficiently small and I 1 “ t0, 1u, I2 “ t0, c1, c1 ` ϵ, 1u.

We have the wall-crossing formula

ΩI2,I 1prMr,d,pr´1qpϵqsq “
ÿ

r⃗$r , d⃗$d
di{ri“d{r

p´1qm`1r1
m!

““

. . .
“

rMr1,d1s, rMr2,d2s
‰

, . . . ,
‰

, rMrn,dns
‰

in qVI 1

. In particular, our class rMr,ds matches the one defined in [Joy3].

Before we give the proof, let us say a few words about how it will go; this proof also

illustrates the general strategy to prove wall-crossing formulas for partial parabolic

bundles. First, let

0 “ p0, 0, . . . , 0, 0q , ϵ “ p0, 0, . . . , 0, ϵq P Sr,d .

Then we have a wall-crossing formula between the classes rM full
r,d p0qs and rM full

r,d pϵqs in
qVI ; this follows from the definition of the classes and the fact that the wall-crossing

coefficients are well-behaved under composition (c.f. Proposition 4.10). We will be

able to determine the wall-crossing coefficients explicitly. Then, Theorem 5.7 will be

obtained by applying ΩI,I 1 to this wall-crossing formula, after some combinatorial

work with the coefficients.

Proof of Theorem 5.7. Given J⃗ $ rrs and d⃗ $ d partitions of length m, we begin

by calculating the wall-crossing coefficients

SpJ⃗ , d⃗q :“ SpJ⃗ , d⃗; 0, ϵq and U˚
pJ⃗ , d⃗q :“ U˚

pJ⃗ , d⃗; 0, ϵq .

We denote as usual ri “ |Ji|; we have

µ0pJi, diq “
di
ri

and µϵpJi, diq “

#

di`ϵ
ri

if r ´ 1 P Ji
di
ri

otherwise.

One can see (either directly or applying for example [Joy3, Proposition 3.14]) that

if ϵ is small enough then SpJ⃗ , d⃗q “ 0 unless di{ri “ d{r for i “ 1, . . . ,m. Hence,
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SpJ⃗ , d⃗q can be non-zero only when we have condition (a) from Section 4.3.1 for each

i “ 1, . . . ,m ´ 1, so we have

SpJ⃗ , d⃗q “

#

p´1qm´1 if di{ri “ d{r and r ´ 1 P J1
0 otherwise.

From here, it follows (recall the definition of U˚, [Joy3, (3.3)]) that U˚pJ⃗ , d⃗q in

non-zero only when di{ri “ d{r, in which case

U˚
pJ⃗ , d⃗q “

ÿ

ℓě1

p´1q
ℓ´1

ÿ

k1`...`kℓ“m
k1ěj , kiě1

ℓ
ź

t“1

1

kt!
,

where j is the unique index such that r ´ 1 P Jj. The wall-crossing formula is12

rM full
r,d pϵqs “

ÿ

J⃗ ,d⃗
di{ri“d{r

U˚
pJ⃗ , d⃗qrM full

r1,d1
p0J1qs ˚ . . . ˚ rM full

rm,dmp0Jmqs

in the enveloping algebra of qVI . We now apply the morphism of Lie algebras

ΩI,I 1 : qVI Ñ qVI 1

, which induces a homomorphism of the corresponding enveloping

algebras. By Lemma 5.3 and Proposition 5.5, the left hand side becomes

ΩI,I 1

`

rM full
r,d pϵqs

˘

“ ΩI2,I 1

`

ΩI,I2

`

rM full
r,d pϵqs

˘˘

“ pr ´ 1q!ΩI2,I 1

`

rMr,d,pr´1qpϵqs
˘

.

By definition of the classes,

ΩI,I 1

`

rM full
ri,di

p0Jiqs
˘

“ ri!rMri,dis .

Therefore, applying ΩI,I 1 to the wall-crossing formula expresses

pr ´ 1q!ΩI2,I 1

`

rMr,d,pr´1qpϵqs
˘

as
ÿ

r⃗,d⃗
di{ri“d{r

´

m
ź

i“1

ri!
¯

cpr⃗qrMr1,d1s ˚ . . . ˚ rMrm,dms

where the combinatorial coefficients cpr⃗q are the sum of U˚pJ⃗ , d⃗q over all partitions

J⃗ $ rrs with |Ji| “ ri. Note that, if we fix j, the number of such partitions with

r ´ 1 P Jj is given by
ˆ

r ´ 1

r1, . . . , rj ´ 1, . . . , rm

˙

“
rj
r

ˆ

r

r1, . . . , rm

˙

.

12We remind the reader that the classes rM full
r,d p0qs, rM full

ri,di
p0Ji

qs are only well defined up to
choice of weights, and the equality should be interpreted after forgetting weights. Because of this,
we pedantically write M full

ri,di
p0Jiq instead of just M full

ri,di
p0q to emphasize that, even if ri “ ri1 and

di “ di1 , the corresponding classes are the same only after forgetting weights, and in particular
they do not necessarily commute. After we apply ΩI,I1 this subtlety will be entirely removed.
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Hence,

cpr⃗q “
1

r

ˆ

r

r1, . . . , rm

˙ m
ÿ

j“1

rj
ÿ

ℓě1

p´1q
ℓ´1

ÿ

k1`...`kℓ“m
k1ěj , kiě1

ℓ
ź

t“1

1

kt!

“
p´1qmpr ´ 1q!

m!r1! . . . rm!

m
ÿ

j“1

p´1q
jrj

ˆ

m ´ 1

j ´ 1

˙

,

where in the second line we used an identity that we shall prove in Lemma 5.8.

Thus, we conclude that

ΩI2,I 1

`

rMr,d,pr´1qpϵqs
˘

“
ÿ

r⃗,d⃗
di{ri“d{r

p´1qm

m!

˜

m
ÿ

j“1

p´1q
jrj

ˆ

m ´ 1

j ´ 1

˙

¸

rMr1,d1s ˚ . . . ˚ rMrm,dms

“
ÿ

r⃗ , d⃗
di{ri“d{r

p´1qm`1r1
m!

““

. . .
“

rMr1,d1s, rMr2,d2s
‰

, . . . ,
‰

, rMrn,dns
‰

where the last line uses the combinatorial identity [Joy3, (9.54)].

To conclude that the classes rMr,ds agree with the ones defined by Joyce, note

that the wall-crossing formula just proved is exactly Theorem 5.7 (iii) in loc. cit.

for the choice of framing functor discussed before. The class rMr,d,pr´1qpϵqs agrees

with Joyce’s, since this moduli space does not have strictly semistable objects and

hence it is the pushforward of the virtual fundamental class. Since the right hand

side has main term rrMr,ds and the remaining terms only involve classes in lower

ranks, this formula determines all the classes rMr,ds recursively, establishing the

match between the two definitions. □

Lemma 5.8. Let 1 ď j ď m be integers. We have the following identity:

ÿ

ℓě1

p´1q
ℓ´1

ÿ

k1`...`kℓ“m
k1ěj , kiě1

ˆ

m

k1, k2, . . . , kℓ

˙

“ p´1q
m`j

ˆ

m ´ 1

j ´ 1

˙

Proof. Denote

F pm, jq “
ÿ

ℓě1

p´1q
ℓ´1`m`j

ÿ

k1`...`kℓ“m
k1ěj , kiě1

ˆ

m

k1, k2, . . . , kℓ

˙

.

It is straightforward to see that

(12) F pm, jq ` F pm, j ` 1q “

ˆ

m

j

˙

F pm ´ j, 1q .

We now argue by induction on m that F pm, jq “
`

m´1
j´1

˘

. If j “ m, this is immedi-

ate. Otherwise, use the recursion (12), together with the induction hypothesis that

F pm ´ j, 1q “ 1, to show that the claim for j ` 1 implies the claim for j. □
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6. Hecke modifications

Hecke modifications are certain automorphisms of the category of parabolic bun-

dles that can be used to identify moduli spaces of parabolic bundles with different

degrees. In this section, we fit the theory of Hecke modifications together with the

vertex algebra structure from Section 3.

Remark 6.1. What we call Hecke modification here is called tautological Hecke

correspondence in [ST] and parity shift in [DP]. The term Hecke correspondence in

[DP] is reserved for something different.

6.1. Definition of Hecke modifications. The definition of Hecke modification

is made cleaner by describing the category of parabolic bundles in an alternative

way.13 Given a parabolic bundle W “ pV, F q, define for each t P I the vector bundle

W ptq as the kernel

0 Ñ W ptq Ñ V Ñ ι˚

`

Vp{F ptqq Ñ 0 .

In particular W p0q “ V b OCp´pq and W p1q “ V . We extend W ptq to every

t P I `Z by requiring that W pt`1q “ W ptq bOCppq. Such a function is increasing,

meaning that for any t ă t1 we have a distinguished injection of locally free sheaves

W ptq ãÑ W pt1q, lower semicontinuous, and periodic in the sense that W pt ` 1q “

W ptq b OCppq.

This construction defines an equivalence between the category of parabolic bun-

dles with weights in I and the category whose objects are increasing, lower semi-

continuous and periodic functions

W : I ` Z Ñ tvector bundles over Cu .

Remark 6.2. Under this interpretation of parabolic bundles, the slope admits the

natural looking formula

µpW q “

ş1

0
degpW ptqq dt

rkpV q
.

For the construction of Hecke modifications, we will assume for convenience that

I “ r0, 1s or I “ 1
N
ZX r0, 1s, so that I `Z Ď R is a subgroup.14 Given τ P 1

N
Z, the

Hecke modification is the automorphism of the category PI that sends a parabolic

bundle W “ pV, F q to a new parabolic bundle ĂW “ prV , rF q such that

ĂW ptq :“ W pt ´ 1 ` τq .

We now make it more explicit how the Hecke modification transforms V and F

when τ P r0, 1s. The underlying vector bundle of ĂW is rV “ ĂW p1q “ W pτq. It

13The description below is the general way to define parabolic sheaves on pX,Dq where X is a
non-singular projective variety and D is a divisor, see [MY].

14For general I, the Hecke modification would not be an automorphism of the exact category
PI , but rather an isomorphism between categories PI and PI1 for a different set of weights I 1,
obtained by “translating I modulo 1”.
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follows from the definition of rV that there is a map rV Ñ V and that the restriction
rVp Ñ Vp has image F pτq. We denote by ϕ : rVp Ñ F pτq the surjection onto the

image, and let K “ kerpϕq.

If 0 ď t ď 1 ´ τ then rF ptq is the kernel of the following composition:

rF ptq “ ker
`

rVp Ñ Vp Ñ Vp{F pt ` τq
˘

Note that since F pτq Ď F pt ` τq this composition is surjective. Clearly rF ptq is

increasing and rF p1 ´ τq “ K.

If 1 ´ τ ď t ď 1, we have F pt ` τ ´ 1q Ď F pτq and

rF ptq “ ϕ´1
pF pt ` τ ´ 1qq .

Note that rF ptq is increasing and that rF p1 ´ τq “ K.

In particular, the Hecke modification sends an object of topological type α “

pr, d, fq to an object of topological type hτ pαq, where hτ : KpIq Ñ KpIq is given by

hτ pr, d, fq “ pr, d ´ r ` fpτq, rfq

with

rfptq “

#

fpt ` τq ´ fpτq if 0 ď t ď 1 ´ τ

fpt ` τ ´ 1q ´ fpτq ` r if 1 ´ τ ď t ď 1 .

τ

2

3

4

7

1- τ

1

4

6

7

Figure 2. An example of the graphs of functions f (on the left) and rf
(on the right). In this example, r “ 7 and τ is between c2 and c3. We

have hτ p7, d, fq “ p7, d ´ 4, rfq .

The Hecke modification defines an automorphism of the stack Mpar

hτ : Mpar
Ñ Mpar

and hence induces an automorphism of the vertex algebra

phτ q˚ : H˚pMpar
q “ Vpar

Ñ Vpar
“ H˚pMpar

q .

We also denote phτ q˚ : qVpar Ñ qVpar the induced homomorphism of Lie algebras.

We call phτ q˚ a Hecke operator.
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We may define also the Hecke operator at the level of the descendent algebra,

and hence on Vpar
tr . We let h:

τ : Dpar Ñ Dpar be the algebra homomorphism defined

on generators by

h:
τchkpeptqq “

#

chk

`

ept ` τq ´ epτq
˘

if 0 ď t ď 1 ´ τ

chk

`

ept ` τ ´ 1q ` ep1q ´ epτq
˘

if 1 ´ τ ď t ď 1

and

h:
τchkpγq “

#

chkpγq if γ P Hą0pCq

chkpγq ` chk´1pepτq ´ ep1qq if γ “ 1

It is clear that h:
τ descends to

h:
τ : D

par
hτα

Ñ Dpar
α .

By taking duals, we obtain an operator

phτ q: : V
par
tr Ñ Vpar

tr .

The next lemma establishes the relation between this formally defined operator

and the Hecke operator phτ q˚.

Lemma 6.3. The following diagram commutes:

Vpar Vpar

Vpar
tr Vpar

tr

phτ q˚

phτ q:

Proof. The lemma is equivalent to the commutativity of the dual square

H˚pMpar
α q H˚pMpar

hτα
q

Dpar
α Dpar

hτα

h˚
τ

ξW ξW

h:
τ

where ξ is the geometric realization homomorphism with respect to the universal

parabolic bundle W “ pV ,Fq. By the previous description of hτ , we obtain

phτ ˆ idq
˚V “ V ´ ι˚pV|Mparˆtpuq ` ι˚pFpτqq

in the K-theory of Mpar ˆ C, where ι : Mpar “ Mpar ˆ tpu ãÑ Mpar ˆ C is the

inclusion of the fiber over p P C. We also find that

h˚
τFptq “

#

Fpt ` τq ´ Fpτq if 0 ď t ď 1 ´ τ

Fpt ` τ ´ 1q ` Fp1q ´ Fpτq if 1 ´ τ ď t ď 1 ,

and the conclusion follows. □

Remark 6.4. It is immediate to see from the definition that the composition of

two Hecke operators in a Hecke operator; precisely,

hτ ˝ hτ 1 “ hτ`τ 1´1 .
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In particular, note that the N -fold composition of h1´1{N is h´1, which is the auto-

equivalence OCp´pq b ´.

Remark 6.5. Under the equivalence between the categories of parabolic bundles

and of bundles on the root stack C “ N
a

pC, pq, the Hecke operator h1´1{N corre-

sponds to twisting by the orbifold line bundle OCp´ 1
N
pq, which explains the peri-

odicity in the previous remark.

6.2. Hecke modifications and stability. The Hecke modifications preserve sta-

bility, as shown in [ST, Proposition 7.1]. For the reader’s convenience, we give our

own proof in the slightly more general setting that we consider.

Lemma 6.6. The Hecke modification hτ sends (semi)stable objects in PI to (semi)

stable objects in PI .

Hence, for any regular α P CpIq we have an identity

(13) phτ q˚rMαs “ rMhταs .

Proof. This follows from hτ being an automorphism of the exact category PI to-

gether with the fact that hτ changes the slope by a constant, which we show here.

Using the expression for the slope in Remark 6.2,

µpĂW q “
1

r

ż 1

0

dimĂW ptq dt

“
1

r

ˆ
ż 1´τ

0

pdimW pt ` τq ´ rq dt `

ż 1

1´τ

dimW pt ´ 1 ` τq dt

˙

“
1

r

ż 1

0

dimW ptq dt ´ p1 ´ τq “ µpW q ´ 1 ` τ . □

We remark that (13) also holds for non-regular α. This is a consequence of the

equality for regular α and the wall-crossing formula; note that the wall-crossing

coefficients are compatible with the Hecke operator, since the Hecke modification

changes the slope monotonically, by the proof of the previous lemma.

6.3. Hecke symmetries between spaces of stability conditions. Let r ą 0

and d, d1 P Z. We can identify the spaces of stability conditions

Sr,d » Sr,d1 ,

and their compactifications

Sr,d » Sr,d1 ,

via the map

λ ÞÑ µ “ pλi`1, λi`2, . . . , λr´1, 1 ´ λ1 ´ . . . ´ λr´1, λ1, . . . , λi´1q

where 0 ď i ď r´1 is d1 ´d mod r. This identification preserves the wall-chamber

structures.

Consider a given α P CpIq with associated vector of weight differences λ P Sr,d

and 0 ď i ď r ´ 1. Let τ be such that ci´1 ă τ ă ci. Then hτ pαq has rank r, degree

d1 :“ d ´ r ` i and vector of weight differences µ P Sr,d1 .
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Corollary 6.7. Let r ą 0 and d, d1 P Z. Let λ P Sr,d and let µ P Sr,d1 be the

corresponding stability condition. Then there is τ P R such that hτ induces an

isomorphism

M full
r,d pλq » M full

r,d1 pµq .

7. The affine Weyl symmetry

The next ingredient in the determination of integrals on moduli of parabolic

bundles is the affine Weyl symmetry. This idea was crucially used by Teleman–

Woodward [TW] to obtain the formula for the index of certain K-theory classes on

moduli spaces of bundles, generalizing the Verlinde formula. It appears again in

the work of Szenes–Trapeznikova [ST] to prove the Verlinde formula for parabolic

bundles, in a more elementary form which is also better suited for intersection

numbers. We follow their approach here.

Remark 7.1. Teleman and Woodward use a non-abelian localization theorem to

relate K-theoretical invariants on the the moduli spaces of semistable bundles and

on the moduli stack of all bundles, without any stability. The advantage of removing

stability is that the cohomology of the stack of all parabolic bundles admits itself

an action of the affine Weyl group. Since intersection numbers cannot be defined

on such a stack, this approach does not work without first moving to K-theory.

7.1. Weyl symmetry for flag bundles. We start with the elementary observa-

tion that full flag bundles carry an action of Σr on their cohomology. Let M be

a projective smooth variety (e.g. M “ Mr,d) and let E be a rank r bundle on M

(e.g. E “ V|Mˆtpu). By [Gro, Théorème 1], the cohomology of the full flag variety

FlMpEq :“ FlMpE ; 1, 2, . . . , r ´ 1q is given by

(14) H˚
pFlMpEqq »

H˚pMqrt1, . . . , trs
`

cipEq “ eipt1, . . . , trq
˘r

i“1

where eipt1, . . . , trq are the elementary symmetric polynomials in ti. Under this

isomorphism, the variables ti are the first Chern classes of the tautological line

bundles obtained as successive quotients Fi{Fi´1 in the tautological flag.

Proposition 7.2. Let M, E be as before. Then Σr acts on the cohomology

H˚pFlMpEqq by permuting the first Chern classes t1, . . . , tr and fixing the coho-

mology classes pulled back from M .

Moreover, we have
ż

FlM pEq

σ ¨ D “ p´1q
sgnpσq

ż

FlM pEq

D

for any D P H˚pFlMpEqq and σ P Σr.

Proof. The existence of the symmetry is clear from (14). The anti-symmetry follows

from the following integral formula: if F pt1, . . . , trq is a polynomial with coefficients
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being cohomology classes of M , then
ż

FlM pEq

F pt1, . . . , trq “ Resz1 . . .Reszr

ż

M

F pz1, . . . , zrq
ź

1ďiăjďr

pzi ´ zjq
r
ź

i“1

ŝzipEq

where ŝzpEq “ zrs1{zpEq and s˚pEq is the Segre polynomial of E . A very similar

formula (but taking only residues in z1, . . . , zr´1) can be found in [DP, Page 3].

Our formula can be derived from theirs by using the same identity as in the proof

of [DP, Theorem 1.1]. □

In particular, if α‚ “ pr, d, f‚q is a full type, i.e. f‚ “ p1, 2, . . . , r ´ 1q, we have

a Σr action on H˚pMqpar
α‚

q. This motivates the definition of a Σr action on the

quasi-parabolic descendent algebra Dqpar
α‚

, which will make the realization map Σr

equivariant. Recall that Dqpar
α‚

is generated by symbols chkpγq for γ P H˚pCq and

chkpejq for j “ 1, . . . , r. Define dj “ ej ´ ej´1 for j “ 1, . . . , r. Then Dqpar
α‚

is the

free supercommutative algebra generated by chkpγq, chkpdjq modulo the relations

chkpptq “ chkpd1 ` . . . ` drq , ch1p1q “ d , ch0pγă2
q “ 0 , ch0pdjq “ 1 .

We define the action of σ P Σr on Dqpar
α‚

by chkpγq ÞÑ chkpγq for γ P H˚pCq and

chkpdiq ÞÑ chkpdσpiqq. The action is well defined since it preserves the relations

above. Moreover, it is easy to see that the action commutes with the operator R´1,

and hence it preserves the subalgebra Dqpar
α‚,wt0 .

Corollary 7.3. Suppose that gcdpr, dq “ 1 and let c P Sr,d be sufficiently close to

p0, . . . , 0q P Sr,d, so that Proposition 5.1 applies. Then integration over M full
r,d pcq is

Σr anti-invariant, i.e.

(15)

ż

M full
r,d pcq

σ ¨ D “ p´1q
sgnpσq

ż

M full
r,d pcq

D

for every D P Dqpar
α‚,wt0 and σ P Σr.

Proof. Let π : M full
r,d pcq Ñ Mr,d be the full parabolic bundle given by Proposition 5.1.

Fix a universal vector bundle V onMr,d and consider the induced universal parabolic

bundle W “ pπ˚V ,F‚q on M full
r,d pcq. The result is immediate from Proposition 7.2

after we observe that

ξVpchkpdiqq “ chkpFi{Fi´1q “
1

k!
c1pFi{Fi´1q

k . □

7.2. Affine Weyl symmetry. As sketched in the introduction (Section 1.3), con-

jugating the Weyl symmetry with Hecke isomorphisms produces an extremely strong

constraint on the integrals over moduli spaces of full parabolic bundles.

Let r ą 2 and let α‚, α
1
‚ be the full topological types pr, 1, f‚q and pr,´1, f‚q,

respectively. As explained in Section 6.2, given c1 P Sr,´1 there is c
2 P Sr,1 that makes

the moduli spaces M full
r,´1pc1q and M full

r,1 pc2q isomorphic via a Hecke modification. In

such a case, by Proposition 6.3, we have a commutative diagram
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Dqpar
α1

‚
H˚

`

M full
r,´1pc

2q
˘

Dqpar
α‚

H˚
`

M full
r,1 pc1q

˘

H

„ „

where H is the Hecke homomorphism of the quasi-parabolic descendent algebra.

Explicitly, H is defined on generators by

Hpchkpdjqq “ chkpdτpjqq

Hpchk`1p1qq “ chk`1p1q ´ chkpdr´1q ´ chkpdrq

Hpchkpγqq “ chkpγq for γ P Hą0
pCq .

where τ is the permutation τpiq “ i` r ´ 2 mod r. If c1 is chosen so that M full
r,´1pc

1q

is a full flag bundle over Mr,´1, then by Corollary 7.3, integration over M full
r,1 pc2q is

anti-symmetric with respect to the action of rΣr :“ H ˝ Σr ˝ H´1. Note that rΣr is

isomorphic again to the symmetric group, but we use the tilde to distinguish the

different action on Dqpar
α‚

. The following elementary proposition is at the heart of

the proofs of Theorems A, B and C.

Proposition 7.4. Let α‚ be a full topological type with rank r ą 2. Let f : Dqpar
α‚

Ñ

Q be a functional with the property that

(16) fpchkpdiq ¨ Dq “
1

k!
fpch1pdiq

k
¨ Dq .

If f is anti-invariant with respect to the actions of both Σr and rΣr, then f “ 0.

Note that, given a class u P H˚pMqpar
α‚

q, the functional

Dqpar
α‚

ÝÑ H˚
pMqpar

α‚
q

ş

u
ÝÝÑ Q

satisfies (16) since chkpdiq and ch1pdiq
k{k! both map to

1

k!
c1pFi{Fi´1q

k
P H˚

`

Mqpar
α‚

˘

,

via the realization morphism.

Proof. A straightforward calculation shows that τσ´1τ´1HσH´1 sends

chk`1p1q ÞÑ chk`1p1q ` chkpdrq ` chkpdr´1q ´ chkpdτσp1qq ´ chkpdτσp2qq

and preserves every other descendent, i.e. chkpgq ÞÑ chkpgq for g “ dj or g P Hą0pCq.

Let Si,j be the automorphism of Dqpar
α‚

which sends

chk`1p1q ÞÑ chk`1p1q ` chkpdiq ´ chkpdjq

and preserves every other descendent. If j ‰ r´1, we can pick σ so that τσp1q “ j,

τσp2q “ r´ 1 and then the previous calculation shows that τσ´1τ´1HσH´1 “ Sr,j.

Hence, Sr,j is in the subgroup of automorphisms generated by Σr and rΣr, and the

functional f is invariant with respect to Sr,j. Similarly, we conclude the same for

Sr´1,j for any j ‰ r. Using that

S´1
i,j “ Sj,i and Si,j ˝ Sj,k “ Si,k ,
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and the assumption that r ą 2, we can conclude that all the Si,j are in the subgroup

generated by Σr, rΣr.

Let ti “ ch1pdiq P Dqpar
α‚

. For the proof, we introduce the equivalence relation „

on Dqpar
α‚

which is defined as the smallest Q-linear equivalence relation such that

(17) chkpdiq ¨ D „
1

k!
tki ¨ D , D „ ´σ ¨ D , D „ Si,jpDq

for any D P Dqpar
α‚

, σ P Σr, 1 ď i, j ď r. By Q-linear we mean that we impose

that D1 „ D1
1 and D2 „ D1

2 imply that λ1D1 ` λ2D2 „ λ1D
1
1 ` λ2D

1
2. Since

by assumption fpDq “ fpD1q for D „ D1, the proposition is equivalent to the

statement that D „ 0 for any D.

It is enough to prove that D „ 0 if D is in the subalgebra of Dqpar
α‚

generated by

t1, . . . , tr and chkpγq for k ě 0, γ P H˚pCq. To show it, we introduce a filtration

0 “ F´1 Ď F0 Ď F1 Ď . . . of this subalgebra and prove the claim for D P Fk

by induction on k. The k-th step of the filtration Fk is defined to be the span of

monomials of the form

D “

ℓ
ź

i“1

chki`1p1q ¨ D1

where D1 is a monomial in t1, . . . , tr and chkpγq for γ P Hą0pCq, and
řℓ

i“1 ki ď

k. Note that ch0p1q “ 0, so Fk “ 0 for k ă 0. In particular, the statement is

tautological for m ă 0. We now induct on k, so assume that D „ 0 for every

D P Fk´1. We begin by showing that ti ¨ D „ tj ¨ D for every i, j and D P Fk. We

may write D in the form

D “ ch2p1q
m

¨

ℓ1
ź

i“1

chki`1p1q ¨ D1
P Fk

where m ě 0, all the ki are ą 1 and ℓ1 “ ℓ ´ m. Then,

ch2p1q ¨ D „ Si,jpch2p1q ¨ Dq

„ pch2p1q ` ti ´ tjq
m`1

¨

ℓ1
ź

i“1

ˆ

chki`1p1q `
1

k!
tkii ´

1

k!
tkij

˙

¨ D1

“ ch2p1q ¨ D ` pm ` 1qpti ´ tjq ¨ D ` . . .

where all the remaining terms in . . . are in Fk´1. By induction, they are equivalent

to 0 so we conclude that ti ¨ D „ tj ¨ D. We now write D as

D “

r
ź

j“1

t
nj

j ¨ D2

for D2 P Fk a monomial in chkpγq for γ P H˚pCq. Then D „ D3 :“ tn1`...`nr
1 ¨ D2.

If σ is the two cycle p2 3q then

D „ D3
“ σpD3

q „ ´D3
“ ´D

so we finally conclude that D „ 0, which proves the induction step and the propo-

sition. □
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Remark 7.5. It can be seen from the proof of the previous proposition that, for

r ą 2, the subgroup of AutpDqpar
α‚

q generated by Σr and rΣr is isomorphic to the

affine Weyl group

Λ ¸ Σr

where Λ “ tpa1, . . . , arq : a1 ` . . . ` ar “ 0u Ď Zr and Σr acts on Λ by permuting

the coordinates. The element

p0, . . . , 1, 0, . . . , 0,´1, . . . , 0q P Λ

corresponds to the automorphism Si,j.

The next Corollary is essentially the same statement, but for the algebra of weight

zero descendents.

Corollary 7.6. Let α‚ be a full topological type with rank r ą 2. Let u P

H˚pMqpar,rig
α‚

q. If the linear functional

Dqpar
α‚,wt0 ÝÑ H˚

pMqpar,rig
α‚

q

ş

u
ÝÝÑ Q

is anti-invariant with respect to the actions of both Σr and rΣr, then u “ 0.

Proof. Since R´1ch0pptq “ r ‰ 0, the proof of [BLM, Lemma 5.11] shows that there

is a unique lift ũ P H˚pMqpar
α‚

q of u with the property that ch1pptq X ũ “ 0. Then

the induced functional
ş

ũ
on Dqpar

α‚
is the unique extension of

ş

u
on Dqpar

α‚,wt0 (see also

[KLMP, Proposition 1.13, Lemma 1.16]) that vanishes on the ideal generated by

ch1pptq. Clearly this extension is still anti-invariant, and the conclusion follows from

Proposition 7.4 applied to
ş

ũ
. □

7.3. Proof of the reconstruction theorem. We now give a proof of Theorem A.

Suppose that we have two collections of classes

uα, vα P H˚pMpar,rig
α q Ď qVpar

that satisfy (0)-(3), and we want to show that uα “ vα for every α. By the flag

bundle formula, the classes uα with α being a full parabolic type determine all the

other ones. Denote uα by ufull
r,d pcq if α “ pr, d, f‚, cq is full. We induct on the rank

and assume that uα1 “ vα1 for rkpα1q ă r. Our base case is r “ 1, which holds by

hypothesis, but going from r “ 1 to r “ 2 requires a modification of the argument

(due to Corollary 7.6 not holding for r “ 2). So we assume for now that r ą 2 and

sketch below the necessary modifications for the r “ 2 case.

By the Hecke compatibility, it is enough to prove that ufull
r,1 pcq “ vfullr,1 pcq for d “ 1.

It follows from the wall-crossing formula and the induction hypothesis that, for any

c, c1 P Sr,1,

ufull
r,1 pcq ´ ufull

r,1 pc1
q “ vfullr,1 pcq ´ vfullr,1 pc1

q

after forgetting weights. In other words, the difference w “ ufull
r,1 pcq´vfullr,1 pcq does not

depend on the stability condition c P Sr,1 after forgetting weights, i.e. w does not

depend on c when regarded as an element of H˚pMqpar,rig
α‚

q. By the Weyl symmetry

and the Hecke compatibility assumptions, the functional
ş

w
is anti-invariant under
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Σr and rΣr, since ufull
r,1 pcq and vfullr,1 pcq are anti-invariant for particular choices of c.

Then Corollary 7.6 implies that w “ 0.

7.3.1. The rank 2 case. We now sketch the necessary modifications to deal with

the rank 2 case. Following [ST, Section 9], we need to consider parabolic bundles

with two punctures. The introduction of a second puncture allows extra flexibility

to define Hecke modifications, since it becomes possible to modify the parabolic

bundle at the two points, and this will recover the affine Weyl symmetry in rank 2.

Fix p1 “ p and a second distinct point p2 P C. There are moduli spaces

M2-pts
2,d pcq

that parametrize a vector bundle V of rank 2 and degree d, together with two

1-dimensional subspaces

0 Ĺ F 1
Ĺ Vp and 0 Ĺ F 2

Ĺ Vq .

These moduli spaces depend on a choice of weight vector c on some space of stability

conditions S2-pt
2,d , which can be identified with the square

tpλ1, λ2q : 0 ă λ1, λ2 ă 0u .

As explained in [ST, Section 9.1], there are two chambers in this space of stabil-

ity conditions and a wall-crossing formula can be proven by using the exact same

techniques as in Section 4.2.2. In particular, the difference
ż

M2-pts
2,d pcq

D ´

ż

M2-pts
2,d pc1q

D

can be written as an integral over a product of two Jacobians. The entire vertex

algebra technology can easily be adapted to this setting with two punctures, and

the wall-crossing formula is written as usual as an equality

rM2-pts
2,d pcqs ´ rM2-pts

2,d pc1
qs “

“

rJac1s, rJac2s
‰

in the associated Lie algebra.

We can define the quasi-parabolic descendent algebra D2-pts
2,d adapted to the 2

punctured situation. It is the supercommutative algebra generated by

chkpγq for γ P H˚
pCq and chkpd j

i q , for i, j “ 1, 2 .

There is a realization map D2-pts
2,d Ñ H˚pM2-pts

2,d pcqq which is defined as usual for

chkpγq and sends

chkpd j
1q ÞÑ chkpF j

q , chkpd j
2q ÞÑ chkpV|pj{F j

q

where by V|pj we mean the restriction of V to the fiber over pj P C.

There is a natural Weyl group G :“ Σ2 ˆ Σ2 action on D2-pts
2,d where σ “ pσ1, σ2q

acts as

σ ¨ chkpd j
i q “ chkpd j

σjpiqq .
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If d is odd and c is in one of the two chambers of the space of stability condition,

the moduli space M2-pts
2,d pcq is a P1 ˆ P1 bundle over M2,d. More precisely,

M2-pts
2,d pcq “ PpV|p1q ˆM2,d

PpV|p2q .

For such c, the action of G descends to the cohomology and makes integrals anti-

invariant in the sense that
ż

M2-pts
2,d pcq

σ ¨ D “ sgnpσ1qsgnpσ2q

ż

M2-pts
2,d pcq

D .

This follows from applying Proposition 7.2 to the two descriptions of M2-pts
2,d pcq as a

P1 bundle.

To get our second copy of the Weyl group acting, we consider Hecke modifications.

Since we now have two points, we can either modify a parabolic bundle at p1 or at

p2. Composing a modification at p1 with a modification at p2 and choosing stability

conditions c1, c2, c3 appropriately, we get a P1 ˆ P1-bundle over M2,´1

M2-pts
2,1 pc1

q » M2-pts
2,0 pc2

q » M2-pts
2,´1 pc3

q Ñ M2,´1 .

Let H : D2-pts
2,´1 Ñ D2-pts

2,1 be the corresponding Hecke operator on the descendent

algebra; it sends

chk`1p1q ÞÑ chk`1p1q ´ chkpd12q ´ chkpd22q and chkpd j
i q ÞÑ chkpd j

2´iq .

As in Section 7.2, the action of rG :“ H ˝ G ˝ H´1 descends to the cohomology of

M2-pts
2,1 pc1q for c1 chosen as before.

Finally, it is easy to adapt the argument given in the proof of Proposition 7.4

to show that any functional on D2-pts
2,1 (imposing the analog of (16)) which is anti-

invariant with respect to the actions of both G and rG must vanish. With this,

the argument in the proof of the reconstruction theorem also shows that integrals

over M2-pts
2,1 pcq are determined from integrals over the Jacobian. Since M2-pts

2,1 pcq is

a P1-bundle over the moduli of rank 2 degree 1 parabolic bundles punctured only

at p, we recover also those integrals.

8. Newstead vanishing and the Chern filtration

Based on low genus calculations by himself and Ramanan, Newstead conjectured

in [New] that, in the moduli space M2,1 or rank 2 vector bundles, we have the

vanishing

βg
P H4g

pM2,1q

where β is (up to normalization) the realization of the tautological class ch2pptq.

This was later shown by Thaddeus [Tha1, Section 5]. The result was generalized by

Earl–Kirwan in [EK1] and independently by Jeffrey–Weitsman [JW]. They showed

that any polynomial in the descendents of the point class chkpptq vanishes in coho-

mological degree ą 2rpr ´ 1qpg ´ 1q.

It was observed in [LMP] that these sort of vanishing results can be understood

in terms of the Chern filtration on the cohomology of Mr,d. Using the methods of
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[EK1], it is shown in [LMP, Theorem 0.2, Corollary 1.7] that the top Chern degree

of Mr,d is rpr`1qpg´1q`2. This implies the higher rank Newstead conjecture, but

it is actually a stronger statement. For example, it implies as well the vanishing of

βaγb
P H4a`6b

pM2,1q

for a ` b ě g, also observed by Thaddeus, where γ is quadratic in the descendents

ch2pclass in H1pCqq.

In this section, we formulate and prove an analogous result for parabolic bundles.

We point out that our proof is independent and fundamentally different from the

previous ones, so in particular we reprove the aforementioned results in the case of

vector bundles.

8.1. The Chern filtration for parabolic bundles. We start by defining the

Chern grading on the parabolic descendent algebra, and induced Chern filtration.

Definition 8.1. The Chern grading on the descendent algebra Dqpar
α‚

is the multi-

plicative grading for which the generators

chkpgq, g P H˚
pCq Y te1, . . . , elu

are homogeneous of degree k. We write degCpDq “ k if D is homogeneous of Chern

degree k. Denote by C‚Dqpar
α‚

the induced filtration, i.e.

CkDqpar
α‚

“ spanQ
␣

chk1pg1q . . . chkmpgmq : k1 ` . . . ` km ď k
(

.

We write degCpDq ď k if D P CkDqpar
α‚

. Denote by

C‚Dqpar
α‚,wt0 “ Dqpar

α‚,wt0 X C‚Dqpar
α‚

the induced subspace filtration. The same definitions can be made in the parabolic

descendent algebra Dpar
α or Dpar

α,wt0 .

The Chern filtration on the descendent algebra induces a Chern filtration on the

cohomology of a moduli space Mα, with α regular, defined by

C‚H
˚
pMαq “ im

`

ξ : C‚Dqpar
α‚,wt0 Ñ H˚

pMαq
˘

.

Alternatively, the Chern filtration can be defined in a more concrete way that avoids

the use of weight 0 descendents, and instead uses a point normalization:

C‚H
˚
pMαq “ im

`

ξpt : C‚Dqpar
α‚

Ñ H˚
pMαq

˘

where ξpt is the unique extension of ξ to Dqpar
α‚

that annihilates ch1pptq; see [KLMP,

Propositions 1.13, 6.5]. This is closer to the way that tautological classes are treated

in the literature, for example in [JK].

The main result in this section is the following:

Theorem 8.2. Let α “ pr, d, f‚, cq and rMαs be the corresponding class in the Lie

algebra qVpar Ď qVpar
tr , and let D P Dqpar

α‚,wt0 . If deg
C

pDq ď dimMα ` rpg ´ 1q then
ż

rMαs

D “ 0 .
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If degCpDq “ dimM ` rpg ´ 1q ` 1, then

p´1q
pr´1qd

ż

rMαs

D

does not depend on d and on c.

We will give a proof in Section 8.2. Note that when α is regular the first statement

is equivalent to

CdimMα`rpg´1qH
top

pMαq “ 0 .

Recall that chkpejq and chkpγq have cohomological degrees

degpchkpejqq “ 2k and degpchkpγqq “ 2k ` 2 ´ degpγq .

Thus, the Chern degree is always between half of the cohomological degree and the

cohomological degree. For a polynomial in classes chkpptq, chkpejq, the Chern degree

is half of the cohomological degree. In particular, (2) is equivalent to the statement

that

CkH
2k

pMαq “ 0 for k ě dimM ´ rpg ´ 1q .

More generally, we have the following:

Corollary 8.3. Let α P CpIq be regular. If

m ´ k ě dimMα ´ rpg ´ 1q

then CkH
mpMαq “ 0. In particular, any polynomial in the classes

ξptpchipptqq, ξptpchipejqq P H2i
pMαq

of cohomological degree ě 2pdimMα ´ rpg ´ 1qq vanishes.

Proof. Let δ “ dimMα. Suppose D P CkH
mpMαq is non-zero. By Poincaré duality,

there is E P H2δ´mpMαq such
ż

Mα

D ¨ E ‰ 0 .

Recall that the Chern degree is bounded by the cohomological degree, i.e.

H2δ´m
pMαq “ C2δ´mH

2δ´m
pMαq .

But then

D ¨ E P C2δ`k´mH
2δ

pMαq ,

so by Theorem 8.2 it follows that

2δ ` k ´ m ą δ ` rpg ´ 1q

and we are done. For the second part of the statement, a polynomial in such classes

of cohomological degree 2k is in CkH
2kpMαq, so the statement follows immediately.

□
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Remark 8.4. The bounds in Theorem 8.2 and Corollary 8.3 are optimal, i.e. the

top Chern degree of Mα is dimMα ´ rpg ´ 1q ` 1. In the case of moduli of bundles

Mr,d and gcdpr, dq “ 1, it is shown in [EK1] that there are classes η, θ P Dpar such

that:

(1) η is a polynomial in descendents of the form chkpptq, and has

1

2
degpηq “ degCpηq “ rpr ´ 1qpg ´ 1q “ dimMr,d ´ rpg ´ 1q ´ 1 ,

(2) θ is given by15

θ “ ch2p1q
pr´1qpg´1q

2g
ź

i“1

ch1pγiq

where tγiu is a basis of H1pCq. In particular,

degpθq “ degCpθq “ 2rpg ´ 1q ` 2

(3) We have
ż

Mr,d

ξptpη ¨ θq ‰ 0 .

If c P Sr,d,f‚
is chosen so that there is a flag bundle morphism π : Mr,d,f‚

pcq Ñ Mr,d

and Proposition 5.5 holds, then
ż

Mr,d,f‚ pcq

D ‰ 0 for D “ ξptpη ¨ θq ¨ ctopp∆˚Ξq .

Recall the definition of Ξ in Section 5.2 and that ∆˚Ξ is the relative tangent bundle

of π. Clearly, ctopp∆˚Ξq is a polynomial in descendents ξptpchkpeiqq. Hence, D has

Chern degree equal to dimMα ` rpg ´ 1q ` 1. By the second part of Theorem 8.2,
ş

rMr,d,f‚ pcqs
D ‰ 0 actually holds for any d and c P Sr,d,f‚

. The class ξptpηq ¨ ctopp∆˚Ξq

then provides an example of a non-zero polynomial in ξptpchkpptqq, ξptpchkpeiqq with

cohomological degree equal to 2pdimMα ´ rpg ´ 1q ´ 1q.

Remark 8.5. The part of Theorem 8.2 regarding independence of d is analogous to

χ-independence phenomena conjectured for moduli of 1-dimensional sheaves on del

Pezzos surfaces, see [LMP, Remark 1.11]. Note that p´1qpr´1qd “ p´1qr´1 unless

r, d are both even, so in the case of Mr,d the sign only plays a role when we allow

gcdpr, dq ‰ 1, i.e. moduli with strictly semistable objects. This is why our result is

not incompatible with [LMP, Proposition 1.8], where there is no sign. Note that the

p´1qpr´1qd sign appears in some of the formulas of [Bu], for example in Theorem 5.15

(r “ 2) or in Theorem 6.6 (g “ 1).

Remark 8.6. In the same paper [New], Newstead also makes a second conjecture

– in rank 2, but later generalized to higher r – regarding the vanishing of Chern

classes ckpTMr,dq of the tangent bundle for k ą rpr´1qpg´1q. This conjecture was

proved in [TW]. Although our methods seem almost fit to reprove it, we could not

15Note that Earl–Kirwan work with moduli of bundles with fixed determinant, so they consider
only the class ch2p1qpr´1qpg´1q. The realization of

ś2g
i“1 ch1pγiq is a multiple of the Poincaré dual

to the loci of Mr,d with a fixed determinant.
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quite figure out how to do it due to the subtle but important point that ckpTMr,dq

does not behave well with respect to the Weyl action.

8.2. Proof of Theorem 8.2. We start by reducing to the case of full parabolic

bundles. Let c P Sr,d,f‚
. Then,

ż

rMr,d,f‚ pcqs

D “ const ¨

ż

rM full
r,d pcqs

cNp∆˚Ξqπ˚D

where N “ dimM full
r,d pcq ´dimMr,d,f‚

pcq and π is the flag bundle morphism. By the

definition of Ξ, it is clear that cNp∆˚Ξq is a polynomial in classes ξptpchkpejqq, hence

cNp∆˚Ξq has Chern degree equal to N . It is also clear that π˚ preserves the Chern

filtration, and that shows that the statement for M full
r,d pcq implies the statement for

Mr,d,f‚
pcq.

We now focus on full parabolic bundles and induct on the rank r “ rkpαq. When

r “ 1, Mα is a Jacobian and our claim is straightforward. Indeed, the descendents

ξptpchkpγqq all vanish except when k “ 1 and γ P H1pCq or k “ 2, γ P H0pCq; in both

cases, the Chern degree is equal to the cohomological degree, so C2g´1H
2gpMαq “ 0.

There is nothing to prove regarding wall-crossing invariance and the independence

of d is easy since all the moduli spaces M1,d are isomorphic.

Suppose now that the claim holds for r1 ă r and assume that r ą 2 (once again,

the case r “ 2 requires the use of 2 punctures, cf. Section 7.3.1). We use the

induction hypothesis to prove the wall-crossing independence first, and then make

use of the affine Weyl symmetry. Suppose that c˘ are stability conditions in Sr,d.

To ease the notation, we assume they are both regular and in adjacent chambers

so that we are in the setting of simple wall-crossing, as described in Section 4.2.

The simple wall-crossing formula (cf. Theorem 4.4) expresses the difference be-

tween integrals over M full
r,d pc˘q as

ż

M full
r,d pc`q

D ´

ż

M full
r,d pc´q

D “
ÿ

i

ż

M1

D1
i ¨

ż

M2

D2
i

where
ř

i D
1
i b D2

i “ Resz“0 Y
_pDq. The following Lemma controls the Chern

degrees appearing in the wall-crossing term, and is arguably the heart of the proof.

Lemma 8.7. The dual state-to-field correspondence

Y _ : Dpar
α`β Ñ pDpar

α b Dpar
β qJz´1, zK

has degree χsympα, βq with respect to the Chern degree, where on the right hand

side we consider the natural Chern degree on the tensor and regard z as having

Chern degree 1. In particular, the dual Lie bracket

Resz“0 Y
_ : Dpar

α`β Ñ Dpar
α b Dpar

β

has Chern degree χsympα, βq ` 1.

Proof. It is clear that the operator Σ˚ has degree 0 and that R´1 has degree ´1,

therefore it is enough to prove that Cz´1 has degree 0 or, equivalently, ckpΘq has
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Chern degree k. This is equivalent to ckpΘq being a polynomial in the (realization

of) classes

(18) chjpptq b 1, 1 b chjpptq, chjpeptqq b 1, 1 b chjpeptqq ,

which we now prove; interestingly, this is true only for the symmetrization Θ “

Ext_
12 ` Ext21, but not for each of the Ext complexes.

Recall our formula for the Ext complex (5). By Grothendieck–Verdier duality we

have

pRp˚RHompV1,V2q
˘_

“ ´Rp˚RHompV2,V1 b ωCq

in K-theory. Therefore,

Θ “Rp˚RHom
`

V2,V1 b pOC ´ ωCq
˘

´
ÿ

tPI

`

HompF1ptq, BF2ptqq
_

` HompF2ptq, BF1ptqq
˘

.

It is clear that the Chern character of the terms in the second line are polynomials in

(18). The Chern character of the first line on the right hand side can be calculated

via Grothendieck–Riemann–Roch as

p˚

`

chpV_
2 qchpV1qchpOC ´ ωCqtdpCq

˘

“ p2g ´ 2q
ÿ

a,bě0

p´1q
bchapptq b chbpptq

since chpOC ´ωCq “ p2g´2qpt. It follows that chkpΘq is a polynomial in the classes

(18), and therefore the same is true for ckpΘq by Newton’s identities. □

Remark 8.8. Note that χsympα, βq ` 1 is equal to

1 ´ χpα, αq ` 1 ´ χpβ, βq ´ p1 ´ χpα ` β, α ` βqq “ dimMα ` dimMβ ´ dimMα`β .

By the lemma and the previous remark, we have

degCpD1
i q ` degCpD2

i q ď degCpDq ´ pdimM˘ ´ dimM1 ´ dimM2q

ď dimM1 ` r1pg ´ 1q ` dimM2 ` r2pg ´ 1q ` 1 ,

so we must have degCpDj
i q ď dimMj ` rjpg ´ 1q for j “ 1 or for j “ 2. By the

induction hypothesis, it follows that
ş

M full
r,d pc`q

D “
ş

M full
r,d pc´q

D. Since any two regular

stability conditions can be connected by a sequence of stability conditions which

are related by simple wall-crossing, it follows that
ş

M full
r,d pcq

D does not depend on c

for c P Sr,d regular. It is easy to extend this argument and take into account the

iterated brackets that appear in the general wall-crossing formula (7), showing that

the same is true for non-regular weights.

Both the Hecke operators and the Weyl action preserve the Chern filtration.

Therefore, by the wall-crossing independence and the same argument used in Sec-

tion 7.3, the functional
ş

rM full
r,1 pcqs

is anti-invariant with respect to the actions of

Σr and rΣr when restricted to CdimMα`rpg´1q`1Dqpar
α‚,wt0 . The following refinement of

Proposition 7.4 now gives the vanishing in Chern degree dimMα ` rpg ´ 1q:
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Corollary 8.9. Let α‚ be a full topological type with rank r ą 2. Let f : Dqpar
α‚

Ñ Q
be a functional satisfying (16). If the restriction of f to Ck`1Dqpar

α‚
is anti-invariant

with respect to the actions of both Σr and rΣr, then the restriction of f to CkDqpar
α‚

vanishes. The same is true if we replace Dqpar
α‚

by Dqpar
α‚,wt0 .

Proof. The proof is exactly the same as Proposition 7.4 (and Corollary 7.6). Let us

just point out that when we show ti ¨ D „ tj ¨ D we use the anti-invariance applied

to ch2p1q ¨D, which has Chern degree 1 larger than t1 ¨D, t2 ¨D, and this is why we

need anti-invariance on Ck`1 to ensure vanishing on Ck. □

Finally, let us address the invariance with respect to d. By the same argument as

before, it is enough to consider full regular parabolic bundles. Let α “ pr, d, f‚, cq

and α1 “ pr, 1, f‚, c
1q be two full parabolic types related by the Hecke isomorphism,

i.e. such that α “ hτ pα1q. Recall the definition16 of h: : Dqpar
α‚

Ñ Dqpar
α1

‚
. The

fundamental observation is that if degCpDq “ dimMα ` rpg ´ 1q ` 1 then

h:
τ pDq “ τ ¨ D ` . . .

where the extra terms have degCp. . .q ď dimMα ` rpg ´ 1q and τ P Σr is the

permutation τpiq “ i ` d ´ 1 mod r. Thus, we have
ż

Mα

D “

ż

Mα1

h:
τ pDq “

ż

Mα1

τ ¨ D “ sgnpτq

ż

Mα1

D

where we have used Proposition 6.6 (and Lemma 6.3) in the first equality and the

vanishing already proved in the second. In the third equality we have used the Weyl

anti-symmetry – Weyl anti-symmetry holds when c1 is small, but we have already

shown wall-crossing independence when degCpDq “ dimMα ` rpg ´ 1q ` 1, so it

actually holds for any c1.

The cycle decomposition of τ consists of m cycles of length r{m each, where

m “ gcdpr, d ´ 1q. Therefore,

sgnpτq “ p´1q
mpr{m´1q

“ p´1q
pr´1qpd´1q .

Thus, the equality of integrals above can be rewritten as

p´1q
pr´1qd

ż

Mα

D “ p´1q
pr´1q¨1

ż

M 1
α

D ,

which shows the independence on d. l

9. Virasoro constraints

The Virasoro constraints for moduli spaces of parabolic bundles were conjectured

in [Mor2, Conjecture 1.4.9]. In this section we will state them and give a proof.

To write down the Virasoro operators it is convenient to introduce the Hodge

shifted descendents chH
k pgq, which are defined as

chH
k pγq “ chk`1´ppγq P Dpar

16Before, we defined the parabolic version of h:
τ from Dpar

α Ñ Dpar
α1 , but we are now using a

quasi-parabolic version Dqpar
α‚

Ñ Dqpar
α1

‚
.
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where γ P Hp,qpCq and

chH
k peptqq “ chkpeptqq

for t P I. For notational convenience, we assume in this section that I is finite.

Given t P Izt1u, we write

Beptq “ ept1
q ´ eptq P HIpCq

where

t1
“ mintt1

ą t : t1
P Iu .

When t “ 1 we simply set Bep1q “ 0. Note that the realization ξpchkpBeptqq is, by

definition, chkpBFptqq.

Definition 9.1. We define operators Ln : Dpar Ñ Dpar for n ě ´1 as a sum Ln “

Rn ` Tn, where

(1) Rn is a derivation defined on generators chH
k pgq, for k ě 0 and g P HIpCq,

by

RnpchH
k pgqq “

˜

n
ź

j“0

pk ` jq

¸

chH
n`kpgq .

(2) The operator Tn is multiplication by

Tn “
ÿ

a`b“n

a!b!

˜

p1 ´ gqchapptqchbpptq `
ÿ

tPI

chapeptqqchbpBeptqq

¸

,

where the sum runs over a, b non-negative integers. In particular, T´1 “ 0

and L´1 “ R´1.

The operators tLnuně´1 satisfy the Virasoro bracket relation

rLn, Lms “ pm ´ nqLn`m .

To compare with the definition in [BLM, Section 2.3] note that

p1 ´ gqchapptqchbpptq “ p´1q
pL´1chH

a ch
H
b ptdpCqq

where the right hand side is defined in loc. cit.

The operators, which are a priori defined in Dpar, induce well-defined operators

Ln : Dpar
α Ñ Dpar

α , which we denote in the same way. Taking duals and summing

over all α produces operators on the vertex algebra Vpar
tr :

(19) Ln : V
par
tr “

à

αPKpIq

pDpar
α q

_ L_
n

ÝÑ
à

αPKpIq

pDpar
α q

_
“ Vpar

tr .

To write down the Virasoro constraints we need one further operator, namely

Lwt0 : Dpar Ñ Dpar
wt0 , defined by

Lwt0 “
ÿ

ně´1

p´1qn

pn ` 1q!
Ln ˝ Rn`1

´1 .

The operator mapping to Dpar
wt0 is equivalent to the statement that R´1 ˝ Lwt0 “ 0,

which follows from the Virasoro commutator relations, see [BLM, Section 2.5].
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Remark 9.2. We point out that one can also define analogues of these operators in

the quasi-parabolic descendent algebras Dqpar
α‚

; recall that this is a supercommutative

algebras generated by symbols chkpγq for γ P H˚pCq and chkpejq for 0 ď j ď l ` 1,

modulo certain simple relations; alternatively, it is generated by chH
k pγq, chH

k pejq.

One defines Lqparn : Dqpar
α‚

Ñ Dqpar
α‚

by Lqparn “ Rqpar
n ` Tqpar

n where Rqpar
n is defined

exactly in the same way as in the parabolic case, and Tn is

Tqpar
n “

ÿ

a`b“n

a!b!

˜

p1 ´ gqchapptqchbpptq `

l
ÿ

j“0

chapejqchbpej`1 ´ ejq

¸

.

In particular, the Virasoro constraints do not depend on a choice of weights within

a fixed chamber.

The main result of this section are the Virasoro constraints for moduli spaces of

parabolic bundles:

Theorem 9.3. Let α “ pr, d, f‚, cq P CpIq. For every D P Dpar we have
ż

rMαs

Lwt0pDq “ 0 .

These generalize the Virasoro constraints for moduli spaces of stable bundles

shown in [BLM]. For the proof, we will need compatibility statements between the

Virasoro constraints and the structures that we have discussed earlier in the paper:

wall-crossing, flag bundles, and Hecke operators. We develop these compatibilities

first, and then give the proof in Section 9.5.

9.1. Primary states and wall-crossing compatibility. Compatibility with

wall-crossing is already the key ingredient in [BLM]. To state it, let us introduce

the Lie subalgebra of primary states.

Definition 9.4. The space of primary states of weight i on Vpar
tr is

Pi “
␣

v P Vpar
tr : L0pvq “ iv and Lnpvq “ 0 for n ą 0

(

.

The space of primary states on the Lie algebra qVpar
tr is

qP0 “ P1{T pP0q Ď qVpar
tr .

By [LM, Corollary 5.7], a class u P qVpar
tr (of non-trivial topological type) is a

primary state if and only if Lwt0puq “ 0, where

Lwt0 “
ÿ

ně´1

p´1qn

pn ` 1q!
Ln`1

´1 ˝ Ln : qV
par
tr Ñ Vpar

tr

is the dual of Lwt0 .
17 In particular, the moduli space Mα satisfies the Virasoro

constraints (i.e. Theorem 9.3 holds) if and only if rMαs P qP0 is a primary state.

We recall the reader that Vpar
tr is a lattice vertex algebra (cf. Proposition 3.1).

When the symmetrized Euler pairing χsym
P is non-degenerate, this vertex algebra

17When Vpar
tr admits a conformal element ω, Lwt0 is a canonical lift of the operator r´, ωs, see

[BLM, Proposition 3.13, Lemma 3.15].
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carries a natural conformal element, which is defined as explained in [BLM, Section

3.3, Section 4.3]. In the case of vector bundles, it is shown in [BLM, Theorem 4.12]

that the Virasoro operators coming from this conformal element coincide with (19);

the general parabolic case can be shown by a straightforward adaptation of the

calculations.

More generally, if the symmetrized Euler pairing is degenerate, the vertex algebra

Vpar
tr may not include a conformal element; however, it can always be embedded

into a larger (lattice) vertex algebra admitting a conformal element which induce

Virasoro operators that restrict to (19). See [LM, Section 5.1.1, Proposition 5.23]

for a more detailed discussion.

A fundamental property of primary states, observed by Borcherds himself in his

foundational paper on vertex algebras, is that they are closed under the Lie bracket.

Lemma 9.5 ([Bor]). qP0 is a Lie subalgebra of qVpar
tr .

Since wall-crossing formulas are stated using the Lie bracket on qVpar
tr , this state-

ment implies a compatibility between the Virasoro constraints and wall-crossing: if

every moduli space appearing on the right hand side of (7) satisfies the Virasoro

constraints, then so does the moduli space on the left.

9.2. Flag bundle compatibility. We now turn to the compatibility with the flag

bundle maps between different moduli spaces of parabolic bundles that were dis-

cussed in Section 5. We recall that we have interpreted these flag bundle structures

in terms of a certain map of vertex algebras ΩI,I 1 : VI Ñ VI 1

(and the induced

homomorphism of Lie algebras qVI Ñ qVI 1

), see Proposition 5.5 and Definition 5.6.

However, the Virasoro operators (19) were defined on the larger vertex algebra

VI
tr. Before we prove a compatibility statement between the Virasoro operators

and the vertex algebra homomorphisms ΩI,I 1 , we show that the Virasoro operators

preserve VI , which we think is a statement of independent interest.

Proposition 9.6. The Virasoro operators tLnuně´1 preserve the vertex subalgebra

Vpar Ď Vpar
tr .

Proof. This statement is equivalent to the claim that the operators Ln preserve the

ideal

(20) ker
`

Dpar
α ↠ H˚

pMpar
α q

˘

.

Since Tn is a multiplication operator, this is equivalent to Rn preserving the said

ideal. Recall that Mpar
α is a flag bundle over the moduli stack of vector bundles

Mr,d. Moreover, it is well-known [AB, HS] that H˚pMr,dq is isomorphic to the

free supercommutative algebra generated by p˚pckpVqq˚γq for k “ 1, . . . , r and

γ P H˚pCq. Hence, the kernel (20) is generated by relations of two types:

(1) ckpFptq ´ Fpsqq for t ą s and k ą fptq ´ fpsq;

(2) p˚pckpVqq˚γq “ 0 for every k ą r, γ P H˚pCq.
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The relations of the first type are analogous to the relations among generators in the

cohomology ring of the Grassmannian, which were shown to be preserved by similar

Virasoro operators [LM, Section 8.7]. See also the proof of [KLMP, Proposition

3.8]. The same proof can be used to show that each of the ideals generated by the

relations (1) for fixed t, s is preserved by the Virasoro action.

On the other hand, the relations of the second type can be seen as generalized

Mumford relations, as in [KLMP, Section 2.2]. To do so, observe that

V “ pRp12q˚RHompp˚
23K, p˚

13Vq

where pij is the projection of Mα ˆ C ˆ C onto the i-th and j-th components and

K is the complex ∆˚pω_
C qr´1s on C ˆ C; this follows from

RHompV ,OMˆCq “ pRp12q˚∆˚RHomp∆˚p˚
13V ,OMˆCq

“ pRp12q˚RHompp˚
13V , p˚

23∆˚OCq

and an application of Grothendieck–Verdier duality. By the formal argument in the

proof of [KLMP, Theorem 3.10], Rn preserves the ideal generated by relations of

the second type provided that Rn preserves the ideal of relations

ker
`

ξK : D ↠ H˚
pCq

˘

,

where D is the algebra generated by symbols chkpγq and ξK is the realization ho-

momorphism sending chkpγq to p˚pchkpKqq˚γq. But it is easy to see that we have

ξK ˝ Rn “ 0 for every n ě 1; this follows from the fact that RnpchH
0 pγqq “ 0, by

definition, and ξK
`

chH
k pγq

˘

“ 0 for every k ą 1 by Hodge degree reasons. □

Theorem 9.7. Let I 1 Ď I. The Virasoro operators commute with ΩI,I 1 , i.e. the

square

VI VI 1

VI VI 1

ΩI,I1

LI
n LI1

n

ΩI,I1

commutes for every n ě ´1. In particular, ΩI,I 1 sends primary states to primary

states.

If the vertex algebras VI ,VI 1

had conformal elements inducing their respective

Virasoro operators (which is never the case), this commutativity property would

mean that ΩI,I 1 was a weak vertex operator algebra homomorphism. Being a weak

vertex operator algebra homomorphism is implied by being a strong vertex oper-

ator algebra homomorphism, which is a vertex algebra homomorphism respecting

the conformal elements. Recall that, crucially, ΩI,I 1 cannot be extended to a ho-

momorphism of vertex algebras VI
par Ñ VI 1

par (which often contains a conformal

element), so there is no natural way to produce an actual homomorphism of vertex

operator algebras.

Proof of Theorem 9.7. The commutativity is equivalent to the commutativity of the

dual square
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H˚pMI 1

q H˚pMIq

H˚pMI 1

q H˚pMIq

ctop¨π˚p´q

LIn LI
1

n

ctop¨π˚p´q

where ctop :“ ctopp∆˚ΞI,I 1q. Note that we have18

π˚chkpeptqq “ chkpeptqq for t P I 1 , and π˚chkpγq “ chkpγq for γ P H˚
pCq ,

so π˚ intertwines RI
n, R

I 1

n . Hence,

LIn
`

ctop ¨ π˚
pDq

˘

´ ctop ¨ π˚
pLI

1

n pDqq
˘

“
`

RI
npctopq ` ctop ¨ TI

n ´ ctop ¨ π˚TI 1

n

˘

¨ π˚
pDq .

Therefore, commutativity of the diagram is equivalent to the identity

(21) RI
npctopq “ ´ctop ¨TI

n`ctop ¨π˚TI 1

n “ ´ctop ¨

¨

˝

ÿ

a`b“n

ÿ

tPIzI 1

a!b!chapeptqqchbpBeptqq

˛

‚

in H˚pMIq. By Newton’s identities, the total Chern class of Ξ is

cpΞq “ pξ b ξq exp

¨

˚

˚

˝

ÿ

a,bě0
pa,bq‰p0,0q

ÿ

tPIzI 1

p´1q
b
pa ` b ´ 1q!chapeptqq b chbpBeptqq

˛

‹

‹

‚

.

Denote by Cj P DI b DI the degree 2j part of the exponential on the right hand

side, so that cjpΞq “ pξ b ξqCj. It is shown in [KLMP, Theorem A] that we have a

formal identity

pRI
n b idqpCNq`

n
ÿ

k“´1

ˆ

n ` 1

k ` 1

˙

pidbRI
kqpCN`n´kq “

´
ÿ

0ďa`bďn

a!pn ´ aq!

pn ´ a ´ bq!

ÿ

tPIzI 1

`

chapeptqq b chbpBeptqq
˘

CN`n´a´b

in DI b DI for every N . Now take N “ rk Ξ in the identity above and apply the

realization map ξ b ξ. Since Ξ is a vector bundle, the realization of CN`n´a´b in

H˚pMI ˆMIq is 0 when a`b ă n. Similarly, the realization of CN`n´k is 0 if k ă n;

since by Proposition 9.6 the operators RI
k descend to H˚pMIq, the realization of

pidbRI
kqpCN`n´kq is also 0 for k ă n. Therefore, the formal identity implies that

pξ b ξqpRI
n b id` idbRI

nqCN “ ´pξ b ξq

¨

˝

ÿ

a`b“n

a!b!
ÿ

tPIzI 1

chapeptqq b chbpBeptqq

˛

‚CN

in H˚pMI ˆ MIq. By further applying ∆˚ we deduce the identity (21), which

proves the commutativity statement. The conclusion regarding primary states fol-

lows trivially. □

18We are committing a small abuse of notation here by omitting the realization homomorphism
ξ and regarding chkpgq as an element of H˚pMparq.
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Remark 9.8. This type of statement holds in other scenarios where the Virasoro

constraints have been studied and there are natural maps between vertex alge-

bras. The projective bundle compatibility in [BLM, Theorem 5.13] is an earlier and

slightly simpler statement of this kind. An analogue of Theorem 9.7 can be proved,

exactly in the same way, for the maps between vertex algebras associated to differ-

ent quivers in [GJT, Definition 5.10] and the quiver Virasoro operators studied in

[Boj, LM].

9.3. Compatibility with Hecke operators. The next ingredient is compatibility

of the Virasoro constraints with Hecke operators, which we prove in the next lemma.

Lemma 9.9. The Virasoro operators commute with the Hecke operators phτ q:, i.e.

the square

Vpar
tr Vpar

tr

Vpar
tr Vpar

tr

phτ q:

Ln Ln

phτ q:

commutes for every n ě ´1. In particular, phτ q: sends primary states to primary

states.

Proof. Recall that the Hecke operator phτ q: is defined as the dual of operators

h:
τ on the descendent algebra. In turn, these are induced by an automorphism

ϕτ : HIpCq Ñ HIpCq in the sense that h:
τ pchH

k pgqq “ chH
k pϕτ pgqq. As explained in

the proof of Proposition 3.1, Vpar
tr is isomorphic to a lattice vertex algebra whose

underlying “lattice” is the dual ofHIpCq, which can be identified withKpIq‘K1pCq.

The dual of the automorphism ϕτ is easily seen to be

hτ ‘ idK1pCq : KpIq ‘ K1
pCq Ñ KpIq ‘ K1

pCq .

Therefore, the automorphism phτ q: of Vpar
tr is induced by the above automorphism

of the underlying lattice. For the lattice vertex algebras without an odd part, it was

shown in [LM, Proposition 5.2] that Virasoro operator are compatible with maps of

vertex algebras induced by embeddings (in particular, automorphisms) of lattices.

In the more general case of lattices with an odd part, the construction of Virasoro

operators requires a further choice of an isotropic splitting of the odd part, see

[Kac, 3.6.14] or the discussion in [BLM, Section 3.3]. The result mentioned above

[LM, Proposition 5.2] is immediately generalized to the case of super lattices if we

consider embedding of lattices that preserve the Z{2-grading of the lattice and the

isotropic decomposition mentioned above.

In our case, the isotropic splitting of the odd part of the lattice is

K1
pCq » H1

pCq “ H0,1
pCq ‘ H1,0

pCq .

Since our lattice automorphism acts as the identity on the odd part, it clearly

preserves this splitting, and we conclude the proof. □
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Corollary 9.10. Let α P CpIq be regular. Theorem 9.3 holds for Mα if and only if

it does for Mhτα.

Proof. By Lemma 5.5, we have phτ q˚rMαs “ rMhταs in the Lie algebra qVpar. Em-

bedding qVpar Ď qVpar
tr and applying Lemma 6.3 we obtain the equality phτ q:rMαs “

rMhταs in qVpar
tr . The conclusion then follows from Lemma 9.9. □

9.4. Compatibility with the Weyl action. This very short section will consist

only of the proof of the following easy proposition:

Proposition 9.11. Let α‚ be a full topological type. The operators Lqparn : Dqpar
α‚

Ñ

Dqpar
α‚

are equivariant with respect to the Σr action.

Proof. The fact that Rqpar
n is Σr equivariant is clear. The Σr equivariance of Tqpar

n

is also clear once we write it as

Tqpar
n “

ÿ

a`b“n

a!b!

˜

p1 ´ gqchapptqchbpptq `
1

2

ÿ

1ďi‰jďr

chapdiqchbpdjq

¸

. □

9.5. Proof of Theorem 9.3. We now have all the ingredients for the proof of the

Virasoro constraints for parabolic bundles. Our strategy will be exactly the same

as in the proof of the reconstruction theorem (cf. Section 7.3) and the Newstead

vanishing (cf. Section 8.2), by induction on the rank. The base case are the Vi-

rasoro constraints for the Jacobian; these can be shown by a direct calculation, or

alternatively they are shown in [BLM, Proposition 6.2, Corollary 6.4].

As in the previous proofs, the case of rank 2 requires utilizing 2 punctures, as

sketched in Section 7.3.1, but otherwise the argument is similar, so we focus on

r ą 2. We first observe that it is enough to prove the Virasoro constraints for

M full
r,1 pcq for any c P Sr,1. First, the statement for regular full parabolic bundles in

any other degree d, i.e. rM full
r,d pcqs P qP0 for every c P Sr,d regular, follows from the

compatibility with Hecke operators, cf. Corollary 9.10. By compatibility with wall-

crossing, cf. Proposition 9.5, and the induction hypothesis, we get rM full
r,d pcqs P qP0

for every c P Sr,d. Finally, the statement for partial parabolic bundles is deduced

from Proposition 5.5 (or, in the case of non-regular c, Definition 5.6) and Theorem

9.7.

We now claim that the class Lwt0prM full
r,1 pcqsq does not depend on c after forgetting

weights. Given any two stability conditions c, c1 P Sr,1, recall the wall-crossing

formula in Theorem 4.8. Every term with l ą 1 on the right hand side is an iterated

bracket of classes rM full
ri,di

pcJiqs with ri ă r. By the induction hypothesis and the fact

that primary states form a Lie subalgebra (cf. Lemma 9.5) it follows that any such

bracket is annihilated by Lwt0 . Hence, applying Lwt0 to the wall-crossing formula

gives an equality

Lwt0prM full
r,1 pcqsq “ Lwt0prM full

r,1 pc1
qsq
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after forgetting weights. Equivalently, this is to say that the functional Dqpar
α‚

Ñ Q
defined by

D ÞÑ

ż

rM full
r,1 pcqs

Lqparwt0 pDq

does not depend on c. This functional is anti-invariant with respect to the action of

Σr for some choice of c (recall Proposition 9.11) and anti-invariant with respect to

the action of rΣr for some other choice of c2. Hence, it must vanish by Proposition 7.4.
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