ON THE INTERSECTION THEORY OF MODULI SPACES OF

PARABOLIC BUNDLES

MIGUEL MOREIRA

ABSTRACT. This paper concerns the intersection numbers of tautological classes
on moduli spaces of parabolic bundles on a smooth projective curve. We show that
such intersection numbers are completely determined by wall-crossing formulas,
Hecke isomorphisms, and flag bundle structures and resulting Weyl symmetry.
As applications of these ideas, we prove the Newstead—Earl-Kirwan vanishing
— and a natural strengthening in terms of Chern filtrations — and the Virasoro
constraints for parabolic bundles. Both of these results were already known for
moduli of stable bundles without parabolic structure, but even in those cases our
proofs are new and independent of the existing ones. We use a Joyce style vertex
algebra formulation of wall-crossing, and define intersection numbers even in the
presence of strictly semistable parabolic bundles; all of our results hold in that
setting as well.
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2 MIGUEL MOREIRA

1. INTRODUCTION

Let C be a smooth projective surface and let M, 4 be the moduli space of stable
vector bundles on C' of rank r and degree d, where r > 1, d € Z are coprime integers.
The moduli spaces M, 4, and in particular their topology and their intersection
theory, have been a topic of interest for more than 50 years. Let us mention, in a
non-exhaustive way, some of the results that motivate the present paper.

Newstead [New]| (in rank 2) and Atiyah-Bott [AB] (in higher rank) identified a
set of generators for the cohomology of M, 4, which we will refer to as descendents,
or tautological classes. Two natural questions arise: what are the relations among
descendents, and what are their intersection numbers. Both questions have been
completely answered in the 90s. The study of relations culminated in the proof
[EK2] that the set of Mumford relations is complete.

The question of determining intersection numbers — which we also refer to as
“Integrals” — of descendents was first solved in rank 2 by Thaddeus [Thal] and
Donaldson [Don]. Thaddeus proved his formula for integrals of descendents as a
consequence of the Verlinde formula for the number of sections of determinant line
bundles. Witten [Wit] proposed a formula for such integrals in arbitrary rank,
which was later proved by Jeffrey—Kirwan [JK].

In this paper we propose a different approach to determining integrals on moduli
spaces of bundles and, more generally, on moduli spaces of parabolic bundles [Ses,
MS]. Given a marked point p € C, a parabolic bundle on (C,p) is essentially a
vector bundle V' on C' together with a flag on the vector space V, (and also a
choice of weights). Parabolic bundles can be thought of as vector bundles on an
orbifold curve where we introduce a sigularity at p via a root stack construction
[Bis]. It turns out that enriching bundles by adding a parabolic structure is very
profitable: it introduces new features, namely wall-crossing, Hecke modifications,
and Weyl symmetry, that allow us to completely determine all the integrals. This
statement is the content of Theorem A, which we call the reconstruction theorem.
It is analogous and greatly inspired by the recent proof of the Verlinde formula by
Szenes—Trapeznikova [ST].

Although we do not pursue explicit formulas for the integrals, in principle these
can be extracted from the reconstruction theorem. We give two applications of
these ideas, namely a proof of the Newstead—Earl-Kirwan vanishing for parabolic
bundles — and a natural generalization in the context of Chern filtrations —, and the
Virasoro constraints for parabolic bundles proposed in [Mor2].

1.1. Main results. Given r € Zsy, d € Z, fo = (f1,..., fi-1) and a choice of
weights

O=c<ca<cg<...<qg<cgy1=1,
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we have a moduli space M, 4y, (c) parametrizing c-semistable parabolic bundles
with rank r, degree d and dimension vector of the flag f,. We often write « for the
data (r,d, fa,c) and M, = M, 4y (c). For appropriate choices of o (which we call
regular), all the semistable objects in this moduli space are stable, in which case
M, is a smooth projective variety of dimension

l
dim M, = r*(g—1) + 1+ Zfi,l(fi — fii1).

There is a natural way to construct tautological classes (also called descendents)
on the cohomology of the moduli spaces M,. Indeed, such moduli spaces carry a
universal rank r vector bundle V on M, x C, and a universal flag

O0=FocFic...cF =V

of vector bundles on M,. The tautological classes that we consider are the Kunneth
components of the Chern classes of V and the Chern classes of IF;. It is well known
that these generate H*(M,) as an algebra. We refer the reader to Section 2 for
more detail on parabolic bundles, stability, moduli spaces and tautological classes.

In this paper we are interested in intersection numbers of tautological classes, i.e.

1) f D
My 4,5 (c)

where D is a polynomial in the classes described before. Our main result is that such
numbers can be fully reconstructed from some key properties of parabolic bundles:

Theorem A (Reconstruction theorem). Integrals of descendents (1) over moduli
spaces of semistable parabolic bundles are completely determined by the following
properties:

0) The rank r = 1 case, i.e. integrals over the Jacobian M; 4;

2) The flag bundle formula (11) and Weyl anti-symmetry (15);

(
(
(
(3) The Hecke compatibility (13).

)

1) The wall-crossing formula (7);
)
)

The theorem will be proved in Section 7.3. We will briefly explain what (1), (2)
and (3) mean, and the key ideas in the proof, in Sections 1.2 and 1.3. This theorem
is inspired by the proof of the Verlinde formula given by Szenes—Trapeznikova [ST]|
(see also [Tra]), which is itself inspired by work of Teleman—Woodward [TW].

Remark 1.1. We hope that the reconstruction theorem will lead to a new proof of
the Witten—Jeffrey-Kirwan formulas for integrals on M, 4 as iterated residues, and
to a generalization of those to parabolic bundles. Once there is a proposal for a
formula for any moduli space of parabolic bundles, showing that it is correct just
amounts to showing that it satisfies the same properties (0)-(3).
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As an application of these ideas, we prove two vanishing results for intersection
numbers on moduli spaces of parabolic bundles. The first is addressed in Section 8,
and is related to a conjecture of Newstead, which was proved for moduli spaces
of semistable bundles by Earl-Kirwan [EK1] (based on the integral formulas from
[JK]). For parabolic bundles, a non-optimal result of the same type was proved by
Gamse-Weitsman [GW] with a more direct geometric/combinatorial argument.

We state our result in terms of the Chern filtration (see Definition 8.1). In the
case of bundles, this formulation already appears in [LMP, Theorem 0.2, Corollary
1.7, Proposition 1.8], where a proof is given following [EK1].

Theorem B (=Theorem 8.2). If D is a product of tautological classes with Chern
degree < dim M, + r(g — 1), then

D=0.
Ma
Moreover, if D has Chern degree dim M, + (g — 1) + 1, then
(_1)(T—1)d D
Ma

does not depend on d and on c.

We refer the reader to Section 0.3 and Remark 1.11 in [LMP] for a discussion
concerning the relevance of the Chern filtration and on how this result is analo-
gous to expected properties of moduli spaces of 1-dimensional sheaves on del Pezzo
surfaces.

A consequence of this result (cf. Corollary 8.3) and Poincaré duality is the coho-
mological vanishing

(2) ey (Fj) . c, (Fj,,) =0 € H (M, 44.(c))
for any k; = 0 such that!

ki+ ...+ ky>dimM, —r(g—1)
and j; € {1,2,...,1}.

The next application is a proof of the Virasoro constraints for moduli spaces of
parabolic bundles. The Virasoro constraints are a set of linear relations among
integrals of tautological on different moduli spaces.

Theorem C (=Theorem 9.3). Every moduli space of parabolic bundles M, satisfies
the Virasoro constraints.

IFor full parabolic bundles we get vanishing when the sum of the k; is at least r(r—1)g— (;) +1.
The vanishing of [GW, Theorem 1.6] is the same, except that they only show it when the sum of
the k; is bounded below by r(r —1)g — r + 2, so our result is stronger for r > 2. Indeed, our bound
is optimal, see Remark 8.4.
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Virasoro constraints for moduli spaces of sheaves and related objects have been
investigated in [MOOP, Morl, vB, BLM, Boj, LM]. The constraints for moduli
spaces of bundles on curves, which are also a particular case of Theorem 9.3, were
proved in [BLM]. The parabolic version was formulated in the author’s thesis
[Mor2]. A path of proof was sketched in loc. cit.; there, the proof suggested was
by reducing to the case of bundles. However, the present proof does not depend on
the case of bundles, and therefore is independent of the argument in [BLM] (but it
does rely on the ideas there, most notably the wall-crossing compatibility).

Remark 1.2. Parabolic bundles with weights in %Z correspond to orbibundles on
the root stack C = X/(C, p), which introduces an orbifold singularity locally looking
like [C'/Zy] at the point p. In particular, the Virasoro constraints for parabolic
bundles are the first instance of Virasoro constraints for sheaves on orbifolds. Note
that if I = Z [0, 1] then the vector space H;(C) defined in Section 2.3 can be
naturally identified with the orbifold cohomology of C. This hints that, in general,
the orbifold descendents should be modeled in the orbifold cohomology. This is
also what Lin proposes in [Lin, Definition 5.23|, in the context of Pandharipande—
Thomas invariants for orbifolds of dimension 3.

1.2. Wall-crossing, Joyce style vertex algebras, and stable#semistable.
One of the key aspects of parabolic bundles, with particular importance in the
present paper, is wall-crossing. By wall-crossing we mean the dependence of the
moduli space M, 4, (c), and associated invariants (1), on c¢. The weight vector ¢ can
be regarded as a stability condition; indeed, M, 4+, (c) is constructed as a GIT quo-
tient where the linearization is determined by the choice of ¢, c¢f. Section 2.2.1. The
space of possible weight vectors ¢ (later denoted by S, 4 ) admits a wall-chamber
decomposition; i.e., there are finitely many codimension 1 walls that partition the
space of stability conditions into chambers, and the moduli space M, 4y, (c) is the
same when c¢ varies within a chamber, but might change when a wall is crossed.
We say that ¢ (or, equivalently, a = (r,d, f.,c)) is regular if it does not lie in any
wall, in which case there are no strictly c-semistable sheaves, and the moduli space
M, 4. (c) is smooth and proper.

In Section 4, we prove Theorem 4.8 (see also Theorems 4.4 and 4.5), which
provides a wall-crossing formula for integrals of tautological classes in moduli spaces
of full parabolic bundles, i.e. when f, = (1,2,...,r — 1). Full parabolic bundles
have the advantage that generic weight vectors ¢ are regular. In concrete terms,
letting o = (r,d, f,,c) and o/ = (r,d, f,, ), the wall-crossing formula expresses the

f D — D
M, M,

between integrals of tautological classes D € DP*" (see Section 2.3) over moduli

difference

spaces defined with respect to two different regular stability conditions ¢, as a
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sum of integrals over product of moduli spaces of parabolic bundles of smaller rank

[ o
Ma1><'“><MD¢z

the sum runs over some of the partitions?
a=qo+...+q,

and the tautological classes [] inside the integrals are determined from D by an
explicit formula.

Following Joyce, we write the precise wall-crossing formulas (in particular, de-
scribing [J) using the vertex algebras VP* and VI and the corresponding Lie
algebras VP and VP*. The vertex algebra VP is exactly the vertex algebra
constructed from the C-linear exact category of parabolic bundles following [Joy1,
Joy3]. On the other hand, V" is defined more concretely in terms of the descendent
algebra and it is isomorphic to a lattice vertex algebra. Note that VP is naturally
a vertex subalgebra of VE™ (cf. Proposition 3.2) and VP* is a Lie subalgebra of
VP For regular «, the moduli space M, defines a class

[Ma] € VP < VY
containing information about integrals

D
Mo,

of tautological classes D € DP* (see Section 2.3). The wall-crossing formula ex-
presses the difference between two such classes in terms of Lie brackets of lower
rank classes.

An important feature of Joyce’s wall-crossing theory, which is also present here,
is that one also defines classes [M,] for non-regular o, which amounts to giving a
meaning to the integrals (1) when ¢ is non-regular. Such classes may appear in the
wall-crossing formula, even between regular stability conditions. Our main results —
Theorems A, B and C — apply to non-regular weights when interpreted in this way:.
Our definition of [M, 4+ (c)] utilizes full parabolic bundles, where we can always
perturb a non-regular ¢ to a regular ¢. We prove in Theorem 5.7 that our definition,
in the particular case of bundles M, ; (when ged(r,d) # 1 every c is non-regular),
agrees with Joyce’s.

Remark 1.3. In his work, Joyce considers families of stability conditions on a
fixed exact category. The nature of parabolic bundles, however, is different. The
weight vector is part of the data of a parabolic bundle, and there is only one sta-
bility condition. Even if ¢, ¢’ are in the same chamber, the moduli spaces M, 4 r, (c),

2A partition of « is the same as the data of partitions
r=ri+...+r,d=di+...+d,{1,...;r}=Jiu...uJ,
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M, 4.7.(c') technically parametrize different parabolic bundles® because they have
different weights; indeed, the objects that they parametrize even have different
classes in the K-theory of parabolic bundles. Hence, Joyce’s setup does not imme-
diately apply to parabolic bundles, although most of the ideas adapt easily with
minor modifications, for instance requiring the wall-crossing formulas to hold only
after forgetting weights (cf. Definition 4.3).

1.3. Flag bundles, Hecke isomorphisms and (affine) Weyl symmetry. We
now briefly explained the remaining structures mentioned in the formulation of
Theorem A.

1.3.1. Flag bundles. Often, there are flag bundle maps between different moduli
spaces of parabolic bundles. The simplest example is when ged(r,d) = 1; if ¢ is
a small stability condition, meaning that ¢;;; — ¢; « 1, then a parabolic bundle
(V, F,c) with rank r and degree d is stable if and only if V' is stable. In particu-
lar, there is a morphism M, 4, (¢) — M, 4 that forgets the data of the flag. See
Proposition 5.1 for a more general statement. The intersection theory of the total
space of a flag bundle can be related to the intersection theory of the base. This
observation reduces Theorems A, B and C to the case of full parabolic bundles.

1.3.2. Weyl symmetry. The Weyl (anti-)symmetry appears when we consider a full
flag bundle M™% (c) — M, 4. As we explain in Section 6, the cohomology M%!(c) ad-
mits an action of the symmetric group ¥, which permutes t,,...,t, € H Q(Mf}gl(c));
these classes t; are the first Chern classes of the line bundles F,;/F; ; obtained as
successive quotients of the universal flag. Another consequence of the flag bundle
structure is the anti-invariance of the integration functional:

(3) f oD = (—1)0 f D
Mull(c) Ml (e)

for any o € ¥, and D a polynomial in tautological classes. See Proposition 7.2
and 7.3. This anti-invariance property is what we mean in (2) of Theorem A.

1.3.3. Hecke isomorphisms. The last ingredient in the reconstruction theorem are
the Hecke isomorphisms, which we discuss in Section 6. A feature of full parabolic
bundles is that moduli spaces of parabolic bundles with different degrees are iso-
morphic, provided we change the weights accordingly. The basic idea behind this
fact is the construction of Hecke modifications. If (V, F,) is a parabolic bundle,
then

V =ker (V -V, - V,/F)

3They parametrize the same quasi-parabolic bundles. But, crucially, quasi-parabolic bundles
do not form an exact category — there is no natural notion of morphisms or subobjects for quasi-
parabolic bundles, for instance — and in particular the homology of the stack of quasi-parabolic
bundles does not have a natural vertex algebra structure.
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is a new vector bundle of degree deg(V) — r + dim(F;) which inherits a para-
bolic structure from V. Such Hecke modifications preserve stability as we show
in Lemma 6.6. The upshot of Section 6 is Corollary 6.7: given a rank r, two degrees
d,d and a stability condition ¢ then we can always find another stability condition
¢’ such that

My (c) = My (c).

1.3.4. Affine Weyl symmetry. One insight from [TW, ST| is that by combining
Hecke isomorphisms and the Weyl symmetry we obtain a much larger group of
symmetries, namely the affine Weyl group. Consider the following diagram, where
¢, are small stability conditions and ¢” is so that we have an Hecke isomorphism
as explained above.

S S o

PN PN STTTS
{ ) { ) ! )

N / I ) N y N /
) full Wwall-Crossing full [ o Hecke N full (o
r,1 (C) Mr,l (C ) r,fl(c)

flag bundlel lﬂag bundle

M,n’l Mr,—l

The flag bundle structures imposes the ¥, anti-invariance of the integral func-
tionals on MM'(c) and M™ (¢). Using the Hecke isomorphism, we obtain anti-
invariance of the integral functional on Mf}llu(c” ) with respect to a different action
of the symmetric group, which we now denote by ir; this action is obtained from
conjugating the X, action by the Hecke isomorphism.

When the two groups X, S, are put together by regarding both as groups of
automorphisms of the formal descendent algebra D?" they generate a much larger
group, the affine Weyl group of sl (see Remark 7.5).

Example 1.4. Consider the two actions of the symmetric group >, and 35, on the
lattice Z, generated by the involutions  — —z and x — 1 — x, respectively. Then,
Y and 2y generate the entire group of automorphisms of Z, consisting of reflections
and translations. This is isomorphic to the affine Weyl group of sl,.

1.3.5. Proofs of main results. The proof of the reconstruction theorem uses induc-
tion on r. Using wall-crossing, the Hecke operators and the flag bundle structures,
it is enough to determine integrals on Mf}llu(c). The proof of the reconstruction
theorem then boils down to an algebraic fact that we prove in Proposition 7.4. If it
were the case that ¢, ¢” were in the same chamber of S, 4, the functional SMff‘fl(C) D

would be anti-invariant with respect to the actions of both X, ir and hence Propo-
sition 7.4 would say that all the integrals vanish. Although this is never the case,
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wall-crossing gives the difference between integrals

J D — D = lower rank invariants
va'ulll (C) Mﬁulll (C”)
on the two moduli spaces, so ¥, anti-invariance for M4!(c) and ¥, anti-invariance
for MU (") are still enough to recover the integrals over M™M(c).

The proofs of Theorems B and C follow a strikingly similar strategy. In both
cases, induction on r and the wall-crossing formula are used to first show a wall-
crossing independence statement, and then the affine Weyl anti-symmetry is used
to show vanishing. In both cases we need a result showing compatibility with
wall-crossing; for compatibility with the Chern filtration, that is the content of
Lemma 8.7, and for the Virasoro constraints such statement is already known from
[BLM]. Compatibility with Hecke operators and the flag bundle morphisms are also
necessary. In that regard, the flag bundle compatibility for the Virasoro constraints
is the most subtle part, and it is shown in Theorem 9.7, using an identity from

[KLMP, Appendix A].

1.4. Rank 3 example. Let us illustrate some of the structures explained above
when r = 3. We encourage the reader to come back to this example while reading
Sections 4 to 7.

We first consider the case of full parabolic bundles with rank 3. In that case, the
moduli space M3 4(c) depends on a choice of weights

O<ci<cp<cz<l.
Actually, M;4(c) only depends on the differences
AM=cy—crand \g =c3 — 3.
In the picture below, we have the spaces of stability conditions
Ssa={(A1,A2): A1, Ao >0, A\ + Ay < 1}

for d = 1,0, —1 and their respective wall-chamber structure:

> i
Wi Wi Ws

A -

S3,1 S3,0 S3,_1

Figure 1. The spaces of stability conditions S3 4 for d = 1,0, —1.
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In each of the three cases d = —1,0, 1, there is a unique wall W; which intersects
Ss.q (but we also draw the walls Ws, W3 that intersect the closure §37d) and divides
the space of stability conditions into two chambers. In general, the walls are deter-
mined by the existence of a partition & = ay + a5 of topological types such that ay
and ay have the same slope (see the definition in Section 2.2.1). For example, in
the case of d = 1, the topological types

ar=(r1=2,d1 =1, f1) and ap = (ry = 1,dp = 0, f2)

where
01f0<t<62 0if0<t<
t)=<1ifey <t < d t) =
stz w 0= {)0%05
2if 3 <t <1

have the same slope if and only if A\; + 2X\y = 1, which is the equation for the
wall Wl-

Let ¢* be a stability conditions in the “+” chamber of S5, (below the wall W)
and ¢~ in the “—” chamber (above the wall W;). The moduli spaces M; = M, and
M, = M,, control the difference between M, = M (¢™) and M_ = Mi"'(¢™), in
the sense that SM+ D — SM, D can be expressed as an integral over M; x Ms. In

the vertex algebraic formulation of wall-crossing, we have an identity (cf. Theorem
4.5)

[M.]—[M_] = [[M1]7 [M2]]
in VP If 0 is on the wall Wy, then the moduli space My = M3 () includes
strictly semistable objects, so M is no longer smooth and does not admit a universal
sheaf. We formally define the class [My] — i.e., give a definition of “intersection
numbers” over My — by imposing the wall-crossing formula, which in this case reads

(0] = (0] + 5[] D] = (M~ S[[M). [3]).

Note that [Mp] can be defined by using either the wall-crossing formula comparing
& and ¢~ or ® and ¢*, and this is consistent by the wall-crossing formula comparing
¢~ and c?.

The spaces of stability conditions Ss 4 for different d can all be naturally identified
via Hecke modifications, see Section 6.3. This correspondence identifies the 3 walls
labeled as Wy, Wa, W3 and the chambers labeled by “+”. The moduli spaces M; 4(c)
are isomorphic to M, for cin the “+” chamber in any of the 3 spaces, and isomorphic
to M_ in the “—” chamber.

We now address partial parabolic bundles. It is convenient to think of weight
vectors for partial parabolic bundles as degenerate cases of weight vectors for full
parabolic bundles where we allow some of the weights to be equal, or equivalently
some of the differences \; to be 0; see Section 5.1. Take for example d = 1 and
fo = (2). Then M;; (2)(c) depends on the choice of two weights 0 < ¢; < ¢y < 1,
and we let € = (cq, ¢1, ¢2) be a point on the side A\; = 0 of the compactified triangle
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33,1. The wall-chamber structure on the space of stability conditions S 2 for
partial parabolic bundles is obtained by restricting the wall-chamber structure on
3371 to this edge. In particular, there are two different moduli spaces M3y17(2)(c>,
depending on whether Ay is > 1/2 or < 1/2. On the other hand, since there is no
wall intersecting the side Ay = 0, the moduli spaces Mj; (1)(c) are all isomorphic,
regardless of the choice of ¢. The vertex Ay = Ay = 0 corresponds to the most
degenerate case Mj 1, where we do not parametrize any flag.

When we perturb a regular c € S,.4 to a “less degenerate” stability condition, we
obtain flag bundle morphisms. For example, in the picture with r = 3,d = 1 we get
the following fibrations:

M,

P! bundle P! bundle

3.
My 12 (A2 < 1/2 E'lggd’li’m M;1,(1)(M)

P2 bundle P2 bundle

M,

There is also a P'-bundle M_ — Ms; 2)(A2 > 1/2). These bundles can be used
to calculate the intersection numbers on the base from the intersection numbers of
the total space. This fact is nicely encoded by the vertex algebra homomorphisms
Q) defined in Section 5.2. For example,

1
[Mza] = 5 QU[M.]) -
Such homomorphisms are also used to define classes [M, 4, (¢)] for partial parabolic
bundles when ¢ is not regular, see Definition 5.6. For example,

1
[Myo] i= 20 MEHO)]
where the class Mi%'(0) is formally defined by a wall-crossing formula. Concretely,
let ¢ be a stability condition in the “+” chamber of S3q, i.e. above W, and let
a; = (1,0, f;) where f;(t) =0 for t € [0, ¢;] and f;(t) =1 for t € (¢;, 1]. Then

1 1 1
[Mgtgl(())] = Ma1+a2+a3 - §[Ma17 Ma2+a3] - §[M0427 Ma1+043] + §[Ma3’ Ma1+a2]
1 1
0 M) Ma] = Gl [0er, o] M)

On the right hand side we abuse notation and write M, for the class [M,], to make
the formula more readable. The complexity of the formula, when compared to the
previous wall-crossing formula, is due to the fact that the origin Ay = Ay = 0 is in
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the intersection of the 3 walls

Wit p(ag) = plar + as)
Wy plas) = plag + az)

We have the Hecke isomorphism Mq, ayta; = Mi%'(c) = M,. The part of The-
orem 8.2 concerning the independence of d can be illustrated from these formulas.
Integrals on Ms; are related to integrals on A ; the same is true for integrals
against the formally defined class [M3], modulo the wall-crossing corrections that
vanish when we impose the condition on the Chern degree.

The full flag bundle M, — Ms; is responsible for the existence of an action
of the Weyl group 3 on H*(M,), and for the anti-invariance of the functional
D — SM+ D with respect to this action. On the other hand, by making use of the
Hecke isomorphism, we also have a full flag bundle M_ — M3 _; which is responsible
for the 33 action on H *(M_) and analogous anti-invariance.

1.5. Acknowledgements. This paper draws great inspiration from [ST] and the
author benefited from conversations with O. Trapeznikova and A. Szenes, in par-
ticular during a visit to Université de Geneve in 2022, which is more or less when
the idea for this project started. The author also thanks D. Joyce, I. Karpov, W.
Lim, D. Maulik, W. Pi and R. Pandharipande for conversations related to differ-
ent aspects of this paper. The author was supported during part of the project
by ERC-2017-AdG-786580-MACI. The project received funding from the European
Research Council (ERC) under the European Union Horizon 2020 research and
innovation programme (grant agreement 786580).

1.6. Table of notation.

C,p Fixed smooth projective curve C' and point p € C
W, = (V,F,) Quasi-parabolic bundle (V' vector bundle, F, flag)
W = (V,F,,c)=(V,F) Parabolic bundle (¢ weight vector)

ae = (r,d, fo) Topological type of a quasi-parabolic bundle
a=(r,d, fo,c) = (r,d, f) Topological type of a parabolic bundle

I<0,1] Set of weights

xp (resp. xp )
M = M (res. Mape)

Monoid of topological types of parabolic bundles
with weights in I (resp. its Grothendieck group)

Category of parabolic bundles with weights in [

Euler pairing on K (I) (resp. its symmetrization)
Moduli stack of parabolic bundles with weights in
I (resp. quasi-parabolic bundles)
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Ma = Mr,d,f. (C>

M (e)
Mr,d

1, pt
Drar — DI

DR (resp. DIPar)

hi(7y) and chy(e(t))
Chk(’}/) and chy(e;)
=W, F)
(V

F)

vrar — VI

Vi =V oV

Ve = VL VR =V
[M,] e VPor VP
S,.q (resp. Syaq)

Qrp

h,

(hr)s« (resp. (hr);)
deg, degC
c.orer C H*(M,,)

Ly,
Py c VP

Coarse moduli space of stable parabolic bundles
of type a = (r,d, f., )

Coarse moduli space of full stable parabolic bun-
dles,ie. fo=(1,...,7r—1)

Coarse moduli space of stable bundles, i.e. f, = &
Unit class in H%(C') and Poincaré dual to a point
in H*(C)

Descendent algebra for parabolic bundles with
weights in [

Descendent algebra for parabolic (resp. quasi-
parabolic) bundles of topological type « (resp. as)
Generators of DP* (or DP?)

Generators of D"

Universal parabolic bundle on stacks MP?*
Universal parabolic bundle on moduli spaces M,
Joyce’s vertex algebra on H, (M)

Descendent style vertex algebra

Associated Lie algebras

Class of a moduli space M, in the Lie algebra

Space of stability conditions for full parabolic bun-
dles (resp. its compactification)

Vertex algebra morphism V! — V!' (or induced
Lie algebra homomorphism Vi VI b

Hecke modification, automorphism of the cate-
gory Py, of the stack MZ, or of the abelian group
K(I)

Induced Hecke operator on VP* or Vpar (resp.
Vfrar or i’[grar)

Cohomological and Chern degrees on DP** (or vari-
ations), respectively

Chern filtration on the descendent algebra or co-
homology of moduli spaces
Virasoro operators on DP?*

Dual Virasoro operators on Vi

Lie subalgebra of primary states
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2. PRELIMINARIES ON PARABOLIC BUNDLES

Let C be a smooth projective curve over C and p € C' a point that will be fixed
throughout. We start with the definitions of (quasi-)parabolic bundles on (C,p).

Definition 2.1. A quasi-parabolic bundle W, = (V| F,) is a vector bundle V' on C
together with a flag

O=rnchc..ch,achkh=YV,.

We call [ the length of W,. The topological type of a quasi-parabolic bundle is
the triple ae = (r,d, fo) where r = rk(V), d = deg(V) and f. = (f1,..., fi-1) is
the vector encoding the dimensions of the vector spaces in the flag, f; = dim F};
in particular, the length is part of the topological type. For convenience, we will
also denote fy = dim Fy = 0 and f; = dim F; = r. A quasi-parabolic bundle with
fo=1(1,2,...,7—1) is called a full quasi-parabolic bundle. We say that «, is a full
topological type if fo = (1,2,...,7 —1).

In what follows, [ is a subset of the interval [0, 1] such that 0,1 € I. This interval
will be fixed throughout most of paper, except in Section 5, so we will often suppress
I from the notation.

Definition 2.2. A parabolic bundle with weights in I is a quasi-parabolic bundle
W, together with a choice of weights ¢y, ..., ¢ 11 € I such that

O=c<c<cp<..<g<cgq=1.

The weights of a parabolic bundle define a partition of I. It is useful to encode
the information of a parabolic bundles as a pair W = (V, F') of a vector bundle V'
together with an increasing lower semicontinuous function

F: I — {subspaces of V,}
defined by

F(t)=F; forc; <t<cj

and F(0) = 0. Such function is increasing in the sense that ¢ < ¢’ implies that
F(t) < F(t).

It is convenient to also define F', (t) by F'(t) = F} for ¢; <t < ¢j41 and F (1) = £,
and let
F]/F],1 fOrt:Cj,jzl,...,l

0 otherwise

OF(t) = Fi()/F(t) = {

The topological type of a parabolic bundle W = (V| F)) is the triple a = (r,d, f)
where f: I — Z is the increasing function f(t) = dim F'(¢). Given such function
f, we denote by imf = f, = (fi1,..., fi_1) the vector of images of f, excluding 0
and r. Since the information contained in f is exactly the same as the information
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of f, and choice of weights, we sometimes write o = (r,d, f.,c) instead. We let
C(I) be the monoid of topological types of parabolic bundles with weights in I, i.e.

C(I) ={(r,d, f)|r € Zso, d€ Z, f: I — Zsq increasing with f(0) =0, f(1) = r}
v {(0,0,0)} .

We also consider its Grothendieck group K(7), i.e
K(I)=A{(r,d,f)|reZ,deZ, f: I - 7Z such that f(0) =0, f(1) =r}.

2.1. The category of parabolic bundles. Given I, we have a C-linear exact
category P = Py of parabolic bundles with weights in /. A morphism W = (V, F') —
W’ = (V',F") in P is a morphism of vector bundles ¢: V' — V’ such that the
induced ¢,: V, — V;,’ preserves the respective flags, in the sense that

oo (F(t) S F'(t), tel.

The direct product of W@ W is defined by (V@ V', F® F') where (F@® F')(t) =
F(t)® F'(t); exact sequences are defined similarly.

This category can be embedded into the abelian category of parabolic coherent
sheaves, which has homological dimension 1. Indeed, if W = (V,F) and W' =
(V') F') are two parabolic bundles, its Ext groups can be calculated [Moz, Theorem
5.1] from the long exact sequence

(4) 0 — Homp (W, W') — Home(V, V') @ @@ Hom(F (t), F'(t))

tel

— @ Hom(F (), F}(t)) — Extp(W, W) — Exts(V, V') — 0.

tel
In particular, the Euler pairing for parabolic bundles is given by
xp(W, W) := dim Homp (W, W') — dim Ext;)(w W)
= xc(V, V) Zdlm )) dim (0F'(t))
tel

where ¢ is the usual Euler pairing between the underlying vector bundles on the
curve. Note that xp(W, W’) only depends on the topological types of W, W’ and
defines a non-degenerate pairing in K (/).

2.2. Stack of parabolic bundles and stability. There is a stack MP = M!
parametrizing the objects in the exact category P = Pj; since P has homologi-
cal dimension 1, this stack is smooth. It admits a decomposition into connected
components according to the topological type:

MPE — |_| Mpar

aeC(I)
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The stack MP?" comes equipped with a universal parabolic bundle (V,F) con-
sisting of a vector bundle ¥V on MP* x C and a collection of vector bundles

F: I — {vector bundles over MP*}

with the property that F(0) = 0, (1) = Vyer x fp}-
Similarly, there is a stack of quasi-parabolic bundles
ar __ qpar
qu - |_| Mr,d,f. .
r,d,fe

The connected component M1, comes with a universal quasi-parabolic bundle

(V, F.) where
O0=Foc Fic...C Fio1 € Fi = Vuparxp)

is a flag of vector bundles on M"Y . We can understand M explicitly as

follows: if M, 4 is the stack of vector bundles on C' and V is the universal bundle
on M, 4 x C, then Mﬁ‘%?}. is the flag bundle

M = Fla,  Vimscipys f1s far oo fion) -

Note that, for any f with im(f) = f., the connected components of the stacks of
parabolic and quasi-parabolic bundles are identified:

par _ qpar
T7d7f 7‘7d7f. :

In particular, there is a canonical map
MPE — pP

that forgets the weights.

2.2.1. Stability. There is a slope function
p: C(I) - R
defined by

pir.d ) = LI OL

where in the integral we understand f(¢) to be defined for every t € [0,1] by
extending f. In other words,
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A parabolic bundle is said to be semistable if ©(W’) < u(W) for any 0 = W’ < W,
and stable if the inequality is strict for any such W’.* We denote M5t € M < M,
the stacks of stable and semistable objects. When M5 = M

., we say that o is

reqular (or, if r,d, f, are fixed, we say that the weight vector ¢ is regular), and
we write M, for the coarse moduli space of stable parabolic bundles, which is the
rigidification of this stack.® The moduli space is a smooth projective variety of
dimension

=
rz(g—1)+1+2fi.
i—1

We also denote
Mr,d,f. (C) = Mr,d,f

where ¢ are the weights of f. The moduli spaces M, 4y, (c) are constructed as GIT
quotients

X .G
where X, G depend only on r,d, f, and L. depends on the weights. We refer to [MS]
for the details on the construction.

2.3. Descendents. One may extract enumerative invariants out of the moduli
spaces M, by integrating tautological classes constructed out of the Chern charac-
ters of V and F(t). We keep track of this information by introducing the formal
descendent algebra. First, we define the Z/2-graded Q-vector space®

Hi(C) = (HH(C) @D Q- e(t)) e(0), pt — e(1))

tel

where e(t) are formal symbols. The Z/2 grading is obtained from the Z/2 grading
on H*(C) and by setting the generators e(t) to be even. Note in particular that if
I = {0,1} then Hyy1;(C) = H*(C). The I-parabolic descendent algebra D' is the
free supercommutative algebra generated by the symbols

chy(g), for ge H;(O),

which are understood to be linear in g. As usual, if I is understood to be fixed, we
write DP* = D!, The algebra DP* admits a natural cohomological grading given
by

deg(chg()) = 2k — 2 + deg(~y) and deg(chy(e(t)) = 2k.

4f V' < V is a subbundle, there is an induced parabolic subbundle W’ = (V’, F') where
F'(t) = W, n F(t), called the saturated parabolic subbundle. Since W' has larger slope than
any other parabolic subbundle with the same underlying vector bundle V', it is enough to test
stability against saturated parabolic subbundles.

®Note that the stabilizer group at any point 0 # [W] € MP?" always contains a copy of G,
given by scalar multiplication, and if W is stable that is the entire stabilizer. The rigidification is
the procedure of removing this G,,, see [AOV, Appendix A].

SUnless explicitly stated, cohomology H*(—) = H*(—;Q) is always implicitly taken with Q
coefficients.
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Let p: MP¥ x C' — MP* and q: MP* x C' — C' be the projections of the product.
We have a realization morphism
£: DY B (MP)
which is a homomorphism of graded algebras and sends
ch(y) = pu(che(V)g*y),  for v e H*(C) < H(C)
and

chy(e(t)) — chy(F(t)), fortel.

Given o = (r,d, f) € C(I), the realization morphism &: DP* — H*(MPE?") factors

through
par Dpa

7 {ehole(t) = f(t),chi(1) = d, cho(y=?) = 0)

where 7=? denotes an arbitrary class in H=~?(C).

Similarly, given a quasi-parabolic topological type a, = (7, d, f,), we also have a
quasi-parabolic descendent algebra

Dgpar
generated by symbols chy(y) for v € H*(C) and chy(e;), for j = 0,1,...,1,1 +1
modulo relations ey = 0, €;4; = pt and

Cho(@j) = fj 7Chl<1) = d,Cho(’7<2) = 0 .

There is a realization map §: D®* — H*(MI?*") defined in a similar way to its
parabolic version. There is also a natural map DE* — D% which sends chy(e(t))
to chy(e;) where j is such that ¢; <t < ¢;41. This makes the square

Dgar £ Ho (Mgar>

| |

I é L] Ir
Dbt —— H*(Mh)
commute.

2.3.1. Weight 0 descendents. Let o € C(I) be such that M5 = M. On the moduli
space M,, there is a non-unique universal parabolic bundle W = (V,F) where V is
a rank r vector bundle on M, x C' and F(¢) is a vector bundle of rank f(¢) on M, for
each t € I. The universal property of W is that its pullback along the rigidification
map M — M, coincides with the restriction of W to M. The non-uniqueness
of W stems from the fact that if W is a universal parabolic bundle and L is a line
bundle on M, then W® L := (W®¢*L,F® L) is also a universal parabolic bundle.

Given a choice of W, one obtains a realization homomorphism &yw: DP* —
H*(M,). Often, one forces uniqueness of W by requiring some normalization con-
dition. Instead, we follow the approach in [BLM] and consider weight zero descen-
dents.
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Let R_; be the derivation on DP*" or DP* which is defined on generators as
R-1(chi(g)) = chi-1(9) -

Lemma 2.4 ([BLM, Lemma 2.8]). Given a parabolic universal bundle W, we have

L) .
fL@WZZClg.!) EwoR’ .

§=0

It follows from the Lemma that if R_;(D) = 0 then &wy(D) does not depend on
the choice of W. Hence, we obtain canonical — in the sense that they do not depend
on the choice of W — realization homomorphisms

€ DR s H*(M,) or &: P H*(M,)

wto a,wto

from the subalgebras of weight zero descendents

]Dpar _ ker(R_l) c Dpar’ Dpar — ker(R_l) C ]D)gar.

wto a,wto

The operator R_; can also be defined on D* and we also define the algebra

DP™  — ker(R_;) < D .

e, Who

3. VERTEX ALGEBRA AND DESCENDENT INTEGRALS

Joyce associates in a canonical way a vertex algebra to C-linear additive cate-
gories; in particular, this applies to the category of parabolic bundles P;. We briefly
recall here his construction, and then give a more concrete version of this vertex
algebra in terms of the descendent algebra. We refer to [Kac] for an introduction to
vertex algebras; see also [BLM, Section 3] for a short presentation which contains
everything that will be needed in this paper.

3.1. Joyce’s vertex algebra. Joyce defines a vertex algebra with underlying vec-
tor space being the homology VP* = H,(MP?") of the stack parametrizing parabolic
bundles. The vertex algebra structure is obtained from the following data on MP*':

(1) The direct sum map X: MP x MP? — MP* gending a pair of parabolic
bundles (W7, W) to Wy @ Ws.

(2) The BG,, action p: BG,, x MP* — MP*" induced by scalar multiplication.

(3) A complex Extis (respectively Exto;) on MP¥ x MP? which, at a point
(W1, Ws) is given by RHomp (W5, W3) (respectively RHomp (W5, Wi)). The
restriction of Extys (respectively Exto;) to M,, x M,, has constant rank
xp(a, ag) (respectively xp(ag, ar)).

By (4), the complex Exty, is given in the K-theory of MP x MPa" by
(5) Extiz = Rp RHom(Vy, Vz) — ZHom(Fl (), 0Fa(t))

tel
where V;, Vs are the pullbacks of V along the two possible projections MP? x MP2" x
C — MP¥ x C and p: MP¥ x MP¥ x ' — MP3 x MP,
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From this data, one defines the vacuum vector |0) as the class of a point in
Hy(My) = Hp({0}) = Q. The translation operator T: VP — VP ig defined by

T(u) = ps(t@u)

where ¢ is the generator of Hy(BG,,). Finally, the state-field correspondence is
defined by the formula

sym

Y (u, 2)v = (—1)XP@B) x5 @By, [(e" X id)(c;1(0) N (uK v)]

for u € Hy (ME™) < VP and v € H,(MR") < VP where © and xp" are
symmetrizations of the Ext complex and yp, i.e.

@ = EXti/z + EXt21

and
Xp (., B8) = xp(a, B) + xp(8,a).
In particular, © has rank x3" (a, 3).

3.2. Descendent vertex coalgebra. It is possible to define a similar but more
concrete vertex algebra in terms of the descendent algebra, in which VP em-
beds. Indeed, the construction explained below produces a vertex algebra isomor-
phic to the one which Joyce would construct on the homology of the higher stack
parametrizing objects in the derived category of parabolic bundles.

The underlying vector space of the new vertex algebra is’
Vfrar _ @ (Dgar)v .
aeK(I)

The vacuum vector is the obvious augmentation on Di™ which sends 1 € D™ to 1
and any non-empty product of descendents to 0. The translation operator is defined
to be the dual

T = RY,: (D) — (D2)
To write down the state-field correspondence, we let
T*: DR, — D @ DY
be the homomorphism defined on generators by
Y¥chi(g) = che(9) ® 1 + 1 ® chg(g) .

Taking into consideration the formula (5), the Chern classes ¢,-1(0) € H*(M, x
M_g)[z7'] can be written in terms of descendents in a canonical way by applying

"The subscript tr stands for triangulated, and is motivated by the fact that this vertex algebra
can be regarded as coming from the derived category of parabolic bundles, which is a triangulated
category. More precisely, let MY be the (higher) moduli stack parametrizing parabolic com-
plexes. This stack admits universal complexes V and F(t) on ME™ x C and ME™, respectively;

the induced realization homomorphism ¢ () DR — H*(My") is an isomorphism.
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Grothendieck-Riemann-Roch. We denote by C.-1 € (D, ® Dg)[z~!] this canonical
lift of ¢,-1(©) € H*(M, x Mg)[z"'] along the realization homomorphism

§®§ Dgar@)ﬂ)gar — H*(Ma X Mﬁ)

See for example [BLM, (48)] for this lift written explicitly in a slightly different
context.

The state-field correspondence is defined to be the dual of
YViDRY, — (DR @D5™)[z,27']

a+p

given by the formula

sym

VY = (=1l e (@A o (eR1 [xid) D* .

Proposition 3.1. The construction above makes Vi into a vertex algebra iso-
morphic to a lattice vertex algebra in the sense of [BLM, Theorem 3.5].> More
precisely, following the notation in loc. cit., it is the vertex algebra associated to
the data

Awe = K(I) Ay = K(I) ®2Q, Aj = K(C) @2 Q

and ¢ is the Euler pairing, i.e.
4o = XP and a1 = (XC)|K1(C)®2 .

Proof. The proof for non-parabolic bundles (i.e. the I = {0, 1} case) can be found
in [BLM, Theorem 4.7], and the parabolic case is an easy adaptation, so we will
only say a few words. Recall that the descendent algebra is defined in terms of

_ H'(C)eQ!
Ce(0),e(1) = pt)

H;(C)

and note that
A={(u,f) e K*(C)®Q": f(0) =0, f(1) = rk(u)}.
There is a non-degenerate pairing H*(C') ® K*(C) — Q defined by the Chern
character isomorphism together with Poincaré duality:
K*(C)~ H*(C) ~ H*(C)" .
We also have the standard pairing Q! ® Q! — Q. Together, these induce a non-
degenerate pairing
H(C)®A - Q.
Following the proof of [BLM, Lemma 4.8], this non-degenerate pairing induces an
identification of the vector spaces

(DY) = Dy

and hence establishes an isomorphism of vector spaces between VE™ and the vertex
algebra associated to the data described. The fact that this isomorphism of vector
spaces is also an isomorphism of vertex algebras is a calculation similar to the one

8Unlike in loc. cit., we use coefficients in Q rather than C.
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in the proof of [BLM, Theorem 4.7] (see also [LM, Theorem 5.13, Proposition 5.20]
for a fairly general statement, which does not quite apply in our setting due to the
presence of odd cohomology classes), which crucially uses the formula (5) for the
Ext complex. Il

The structure of the vertex algebra VP?" is best understood by embedding it into
V. Recall that we have a realization homomorphism &: DP* — H*(M,,). Taking
duals, one obtains a canonical map

gv Sypar _, Vfrar )

Proposition 3.2. The canonical map VP* — VP is an embedding of vertex
algebras.

Proof. The map being a morphism of vertex algebras can be easily checked. For
instance, the fact that it respects the translation operators can be shown as in [BLM,
Lemma 4.9] (see also Lemma 2.4). For the state-field, observe that >*: : ]Dgfﬁ —

DP* @ D™ and the pullback ¥*: H*(MPY ;) — H*(ME™ x ME™) are intertwined

by the realization map.

The map VP — VP being injective is equivalent to the realization map & : DP* —
H*(MP?) being surjective, i.e. H*(MP*) being generated by descendents. Recall
that MP?" is a flag bundle over the moduli stack M, ;4 of vector bundles on C it fol-
lows that its cohomology is generated by elements pulled back from H*(M, ;) and
the cohomology classes chy(F(t)). Since the cohomology H*(M, 4) is well known
to be generated by descendents &(chg (7)) (cf. [AB]), we are done. d

3.3. Associated Lie algebra and intersection theory. Given a vertex algebra
V, the quotient V. = V /T (V) by the image of the translation operator admits a
Lie algebra structure [Bor|; the bracket is defined by

[7,7] = Res.—o Y (u, 2)v,

where 7 € V denotes the image of u € V in the quotient.

If «v is regular, the moduli spaces M, define elements in the Lie algebras Ve op

Par “it admits

VP as we now explain. Since M, is the rigidification of M = M
an open embedding into the rigidification M, < (MP*)"8. Tt is shown in [Joyl,
Proposition 3.24] that H,((MP*)"8) is naturally isomorphic to VP*  so pushing

forward the fundamental class of M, along the embedding above defines a class

~

[M,] € Ho((MP)8) ~ VP

The class [M,] € VP can be described in the alternative way that we now
explain. Since by definition the translation operator on VF*" is the dual of R_;, we
have

Vit = @ D)

acK(I)
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The moduli space M, determines a functional

[M,] € (DE%,)* < VB

a,wto

given by
D — J D = f(D)
«@ MO(

where ¢ is the canonical realization homomorphism explained in Section 2.3.1. It
is immediate that the two definitions of [M,] are compatible with respect to the
embedding VP* < VP,

Note that the class [M,], by definition, contains complete information about the
intersection theory of M,. In Joyce’s theory, wall-crossing formulas are expressed

as formulas in the Lie algebras \V/—par’ \vffrar. Our goal in the next sections is to prove
such formulas for parabolic bundles.

4. WALL-CROSSING FORMULA FOR FULL PARABOLIC BUNDLES

In this section, we will focus on the case of full parabolic bundles, i.e. f, =
(1,2,...,r — 1), and denote the moduli spaces by Mf}bll(C)-

Given fixed r and d, the moduli space Mf}ii“(c) depends on the choice of weights

c1,...,c¢.. Note that changing ¢q1,...,¢, to ¢y + s,¢1 + s,...,¢. + s does not affect
stability; in other words, stability only depends on the difference of weights

M=C—Cl,Ada=C—Coy.., \em1 = Cp — Cr1

Hence, we will sometimes write M'(X) = M"'(c). Our goal is to study the
dependence on A of these moduli spaces and their intersection numbers.

4.1. Space of stability conditions. We define the space of (full) stability condi-

tions

{0<c<...<¢ <1}
(ci)izy ~ (i +8)iy

Given a partition r = r{ + 19, d = d; + dy and {1,...,r} = J; u Jo with |J;| =

71, |Jo| = 7o there is a wall

Sr,d =

:{(A17---a)\r—1)|/\i>0a/\1+~--+)\7‘—1<]—}

WJ1,J27d1,d2 - ST d

)

defined as follows:
di + ZieJl Ci dy + ZiEJQ Ci

r1 Ty

7’2d1—7”1d2227”20i—27"10¢= Z (Cz’—cj)~

i€Jy 1€J2 (i,5)eJ1 x J2

Equivalently

This forces >} jie, s, (¢i — ¢;) to be an integer (congruent to r2d modulo r). Note
that only finitely many walls intersect the simplex S, 4. The following proposition
is immediate from the description of the walls.
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Proposition 4.1 (No double walls). If
[Fl=Jiudy=J uJyandd=d +dy=d|+d

are two different partitions, then the intersection of the walls W, 7, 4,.a, "Wt 11 a1 a1
has codimension at least 2.

For each a such that c is on a wall, there is a distinguished decomposition o =
aj+ag in C(1) with p(ar) = p(ae) = pu(a) associated to this wall, where o, i = 1, 2,
is the topological type of full parabolic bundles with ranks r;, degree d; and weights
cy, = (¢j)jes;- If c € S; 418 not in any wall, there are no strictly semistable parabolic
bundles of type «a, i.e. « is regular.

Remark 4.2. Suppose that ¢, ¢ € S, 4 are both regular and they are in the same
chamber of S, 4, i.e. there is a continuous path in S, , connecting ¢~ and ¢t that
does not cross any wall. Then, the corresponding moduli spaces are isomorphic.
However, they define two different classes [M,_|, [M,, | on the Lie algebra VPar (or
\vfﬁar) since they have different topological types.

To address the issue in the previous remark, we define the notion of equality after
forgetting weights.

Definition 4.3. Let A, B € VP& = H,(MP™) (respectively VP = H, ((Mpar)ris)),
We say that A = B after forgetting weights if the images of A, B along the map
Hy(MP) — H, (M®) (respectively H,((MP¥)"8) — H,((MIPar)rie)) are the

salme.

Let A, B € VI (respectively \vffrar). We say that A = B after forgetting weights
if they induce the same functional on DI (respectively Doy, )-

e, Wto

In particular, in the setting of Remark 4.2, we have an equality [M, | = [M,, |
after forgetting weights.

4.2. Simple wall-crossing. Let a_, o, be the topological types of full parabolic
bundles with rank r, degree d and weights ¢~ and ¢*, respectively. We say that
the wall-crossing between ¢~ and ¢* is simple if there is a wall W}, j, 4, 4, With the
following properties:

(1) ¢, c*" are regular;

(2) We have
+ + — -
d1 +ZjeJ1 Cj - d2+ZjGJ2 Cj and dl +Zj€J1 Cj - d2+ZjeJ2 Cj 7
™ T2 ™ T2

so that ¢~ and ¢* are on two different sides of the wall Wy, 1, 4, d,-

(3) The wall W}, j, 4,4, is the only one separating ¢~ and c¢*. Le., there is a
continuous path in S, 4 that crosses the wall Wy, ;, 4, 4, exactly once at c°,
and no other wall.
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Let ag be the topological type corresponding to r,d, ® and let oy = a1 + ap be
the decomposition associated to the wall Wy, j, 4,.4,- Note that the assumption that

 is only on one wall implies that oy, cy are regular.

Let
My = Moci = Mrf}iin(ci% M; = M,, = :Zl,lél(ch)’ i=12.

We will also denote by W, , W_, W;, W, the universal parabolic bundles on these 4
moduli spaces.

Theorem 4.4 (Simple wall-crossing I). Consider the setup above. Then, for any
D e DP* . we have

e ,Wto?

f D — D
My M_

— E(S)' (_1)X(a1,a2)zxsym(a1,a2) J Cz—l . (€ZR—1 ® id)E*D

M1 XM2

Note that, since D € Dgty;,, the integrals on the left hand side of the equality
in Theorem 4.4 do not depend on the choices of universal parabolic bundles. While
not obvious, it is also true that the right hand side does not depend on choices of
universal parabolic bundles on M, Ms. Indeed, observe that the right hand side is

equal to

Resz_gf YY(D) = J D

My x My [raral

where [[My], [Ma]] is the Lie bracket defined in Sections 3.2, 3.3; hence, indepen-
dence of the choices of universal bundles is a consequence of the fact that this Lie
bracket is well defined on the quotient \vffrar. In particular, from this discussion,
Theorem 4.4 can be reformulated in the vertex algebraic language as follows:

Theorem 4.5 (Simple wall-crossing II). Consider the setup above. We have the
identity

[M.]—[M_] = [[M1]7 [M2]]
after forgetting weights.

Proof. This is just a restatement of Theorem 4.5 and the definition of the bracket
in VI, O

We will give the proof of Theorem 4.4 in Section 4.2.2. The proof of simple wall-
crossing utilizes the construction of a master space as in [Tha2, Moc, Joy3, BH, ST,
which we recall below.

4.2.1. Master space. Moduli spaces of parabolic bundles can be constructed as GIT
quotients. In this construction,

Mf};}l(c) =X /.. G

r
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where X is a flag bundle over (an open subset of) the Quot scheme parametrizing
quotients O%N — V', with N sufficiently large; G is PSL(V); L. is a rational ample
line bundle with a G-linearization that depends on the weight vector ¢. Without
loss of generality we may assume that the linear path

(1—1t)c” +tct

crosses the simple wall only at ¢ = 1/2. Denote Ly = L.+. The general construction
of a master space [Tha2, Section 3] is as follows: the P! bundle Px(L_@®L,) over X
comes with a GG action induced from the G-actions of L, and with a G-linearization
O(1). Then the master space is

Z=Px(L_®L,) o G.

The master space Z also comes equipped with a C* action induced from the
action of C* on L_ @ L, that scales L., i.e. the action with weights (0, 1). Denote
by u € Kex the class of the tautological line bundle on BC* and z = ¢;(u) € H2,.

We record below the properties of the master space and refer to [ST, Section 5.2]
for details:

(1) Z is a smooth projective variety with dimension dim My + 1.

(2) Both M_ and M, embed into Z via the inclusions L_ @0 < L_ & L, and
0L, cL_®L,.

(3) The fixed point set Z&* decomposes into three connected components

Z% = M_u M, uZ

where Zy ~ M; x M,.

(4) Z comes with a (non-unique) C*-equivariant universal quasi-parabolic bun-
dle W = (V,F). The quasi-parabolic bundle W is defined as in the Con-
struction before Lemma 5.3 in [ST]: by construction, X comes with a quasi-
parabolic bundle; the quasi-parabolic bundle on Z is defined by pulling back
along Px(L_@® L,) — X and descending to the quotient.

(5) The restrictions W4 = W), are universal parabolic bundles on M. The
restriction to Zy ~ M; x My is identified with W; @ u + W5. More precisely,
this means that

V|Z0 =V1®U+V2

in Kex(M; x My x C), where we omit the obvious pullbacks along the
projections My x My x C — M; x C, and

in Kcx (My x Ms).

9Note that the meanings of v and z are swapped compared to [ST], where z is the K-theoretical
variable and u is the cohomological variable.
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(6) The normal bundles of M, inside Z have weights F1, i.e.
NM,/Z = U®£7 and NM+/Z = Uil ®£+

for non-equivariant line bundles £4 € Pic(My).
(7) The normal bundle of Z is

Nzyz = Extio[1] ® u '+ Exty[1] Q@u,

where Ext5[1] is the vector bundle over M; x M, with fiber Exty,(W;, Ws)
over (Wy,Ws) € My x My; similarly, Extoi[1] is the vector bundle with
fiber Ext%,(WQ, W1). We observe that stability forces Homp (W, W3) = 0
and Homp(Ws, Wy) = 0,'% so our use of Exty, and Exty is consistent with
Section 3.1. In particular,

rk Ethg[l] = —Xp(al, Oz2>, rk Ethl[l] = —Xp(ag, Oél)

4.2.2. Proof of Theorem 4.4. Let D € DdP*". By the equivariant localization formula
on Z, we have

(6) LgW(D) ZJM M)M)JFJM ew@r, [ Sw(D)iz,

_ ecx (NM_/Z . ECx (NM+/Z) Zo €cx (NZO/Z)
. f ng (D) f €W+ (D) €W1®u+W2 (D)
M_ < + Cl<£_) My —z + Cl(£+) Zo e x (NZO/Z)
in (Hf e = Q[z*]. The left hand side is a non-localized class, i.e. it is a
polynomial in z, rather than a Laurent polynomial. In particular, Res,—y annihilates
the left hand side. Moreover,

fWi(D e
I}Eg JM+ —T—Z—FCl(ﬁJ_r) -t My Swi(D)

Hence, taking the residue in (6) we find that

Y

B B £W1®u+W2 (D)
A, €W+ (D) M, SW‘F (D) = Res:—o JZO ecx (Ethg [1] ® u=t + Exto; [1] ® u)

We now simplify the right hand side. First, note that
EW,@u+wW, = (£W1®u ® £W2> 0¥ = (£W1 ® £W2) © (€ZR71 ® 1d> o ¥
as linear maps DP* — HE, (M; x M,). In the second equality we used Lemma 2.4.

To relate the Euler class of the normal bundle to C,-1 we use the following Lemma,
which is a straightforward calculation with Chern roots; since it is so fundamental
in understanding Joyce’s definition of the Lie bracket on VP* we record it here:

10A homomorphism between stable objects is either an isomorphism or the zero morphism; if
W3 and W5 were isomorphic then they would have the same set of weights, contradicting a; + s
being the topological type of a full parabolic bundle.
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Lemma 4.6. Let A, B be vector bundles on Z. Then
ecx(AQu™t + BQu) = (—1) A kKB (4Y 4 B)
holds in H},(2).

Applying the Lemma to A = Exty3[1], B = Exty[1], we obtain
ecx (Extio[1] @ u™" + Exty[1] ® u)_l
= (—1)X(O‘lm)z’xsy’“(‘“’o‘z)cza(Exti2 + Exto1)
= (—LMevepem@ra) (g @ gy, )(Comr) -
This concludes the proof of Theorem 4.4. O

Remark 4.7. The same proof can be adapted to a K-theoretical wall-crossing
formula in the style of [Liu]. The two fundamental properties of the residue that
we have used are precisely the defining properties of what is called a residue map
in [Liu, Appendix A].

4.3. General wall-crossing formula for full parabolic bundles.

The general wall-crossing formula relates moduli spaces of full parabolic bundles
with different weights that are not necessarily contained in adjacent chambers. To
state it, we have to introduce some notation. Let r € Zz1,d € Z and ¢, € S, 4.
Given a subset

J={jp,..,gmpsr]={1,...,1},

with j; < ... < j», we define the restriction of weights
cy=1{Cj, --,¢,}.

We will consider partitions J = (Ji,...,Jn) — [r] of [r], i.e. a collection of
disjoint subsets of [r] such that [r] = Jy L. ..UJ,,, and partitions d = (dy, . .., dp)
d, i.e. integers such that d, +...+d,, = d; note that J - [r] also induces a partition
of the rank 7= (ry,..., ) - r, where r; = |J;].

4.3.1. Wall-crossing coefficients. Writing the general wall-crossing formula for two
stabilities separated by more than a simple wall requires the wall-crossing coeffi-
cients [Joy2, Joy3]

U (j, d: c, d)eq
which depend on partitions J - [r] and d  d of the same length m and weights
¢, € S,q4. Although stability for parabolic bundles does not exactly fit into the
setup where such coefficients are defined (cf. Remark 1.3), they can still be defined
with minor modifications, which we now describe.

First, given a subset J < [r], v’ = |J| and d’' € Z we denote

d + Zjej Cj

,r./

,UC(Jv d/) =



ON THE INTERSECTION THEORY OF MODULI SPACES OF PARABOLIC BUNDLES 29

One starts by defining constants S(f,dq;c, ) € {0,—1,1} analogously to [Joy3,
Definition 3.10]; conditions (a), (b) in loc. cit. should be replaced by
(a) pe(Jiy di) < pre(Jiv1, diya)  and

/Lc/(Jl U Jydy + +dz) > ﬂc’(Ji+1 L. Jp,dig —|—...+dl)

(b) tre(Jiy di) > pre(Jis1, diy1) and
,U,c/(JlLl...I_IJi,dl—F...—f—di) </JJC/(J¢+1Ll...I_IJl,diJrl-i-...-i-dl).

If for every i = 1 ,m— 1 we have either (a) or (b), S(J,d: ¢, ) is defined to be
(— 1)#750‘3‘““”6“‘jeS of ( 0therw1se S(J,d;c,d) = 0. From here, one defines coefficients!!
U*(J, d: c, ) e Q via [Joy3, (3.3)]; as in the definition of the S constants, whenever
there is a sum of topological types in Joyce’s formulas one should replace it by a
disjoint union of subsets J;. The coefficients U (f, cf, ¢, ) € Q are then defined via

[Joy3, Theorem 3.12].

Theorem 4.8. Let ¢, ¢’ € S, 4 be regular. Then we have
[MEN)] = > U, dse,d)-

(7) Jgfd] [ M, ()] [, (o)1) - | Mg, (e,)] ]
after forgetting the weights.

The coefficients U (J_; d:c,c ) are defined so that the right hand side of (7) expands
as
D U die, )MEY, (ca)] = [ME%, (cn)] o [ME, (es,)]]
T[]
di-d
in the universal enveloping algebra of VP or VP,
Proof of Theorem 4.8. Suppose ¢ = ¢—, ¢ = ¢ are separated by a simple wall

so that we are in the setup of Section 4.2. We have from the definition of the
coefficients that

U*([r],d;c™,¢) = S([r], d; ¢, ") =1
U*((J1, J2), (dy, do); ¢, ¢™) = S(( ) (dl,dg) ) =1
S(

U*((‘]Za‘]l)’ (andl);C_a ) ( ) (andl) ) +) =—1

and all the remaining coefficients are 0. So (7 ) is equivalent to
[M] = [M_] + [Mi] = [My] — [Ma] = [Mi] = [M_] + [[M], [M:]]

which is precisely Theorem 4.5.

In general, by Proposition 4.1 we can find a sequence %, c!,... c* € S, 4 with

0 i+1

& = cand ¢* = ¢ such that each consecutive weight vectors ¢* and ¢'*! are separated

by a simple wall. By the formal property of the coefficients in [Joy2, Theorem 4.8]

H1n our notation, U* is what Joyce calls U and U is reserved for what Joyce calls U.
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(see also for instance the proof of [GJT, Proposition 6.1]), the wall-crossing formula
for ¢, ¢” and the wall-crossing formula for ¢’, ¢ imply the wall-crossing formula for
¢, c, so we conclude the general case from the case of simple wall-crossing. U

4.4. Extension to non-regular weights. Suppose that ¢’ € S, 4 is not necessarily
regular. We can define Joyce style classes by imposing the wall-crossing formula.

Definition 4.9. Let ¢ € S, 4 and let o € C(I) be the corresponding topological
type. Choose an arbitrary c € S, 4 regular and define the class

(M) € (M) < Vo = Vg

as the unique class that satisfies equation (7) after forgetting weights.

These classes are well defined and satisfy the general wall-crossing formula.

Proposition 4.10. Definition 4.9 does not depend on the choice of regular ¢ € S, 4.
Moreover, (7) holds for any ¢, ¢ € S, 4 not necessarily regular.

Proof. Both claims follow from Theorem 4.8 and the fact that the wall-crossing for-
mula is well-behaved under composition, i.e. the formal properties of the coefficients
in [Joy2, Theorem 4.8]. O

5. PARTIAL PARABOLIC BUNDLES

One feature of parabolic bundles is that one can obtain maps between different
moduli spaces by forgetting part of the data of the flag. In this section we explore
this structure from the vertex algebra point of view and use it to construct Joyce
style classes for partial parabolic bundles.

5.1. Space of stability conditions for partial parabolic bundles. When one
considers partial parabolic bundles, it is natural to consider a compactification of
the space of stability conditions S, 4 from the previous section by allowing some of
the weights to coincide:

= 0<a<...<c¢<1)

Sr,d 2{()\1a---7/\7‘—1)|)\i207)\1+"-+/\r—1<1}-

~

Given fo = (f1,..., fi_1) we let

{0<e<...<qg<1}
Sr,d,f.: .

~

There is a natural inclusion of S, 4 ¢, < gr,d defined by

(8) Sras3(ci,...,a)=c—>e=(c1,...,C1,Co ..., Co s ClyrryCl) € Spg

where ¢; appears f; — f;—1 times. Conversely, given ¢ € S, 4 we can recover the
dimension function f(¢) (and hence f, and c) as

ft)y=#{je{1,...,r}|g; <t}.
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We observe that the definition of the walls W, , 4, .4, €xtends to the compactifi-
cation gr,d, and hence define a wall-chamber structure on S, 4 ,. A decomposition
Ji1 1 Jy = [r] induces a decomposition f(t) = fi(t) + f2(t) where

fitt)y =#{je Jil¢;<t},1=1,2
and
,U(Tladla fl) = M(7“2,d2, fz) < Cce WJl,Jz,dl,dz .

In particular, the moduli spaces M, 44, (c) are unchanged when ¢ varies within a
chamber on S, 47,. A weight vector c € S, 4, is regular if it does not lie in any wall.

The collection of subspaces {S;q.. }s. defines a stratification of
gndﬁ{kl—l—...-i-)\r_l < 1};

note that S, 41, r—1) = Spq is the open locus. Let gr,d,f. be the closure of S, 4 f,
inside ?nd. Note that S, 4 < ?r,d, 7. if and only if f, < f,.

5.1.1. Flag bundles. Suppose that f, < f., so that S, 4 S Sy.4y. Concretely, let
f. = (fl?""fl) and f: = (f{""?f,;)

where f/ = f;, for some 1 < j; < ... < j, <[. If (V| F,) is a quasi-parabolic bundle
of type (r,d, f,), then we let (V, F.) be the quasi-parabolic bundle of type (r,d, f.)
with associated flag F} = FJ,.

Proposition 5.1. Let ¢ € S, 4 < S,q4y be a regular weight vector. Let ¢ €
Srd f. S gnd, 7. be sufficiently close to ¢’ so that ¢, ¢’ are in the same chamber. Then
(V, F,) is c-stable if and only if (V, F}) is /-stable. Hence, there is a map

[ Mr,d,f. (C) - Mr,d,fﬁ (C/)
with fiber over (V, F!) given by

k
H Flag(ﬂl+1/ﬂl; sz‘Jrl - sz‘? fji+2 o sz‘v T fji+1*1 - sz)
1=0

Proof. The proof is well-known, see [ST, Lemma 8.3] for a particular case for exam-
ple. For completeness, let us briefly explain it. Since ¢’ is regular, a quasi-parabolic
bundle being c-stable does not depend on ¢ as long as ¢ is in an open neighbor-
hood of ¢ that does not intersect any wall. So we may assume that ¢ is chosen
so that ¢j, = ¢} and ¢ = ¢;. Then W’ = (V, F,c) is a parabolic subbundle of
W = (V,F,,c). Since ¢, ¢ are sufficiently close, u(W') < u(W) < u(W') + € for
a small enough e. Therefore, a destabilizing subobject of W’ will also destabilize
W. On the other hand, a destabilizing subobject of W produces a destabilizing
subobject of W’ after forgetting part of the flag.

To identify the fibers of the morphism considered, note that the flag F, contains
for each 7 = 0, ...,k the flag

(9) F-IZFjigfrjﬁ.lgfwjrmg...gFjHl_lgF‘

7 Ji+1

_

i+1 -
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Given fixed F}, F} ,, choosing the intermediate subspaces is the same as choosing a
point in

Flag(Fl1/Es fiivr = fios Frivz = Fivs oo fiva—1 — f32)
obtained from (9) by quotienting by F. O

A particular case of the proposition above is the following: if ged(r,d) = 1 and
¢ = (c1,...,q) is such that ¢; — ¢; is sufficiently small, then we have a map

T Mr7d7f. (C) - MT,d

to the moduli space of stable bundles M, 4 which forgets the flag. Its fiber over
Ve Mr,d is
Flag(V; f.) .

5.2. Maps of vertex algebras. To make use of the flag bundle structures de-
scribed before, we will introduce a morphism of vertex algebras given by weight
restriction.

Let I' < I < [0,1] be two sets of weights. Throughout this section, we will
emphasize the role of the weights and denote the moduli stack of parabolic bundles
with weights in I, I’ by M!, M instead of MP?. Similarly, we denote by V!, V'
the vertex algebras H,(M"), H (M").

Given a parabolic bundle W = (V| F') with weights in I, we have an induced
parabolic bundle Wy = (V, Fj;) with weights in I’. Restriction of weights defines a
morphism of stacks

T =T M M
For example, if I’ = {0, 1} this morphism is the projection of the stack of parabolic
bundles with weights in I onto the stack of bundles that forgets all the flag data. In

general, the fibers of 7 are products of flag varieties. We consider the vector bundle
=E=Zrron M x M! defined by

== @ Hom(Fi(t),0R:(1)).

tel\I'

where Fi(t), Fo(t) are the pullbacks of F(t) by the two projections onto M. Note
that = has a different rank at each connected component of M’. It is immediate
from (5) that we have the following equality in the K-theory of M! x M!:

(10) Extl, = (7 x 7)*BExtl, — 2, 1.
Proposition 5.2 ([GJT, Theorem 2.12]). Define the linear morphism
Q=Qp: VI = H (M) > H(M")=V"
by
Q(u) = m (u N cop(A*E)))
where A*Z= is the restriction of = along the diagonal map A. Then €2 is a morphism
of vertex algebras.
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We will also denote by ©: VI — VI’ the induced morphism of Lie algebras.

Lemma 5.3. Let I” < I’ < I. Then we have

Q[,I” = QI’,I” O Q[,I/ .

Proof. We observe that we have an equality
—_ —_ *_
= = o+ (7TI,I’ X 7T1,1f) =y

in the K-theory of M! x MZ. The statement of the Lemma then follows from an
easy application of the push-pull formula. Il

Remark 5.4. A parabolic bundle with weights in I’ is also automatically a para-
bolic bundle with weights in I 2 I’, so we have an open and closed embedding of
stacks M < M. Thus, we can regard VI' < V! as a vertex subalgebra, and
Qs as a vertex algebra endomorphism V! — V7.

5.3. Joyce style classes for partial parabolic bundles. The morphisms of
vertex algebras ) above can be used to define classes in V! for partial parabolic
bundles, as we did in Section 4.4 for full parabolic bundles. Before we make the
definition, we explain the relation between the flag bundles on Proposition 5.1 and
the morphisms of vertex algebras ).

Proposition 5.5. Suppose we are in the conditions of Proposition 5.1 and suppose
further that c is so that ¢;, = ¢,. Let I’ = {0,¢},... ¢, 1}. Then we have the
equality
k
[Tio(fj1 — )

(11) [Ma.5,(c)] = oo — 1) Q.1 ([Mraz.(0)])

. 7!
in VI,

Proof. Let a € C(I), o € C(I') be the topological types associated to the two
moduli spaces. Note that Q; () = o by the assumption. By Proposition 5.1, we
have a pullback square

M, q5,(c) —— Myq5(c)

! |

(M)™s — (M)

By (10), the descent of A*= to M, 4. (c) is the relative tangent bundle of the
morphism 7; ;. Hence, the pushforward of ¢, (A*ZE) along the smooth morphism
71, is equal to the Euler characteristic of the fibers, which is precisely the constant

[T (firr — f)!

k
Hi=0(fji+1 - fh)'
according to the description of the fibers in Proposition 5.1. U
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5.3.1. Extension to non-reqular weights. Finally, we would like to define
[Myas.(c)] e V!
for any c € S, 4 1., not necessarily regular.

Note that the definition of the wall-crossing coefficients U (j, J: ¢, ') makes perfect
for ¢, c in the compactification gr,d. Hence, we can use the wall-crossing formula
to extend the definition of the classes [M%'(c)] to the boundary of the space of
stability conditions.

Definition 5.6. Let ce S, 4, and €€ S, 4 be as in (8). Choose some ¢ € S, 4 such
that ¢, = ¢, = ¢;. We define the class [M[)'(c)] by imposing the wall-crossing

(7):
(M @) = X3 UG die )] (MG, @) [5G, @)1 1 DM, (@]

formula

Te[r]
di-d
Then, we let I’ = {0,¢q,...,¢, 1} and define
1
[Mras.(c)] = Q (M (@)]) eV < V!

[T (fivr — fi)!

As in the proof of Proposition 4.10, the class [Mfuu( )] does not depend on the
choice of ¢ after forgetting weights. Since Q; p forgets all the weights in 7\’ and
we require ¢y, = ¢;, the class [M, 4 (c)] is independent of the choice of ¢ and
hence it is well defined. If ¢ € S, 4/, is regular, then we may choose ¢ € S, 4 in
the same chamber as ¢, in which case the wall-crossing constants U (f, cz ¢, ¢) are 0
except for the trivial partitions, for which it is 1. Thus, Proposition 5.5 implies that
Definition 5.6 is consistent with the previous one in Section 3.3 when c is regular.

5.4. Comparison with Joyce’s definition for bundles. In particular, Defini-
tion 5.6 with f, = ¢ determines a class [M, 4] in the Lie algebra V! with I’ = {0,1},
hence providing a way to define descendent integrals on the moduli of vector bun-
dles when ged(r, d) # 1, and thus we are in the presence of semistable objects. The
definition is similar in spirit to the one provided by Joyce’s theory [Joy3], but not
trivially equivalent. We now show that the two agree.

A key input in Joyce’s construction of the classes [M, 4] is a choice of a “framing
functor” @ (or a collection of such functors) from the category of coherent sheaves
on C to vector spaces, with some properties (see [Joy3, Assumption 5.1 (g)] for
precise definitions). Loosely speaking, ® is required to be exact when restricted
to some exact subcategory containing the semistable objects. Given such ®, one
constructs an auxiliary moduli space, sometimes referred to as moduli of Joyce—Song
pairs, that parametrizes a vector bundle V' together with a section C — ®(V'), and
an appropriate stability condition that does not admit strictly semistable objects;
see [Joy3, Example 5.6]. One of the fundamental aspects of Joyce’s theory is that
actually the definition of such classes does not depend on the choice of ®.
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A typical choice of ®, considered for example in [Joy3, Section 7.6] or [Bul, is to
take ®(V) = H(V ® O¢(N)) for N sufficiently large. To obtain the relation with
parabolic bundles, we instead consider the framing functor ®(V) = H°(V,"). Note
that giving a section for this framing functor is the same as choosing a 1-dimensional
subspace of VY or, equivalently, a (r — 1)-dimensional subspace of V,. Indeed, it
is not difficult to see that the Joyce-Song moduli space associated to this framing
functor is precisely

Mr,d,(r—l) (Cly ¢+ 6)
where € > 0 is sufficiently small. We will just write M, 4 —1)(€) for the moduli space

above. The claim that our definition agrees with Joyce’s amounts to the following
wall-crossing formula.

Theorem 5.7. Let € > 0 be sufficiently small and I" = {0,1}, I” = {0,¢1,¢1 + ¢, 1}.
We have the wall-crossing formula

QI",I’([MT,dy(r—I)(G)]) = Z (_13:: & [[ [[Mm,ah]a [Mrz,dQ]]7 . 7]7 [MTn,dn]]
ﬂ—r,cfl—d '
d;/ri=d/r

in V. In particular, our class [M, 4] matches the one defined in [Joy3].

Before we give the proof, let us say a few words about how it will go; this proof also
illustrates the general strategy to prove wall-crossing formulas for partial parabolic
bundles. First, let

0=(0,0,...,0,0), = (0,0,...,0,¢) € S,q.

Then we have a wall-crossing formula between the classes [M%'(0)] and [M!(€)] in
\z ; this follows from the definition of the classes and the fact that the wall-crossing
coefficients are well-behaved under composition (c.f. Proposition 4.10). We will be
able to determine the wall-crossing coefficients explicitly. Then, Theorem 5.7 will be
obtained by applying €}; i to this wall-crossing formula, after some combinatorial
work with the coefficients.

Proof of Theorem 5.7. Given J [7] and d+d partitions of length m, we begin
by calculating the wall-crossing coefficients
S(J,d) == S(J,d;0,€) and U*(J,d) == U*(J,d;0,e).
We denote as usual r; = |J;|; we have
a'

e otherwise.

Ti

po(Jis di) = % and fie(J;, d;) =

()

{d—+ ifr—1lel

One can see (either directly or applying for example [Joy3, Proposition 3.14]) that
if ¢ is small enough then S(.J,d) = 0 unless d;/r; = d/r for i = 1,...,m. Hence,
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(

: ) can be non-zero only when we have condition (a) from Section 4.3.1 for each
1,. — 1, so we have

S(J.d) =

= (=)™t ifd;/r; =d/rand r — 1€ J,
0 otherwise.

—

From here, it follows (recall the definition of U*, [Joy3, (3.3)]) that U*(J,d) in
non-zero only when d;/r; = d/r, in which case

v = Y-yt ) H%

=1 ki+...+ke=mt
kil/] kz>1

where j is the unique index such that r — 1 € J;. The wall-crossing formula is"?

(M@= D) U )M, O]« x [ME, (0,)]
Jd
d;/ri=d/r

in the enveloping algebra of VI, We now apply the morphism of Lie algebras
Q. VI — V' which induces a homomorphism of the corresponding enveloping
algebras. By Lemma 5.3 and Proposition 5.5, the left hand side becomes

Q. ([MG@)]) = Qo r (e (MG ®]) = (0 = D)1 p ([Mra -1 (€)]) -
By definition of the classes,
Qe (M7, (04)]) = ril[Mr, 4]
Therefore, applying Q7 to the wall-crossing formula expresses

(r = )10 1 ([My o1y (€)])

as

S (T1r) e M)« o * M

Fd i=1
di/’f‘i:d/T
where the combinatorial coefficients ¢(7) are the sum of U*(.J, d) over all partitions
J - [r] with |J;| = ;. Note that, if we fix j, the number of such partitions with
r — 1€ J;is given by

( - > Tj( T )
ri,...,r;— 1.y, T \T1,.-,Tm

12We remind the reader that the classes [Mﬁ“(}l(ﬁ)], [M;ff}clli (0,,)] are only well defined up to
choice of weights, and the equality should be interpreted after forgetting weights. Because of this,
we pedantically write Mf?lél (04,) instead of just Mrf‘lﬂ}jl (0) to emphasize that, even if r; = and
d; = dy, the corresponding classes are the same only after forgetting weights, and in particular
they do not necessarily commute. After we apply §; 1+ this subtlety will be entirely removed.
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Hence,

01, ) S, % I

k‘1+...+k‘g=m t=1
ki1zj,ki=1

where in the second line we used an identity that we shall prove in Lemma 5.8.
Thus, we conclude that

Q]//’[/ ([Mr,d,(r—l) (6)

[N
~—

Jj=1 J -1
d;i/ri=d/r
_1 m+1
= Z ( 3’I’L' - [ [[MTLdl]v [MT27d2]]’ : ’]’ [Mrn’d"]]
di/:;:dd/r

where the last line uses the combinatorial identity [Joy3, (9.54)].

To conclude that the classes [M, 4] agree with the ones defined by Joyce, note
that the wall-crossing formula just proved is exactly Theorem 5.7 (iii) in loc. cit.
for the choice of framing functor discussed before. The class [M, 4 —1)(€)] agrees
with Joyce’s, since this moduli space does not have strictly semistable objects and
hence it is the pushforward of the virtual fundamental class. Since the right hand
side has main term r[M, 4] and the remaining terms only involve classes in lower
ranks, this formula determines all the classes [M, 4] recursively, establishing the
match between the two definitions. O

Lemma 5.8. Let 1 < j < m be integers. We have the following identity:

PG DY (kl’kQTr.L..,kg) = (=0 (T—_ll)

=1 ki+...+ke=m
kl?] ) k1>1

Proof. Denote

Fon - v S ()

=1 ki+...+kg=m
k1=j,ki=1

It is straightforward to see that
(12) Flmog) + Fom,g + 1) = (") Flm = 1),

We now argue by induction on m that F'(m,j) = (?:11). If j = m, this is immedi-
ate. Otherwise, use the recursion (12), together with the induction hypothesis that
F(m —j,1) =1, to show that the claim for j + 1 implies the claim for j. O
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6. HECKE MODIFICATIONS

Hecke modifications are certain automorphisms of the category of parabolic bun-
dles that can be used to identify moduli spaces of parabolic bundles with different
degrees. In this section, we fit the theory of Hecke modifications together with the
vertex algebra structure from Section 3.

Remark 6.1. What we call Hecke modification here is called tautological Hecke
correspondence in [ST] and parity shift in [DP]. The term Hecke correspondence in
[DP] is reserved for something different.

6.1. Definition of Hecke modifications. The definition of Hecke modification
is made cleaner by describing the category of parabolic bundles in an alternative
way.'® Given a parabolic bundle W = (V| F'), define for each ¢ € I the vector bundle
W (t) as the kernel
0— W(t) >V — 1w (V,/F(t)) > 0.

In particular W(0) = V® O¢(—p) and W(1) = V. We extend W (t) to every
t € I +Z by requiring that W (t+1) = W(t)® O¢(p). Such a function is increasing,
meaning that for any ¢ < ¢’ we have a distinguished injection of locally free sheaves
W(t) — W(t'), lower semicontinuous, and periodic in the sense that W(t + 1) =
W(t) ® Oc(p).

This construction defines an equivalence between the category of parabolic bun-
dles with weights in I and the category whose objects are increasing, lower semi-
continuous and periodic functions

W I +Z — {vector bundles over C'} .

Remark 6.2. Under this interpretation of parabolic bundles, the slope admits the
natural looking formula
fo deg (W (1)) dt

HW) = "=

For the construction of Hecke modifications, we will assume for convenience that
I=10,1] or I = +Zn[0,1], so that I +Z < R is a subgroup.'* Given 7 € +Z, the
Hecke modification is the automorphism of the category P; that sends a parabolic
bundle W = (V, F') to a new parabolic bundle W = (V, F) such that

W(t):=W(Et—1+7).

We now make it more explicit how the Hecke modification transforms V' and F
when 7 € [0,1]. The underlying vector bundle of W is V' = W(1) = W(r). It

B3The description below is the general way to define parabolic sheaves on (X, D) where X is a
non-singular projective variety and D is a divisor, see [MY].

MEor general I, the Hecke modification would not be an automorphism of the exact category
Pr, but rather an isomorphism between categories P; and P for a different set of weights I’,
obtained by “translating I modulo 1”.
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follows from the definition of V' that there is a map V — V and that the restriction
V, — V, has image F(7). We denote by ¢: V,, — F(7) the surjection onto the
image, and let K = ker(¢).

If 0 <t<1—7 then F(t) is the kernel of the following composition:

~

F(t) = ker (V, =V, = V/F(t + 7))
Note that since F (r) < F(t + 7) this composition is surjective. Clearly F(t) is
increasing and F(1 —7) = K.
If1l—7<t<1,wehave F(t+7—1)< F(7) and
F(t)y=¢ " (F(t+7-1)).
Note that F(t) is increasing and that F(1 — 1) = K.

In particular, the Hecke modification sends an object of topological type o =
(r,d, f) to an object of topological type h,(a), where h,: K(I) — K(I) is given by

~

hT(T7d7f):(T’d_T+f(7—)vf)

with
Yo ) fE+T) = f(7) if0<t
N\ ft+T =1 = f(r)+r ifl—7

Figure 2. An example of the graphs of functions f (on the left) and f
(on the right). In this example, » = 7 and 7 is between ¢z and c3. We

have h,(7,d, f) = (7,d—4, f).

The Hecke modification defines an automorphism of the stack MP*
hoo MP s AP
and hence induces an automorphism of the vertex algebra
(he)w: Hy(MP) = VP — VP = H, (M)

We also denote (h;),: VPar , VPar the induced homomorphism of Lie algebras.

We call (h;). a Hecke operator.
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We may define also the Hecke operator at the level of the descendent algebra,
and hence on VL. We let Al : DP* — P2 be the algebra homomorphism defined
on generators by

chy(e(t +7) — (1)) fo<t<l-—r
chp(et+7—1)+e(l)—e(r)) fl-7<t<1

hkm@@»:{

and

) che(v) if ye H>°(C)
hlchy(v) = {Chk("}/> + chg_i(e(r) —e(1)) ify=1

It is clear that Al descends to
hl: D™ — DR
By taking duals, we obtain an operator
(he)y: VET — VB

The next lemma establishes the relation between this formally defined operator
and the Hecke operator (h;)s.

Lemma 6.3. The following diagram commutes:

Vpar (hr)s Vpar

l l

hr ar
i L2 vy
Proof. The lemma is equivalent to the commutativity of the dual square
h*
H*(MEY) «—— H*(M}7,)

o el

Dpar hT ]Dpar

[ hra

where ¢ is the geometric realization homomorphism with respect to the universal
parabolic bundle W = (V, F). By the previous description of h., we obtain

(hr x1d)*V =V = te(Vawwarcip}) + a(F(T))

in the K-theory of MP* x C'| where v: MP* = MP x {p} — MP* x (' is the
inclusion of the fiber over p € C'. We also find that

BEF() = F(t+71)—F(r) fo<t<l—r7
T Ft+r -1+ F) - F(r) ifl-7<t<1,
and the conclusion follows. O

Remark 6.4. It is immediate to see from the definition that the composition of
two Hecke operators in a Hecke operator; precisely,

h’T o hT’ = hT+T’—1 .
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In particular, note that the N-fold composition of h;_y/x is h_;, which is the auto-
equivalence O¢(—p) ® —.

Remark 6.5. Under the equivalence between the categories of parabolic bundles
and of bundles on the root stack C = X/(C,p), the Hecke operator hy_y/y corre-
sponds to twisting by the orbifold line bundle Oc(—%p), which explains the peri-
odicity in the previous remark.

6.2. Hecke modifications and stability. The Hecke modifications preserve sta-
bility, as shown in [ST, Proposition 7.1]. For the reader’s convenience, we give our
own proof in the slightly more general setting that we consider.

Lemma 6.6. The Hecke modification h, sends (semi)stable objects in P; to (semi)
stable objects in Pj.
Hence, for any regular o € C'(I) we have an identity

(13) (he)«[Ma] = [Mp, o] -

Proof. This follows from h, being an automorphism of the exact category P; to-
gether with the fact that h, changes the slope by a constant, which we show here.
Using the expression for the slope in Remark 6.2,

p(W) = %Ll dim W () d¢
-2 (LIT(dimW(tJrT) —r)dt+f_TdimW(t— 1 —i—T)dt)
:%leimW(t)dt—(l—T)=,u(W)—1+T. 0

We remark that (13) also holds for non-regular «. This is a consequence of the
equality for regular o and the wall-crossing formula; note that the wall-crossing
coefficients are compatible with the Hecke operator, since the Hecke modification
changes the slope monotonically, by the proof of the previous lemma.

6.3. Hecke symmetries between spaces of stability conditions. Let r > 0
and d,d € Z. We can identify the spaces of stability conditions

Sr,d =~ Sr,d’ )
and their compactifications
Sr,d = Sr,d’ )
via the map
)\'_)lu‘ = (>\i+17)\i+27"'7)\7’7171 _)\1 .. _)\7“*17)\17-"7)\7;71)

where 0 < i <r—1isd —d mod r. This identification preserves the wall-chamber
structures.

Consider a given a € C(I) with associated vector of weight differences A € S, 4
and 0 < i <r—1. Let 7 be such that ¢;_; < 7 < ¢;. Then h,(«) has rank r, degree
d' :=d—r+ i and vector of weight differences p € S, 4.



42 MIGUEL MOREIRA

Corollary 6.7. Let r > 0 and d,d' € Z. Let A\ € S,4 and let u € S, # be the
corresponding stability condition. Then there is 7 € R such that A, induces an
isomorphism

M) = MES )

Ty

7. THE AFFINE WEYL SYMMETRY

The next ingredient in the determination of integrals on moduli of parabolic
bundles is the affine Weyl symmetry. This idea was crucially used by Teleman—
Woodward [TW] to obtain the formula for the index of certain K-theory classes on
moduli spaces of bundles, generalizing the Verlinde formula. It appears again in
the work of Szenes—Trapeznikova [ST] to prove the Verlinde formula for parabolic
bundles, in a more elementary form which is also better suited for intersection
numbers. We follow their approach here.

Remark 7.1. Teleman and Woodward use a non-abelian localization theorem to
relate K-theoretical invariants on the the moduli spaces of semistable bundles and
on the moduli stack of all bundles, without any stability. The advantage of removing
stability is that the cohomology of the stack of all parabolic bundles admits itself
an action of the affine Weyl group. Since intersection numbers cannot be defined
on such a stack, this approach does not work without first moving to K-theory.

7.1. Weyl symmetry for flag bundles. We start with the elementary observa-
tion that full flag bundles carry an action of ¥, on their cohomology. Let M be
a projective smooth variety (e.g. M = M, 4) and let € be a rank r bundle on M
(e.g. € = Vimxypy). By [Gro, Théoreme 1], the cohomology of the full flag variety
Fly (€)== Fly(€;1,2,...,7 — 1) is given by

H*(M)[t1, ... 1]

(14) H*(Fly (€)) ~ 7
(Cz(g) = €i(t17 e ’tr>)i=1
where e;(tq,...,t.) are the elementary symmetric polynomials in ¢;. Under this

isomorphism, the variables ¢; are the first Chern classes of the tautological line
bundles obtained as successive quotients F;/F;_1 in the tautological flag.

Proposition 7.2. Let M,E be as before. Then 3, acts on the cohomology
H*(Flp(€)) by permuting the first Chern classes ¢y,...,t, and fixing the coho-
mology classes pulled back from M.

Moreover, we have

f oc-D = (_1)sgn(a)f D
Flp (€) Flpr(€)

for any D € H*(F1y,(€)) and o € %,.

Proof. The existence of the symmetry is clear from (14). The anti-symmetry follows
from the following integral formula: if F'(¢y,...,t,.) is a polynomial with coefficients
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being cohomology classes of M, then

J F(ty,...,t.) = Res,, ... Res,, J F(z1,...,2) 1_[ (zi — 25) Héz(c‘f)
Fla (€) M 1<i<j<r i=1

where 5.(€) = 2"51/.(€) and s,(&) is the Segre polynomial of £. A very similar
formula (but taking only residues in zy,...,2._1) can be found in [DP, Page 3.
Our formula can be derived from theirs by using the same identity as in the proof
of [DP, Theorem 1.1]. O

In particular, if ae = (7, d, f,) is a full type, i.e. fo = (1,2,...,r — 1), we have
a X, action on H*(MIP)  This motivates the definition of a ¥, action on the
quasi-parabolic descendent algebra IDIP*" which will make the realization map X,
equivariant. Recall that D% is generated by symbols chy(vy) for v € H*(C) and
chi(e;) for j = 1,...,7. Define d; = e; —e;_; for j = 1,...,7. Then D¥* is the
free supercommutative algebra generated by chi(7), chi(d;) modulo the relations

chy(pt) = chy(dy + ... +d,),chy(1) = d,chy(y=?) = 0,cho(d;) = 1.

We define the action of o € ¥, on D®* by chy(y) — chy(y) for v € H*(C) and
chi(d;) — chg(ds;)). The action is well defined since it preserves the relations
above. Moreover, it is easy to see that the action commutes with the operator R_q,

and hence it preserves the subalgebra D37, .

Corollary 7.3. Suppose that ged(r,d) = 1 and let ¢ € S,.4 be sufficiently close to
(0,...,0) € S,.4, so that Proposition 5.1 applies. Then integration over Mf}jju(c) is
>, anti-invariant, i.e.

(15) f o D= (—1)Sgn<0>f D
M}ifgl(c) Ml (e)

gpar
for every D € D", and o € X,

Proof. Let 7: Mf:ld“(c) — M, 4 be the full parabolic bundle given by Proposition 5.1.
Fix a universal vector bundle V on M, 4 and consider the induced universal parabolic
bundle W = (7*V, F,) on M[}(c). The result is immediate from Proposition 7.2
after we observe that

E(chu(dy) = chul(F/Fi) = g (F/Fia)" 0

7.2. Affine Weyl symmetry. As sketched in the introduction (Section 1.3), con-
jugating the Weyl symmetry with Hecke isomorphisms produces an extremely strong
constraint on the integrals over moduli spaces of full parabolic bundles.

Let r > 2 and let a,, ) be the full topological types (r, 1, f.) and (r,—1, f.),
respectively. As explained in Section 6.2, given ¢ € S,._; thereis ¢’ € S, ; that makes
the moduli spaces MM (¢/) and M[}(¢”) isomorphic via a Hecke modification. In
such a case, by Proposition 6.3, we have a commutative diagram
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DI —— (M ()
le l?
]Dg}:ar H* (Mwiulll<c/))

where H is the Hecke homomorphism of the quasi-parabolic descendent algebra.
Explicitly, H is defined on generators by

H{(ch(d;)) = chy(dz;))
H(chyy41(1)) = chyy1(1) — chg(d,—1) — chg(d,)
H(chg(v)) = chg(v)  for v e H7(C).
where 7 is the permutation 7(i) = ¢ +r—2 mod r. If ¢ is chosen so that MM, (¢/)
is a full flag bundle over M, __;, then by Corollary 7.3, integration over Mf}llu(c” ) is
anti-symmetric with respect to the action of ir .= HoY,oH ' Note that iT is
isomorphic again to the symmetric group, but we use the tilde to distinguish the

different action on D*. The following elementary proposition is at the heart of
the proofs of Theorems A, B and C.

Proposition 7.4. Let a, be a full topological type with rank r > 2. Let f: D% —
Q be a functional with the property that

(16) Flehild) - D) = 7 f(ch(d)* - D).

If f is anti-invariant with respect to the actions of both ¥, and ir, then f = 0.
Note that, given a class u € H,(M®*) the functional
DI —s H (M) 22
satisfies (16) since chy(d;) and chy(d;)*/k! both map to

L (FFia) e H (ME).

via the realization morphism.
Proof. A straightforward calculation shows that 7o't 'HoH ! sends
Chk+1(1) = Chk+1(1) + Chk(dr) + Chk(dr_l) — Chk(dro(l)) — Chk(d.,-g(g))

and preserves every other descendent, i.e. chg(g) — chi(g) for g = d; or g € H>°(C).
Let S;; be the automorphism of DgP*" which sends

Chk+1(1) — Chk+1(1> + Chk(dz) — Chk(d])
and preserves every other descendent. If j # r — 1, we can pick o so that 7o (1) = j,
70(2) = r—1 and then the previous calculation shows that 7o '7'HoH ' = S, ;.
Hence, S, ; is in the subgroup of automorphisms generated by >, and X, and the

functional f is invariant with respect to S, ;. Similarly, we conclude the same for
Sy—1; for any j # r. Using that

—1
Si; = 9Sjiand S; ;08 = Sik,
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and the assumption that r > 2, we can conclude that all the S; ; are in the subgroup
generated by ., ir.

Let t; = chy(d;) € D®*". For the proof, we introduce the equivalence relation ~
on D which is defined as the smallest Q-linear equivalence relation such that

1
(17) chy(d;) - D ~ Etf D, D~-0-D, D~ S;;(D)

for any D € D®* o € ¥,, 1 < 7,7 < r. By Q-linear we mean that we impose
that Dy ~ D} and Dy ~ D} imply that \yDy + AoDy ~ M D] + A2 D). Since
by assumption f(D) = f(D’) for D ~ D’, the proposition is equivalent to the
statement that D ~ 0 for any D.

It is enough to prove that D ~ 0 if D is in the subalgebra of D% generated by
t1,...,t. and chg(y) for k = 0,7 € H*(C). To show it, we introduce a filtration
0 =F, < Fy € F) < ... of this subalgebra and prove the claim for D € F}
by induction on k. The k-th step of the filtration F}, is defined to be the span of
monomials of the form

¢
D =] ey (1)- D/
=1

where D’ is a monomial in t,...,t, and chy(y) for v € H>°(C), and Y\_ k; <
k. Note that chy(1) = 0, so Fy = 0 for & < 0. In particular, the statement is
tautological for m < 0. We now induct on k, so assume that D ~ 0 for every
D e Fj,_i. We begin by showing that ¢; - D ~ t; - D for every ¢,j and D € Fj,. We
may write D in the form

Z/

D = chy(1)™ - | [ chy41(1) - D' € Fy

i=1

where m > 0, all the k; are > 1 and ¢/ = ¢ — m. Then,
Chz(l) - D~ Si,j(ChQ(]_) . D)
‘ 1 1

~ (Chg(l) + tz - tj)m+1 : H (Chki+1(1) + Etfl - Et§l> . D/

i=1

=chy(1)- D+ (m+1)(t; —t;)-D+...

where all the remaining terms in ... are in F;_;. By induction, they are equivalent
to 0 so we conclude that t;- D ~ t; - D. We now write D as

D=][t7 D
j=1
for D" € F}, a monomial in chy(v) for v € H*(C). Then D ~ D" := ¢{1++" . D",
If o is the two cycle (23) then
D ~ D/// _ O_(D///) ~ _Dlll — _D

so we finally conclude that D ~ 0, which proves the induction step and the propo-
sition. U
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Remark 7.5. It can be seen from the proof of the previous proposition that, for
r > 2, the subgroup of Aut(D@¥*") generated by X, and ir is isomorphic to the
affine Weyl group

A x X,

where A = {(a1,...,a,): a1 + ...+ a, = 0} € Z" and 3, acts on A by permuting
the coordinates. The element

0,...,1,0,...,0,=1,...,0) € A
corresponds to the automorphism S; ;.

The next Corollary is essentially the same statement, but for the algebra of weight
zero descendents.

Corollary 7.6. Let a, be a full topological type with rank r > 2. Let u €
H, (M@arnig) Tf the linear functional
]D)QPar N H*<Mg£ar,rig> S_u) @

e, Wto

is anti-invariant with respect to the actions of both ¥, and in, then v = 0.

Proof. Since R_jchy(pt) = r # 0, the proof of [BLM, Lemma 5.11] shows that there
is a unique lift @ € H, (M) of u with the property that chy(pt) n @ = 0. Then
the induced functional {. on D®* is the unique extension of § on Dgv’.  (see also
[KLMP, Proposition 1.13, Lemma 1.16]) that vanishes on the ideal generated by
chy (pt). Clearly this extension is still anti-invariant, and the conclusion follows from

Proposition 7.4 applied to § O

7.3. Proof of the reconstruction theorem. We now give a proof of Theorem A.
Suppose that we have two collections of classes

U, Vo € Hy (MPA"TE) < \Par

that satisfy (0)-(3), and we want to show that u, = v, for every a. By the flag
bundle formula, the classes u, with « being a full parabolic type determine all the
other ones. Denote u, by ul(c) if a = (r,d, f,,c) is full. We induct on the rank
and assume that u, = vy for rk(a’) < r. Our base case is r = 1, which holds by
hypothesis, but going from r = 1 to r = 2 requires a modification of the argument
(due to Corollary 7.6 not holding for r = 2). So we assume for now that r > 2 and
sketch below the necessary modifications for the r = 2 case.

By the Hecke compatibility, it is enough to prove that u["{'(c) = v[%'(c) for d = 1.
It follows from the wall-crossing formula and the induction hypothesis that, for any
c,d €S,1,

) — () = o) — o)
after forgetting weights. In other words, the difference w = u"{'(¢) —vf'(¢) does not
depend on the stability condition ¢ € S,.; after forgetting weights, i.e. w does not
depend on ¢ when regarded as an element of H, (M%) By the Weyl symmetry
and the Hecke compatibility assumptions, the functional Sw is anti-invariant under
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Y, and 3, since uf(¢) and v™(¢) are anti-invariant for particular choices of c.
9 r,1 r,1

Then Corollary 7.6 implies that w = 0.

7.3.1. The rank 2 case. We now sketch the necessary modifications to deal with

the rank 2 case. Following [ST, Section 9], we need to consider parabolic bundles

with two punctures. The introduction of a second puncture allows extra flexibility

to define Hecke modifications, since it becomes possible to modify the parabolic

bundle at the two points, and this will recover the affine Weyl symmetry in rank 2.
Fix p; = p and a second distinct point p, € C'. There are moduli spaces

2-pt
]\/[2,51J *(c)
that parametrize a vector bundle V' of rank 2 and degree d, together with two
1-dimensional subspaces

0OcF'cVy,and 0 F>C V.

These moduli spaces depend on a choice of weight vector ¢ on some space of stability
conditions S;:fl’t, which can be identified with the square

{()\1,)\2)3 0< )\1,)\2 < 0}

As explained in [ST, Section 9.1], there are two chambers in this space of stabil-
ity conditions and a wall-crossing formula can be proven by using the exact same
techniques as in Section 4.2.2. In particular, the difference

(PR P
M E(c) MFE™(c)

can be written as an integral over a product of two Jacobians. The entire vertex
algebra technology can easily be adapted to this setting with two punctures, and
the wall-crossing formula is written as usual as an equality

[My,7(0)] = [My* ()] = [[Jaca], [Jacy]

in the associated Lie algebra.
We can define the quasi-parabolic descendent algebra ]Dg'dpts adapted to the 2

punctured situation. It is the supercommutative algebra generated by
chy(y) for ye H*(C) and  chy(d?), fori,j =1,2.

There is a realization map Dg:gts — H *(MQZ; *(c)) which is defined as usual for
chy () and sends

chy(d]) — chy(F7), chy(d]) — chy(Vy,, /F7)

where by V|, we mean the restriction of V to the fiber over p; € C.
There is a natural Weyl group G := ¥, x ¥y action on Dg:gts where o = (01, 09)
acts as
o - ch(d)) = Chk(dij(i)) :
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If d is odd and c is in one of the two chambers of the space of stability condition,
the moduli space M;’é’ts(c) is a P! x P! bundle over M, 4. More precisely,

ngtS(c) = ]P)(Vlm) X Ms g P(Vh?z) .

For such ¢, the action of G descends to the cohomology and makes integrals anti-
invariant in the sense that
J o-D= sgn(al)sgn(@)f D.
M3 (e) M5 (c)
This follows from applying Proposition 7.2 to the two descriptions of Mi’j’ts(c) as a
P! bundle.

To get our second copy of the Weyl group acting, we consider Hecke modifications.
Since we now have two points, we can either modify a parabolic bundle at p; or at
p2. Composing a modification at p; with a modification at p; and choosing stability
conditions ¢, ¢, " appropriately, we get a P! x P-bundle over M, _;

My (') ~ Myg™(c") > MyPY (") — Moy .
Let H: ngﬁtf — ng’“ be the corresponding Hecke operator on the descendent
algebra; it sends

chi1(1) — chyiq(1) — chy(dl) — chy(d?) and chy(d?) — chy(di_,).

As in Section 7.2, the action of G = HoG o H' descends to the cohomology of
47\/./221p () for ¢ chosen as before.

Finally, it is easy to adapt the argument given in the proof of Proposition 7.4
to show that any functional on ng’“ (imposing the analog of (16)) which is anti-
invariant with respect to the actions of both G' and G must vanish. With this,
the argument in the proof of the reconstruction theorem also shows that integrals
over M221p (c) are determined from integrals over the Jacobian. Since M221p "(c) is
a P-bundle over the moduli of rank 2 degree 1 parabolic bundles punctured only
at p, we recover also those integrals.

8. NEWSTEAD VANISHING AND THE CHERN FILTRATION

Based on low genus calculations by himself and Ramanan, Newstead conjectured
in [New| that, in the moduli space M, or rank 2 vector bundles, we have the
vanishing

B9 € HY(My,)

where ( is (up to normalization) the realization of the tautological class chy(pt).
This was later shown by Thaddeus [Thal, Section 5]. The result was generalized by
Earl-Kirwan in [EK1] and independently by Jeffrey—Weitsman [JW]. They showed
that any polynomial in the descendents of the point class ch(pt) vanishes in coho-
mological degree > 2r(r — 1)(g — 1).

It was observed in [LMP] that these sort of vanishing results can be understood
in terms of the Chern filtration on the cohomology of M, 4. Using the methods of
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[EK1], it is shown in [LMP, Theorem 0.2, Corollary 1.7] that the top Chern degree
of M, 4is r(r+1)(g—1)+2. This implies the higher rank Newstead conjecture, but
it is actually a stronger statement. For example, it implies as well the vanishing of

Baﬁyb c H4a+6b(M2 1)

)

for a + b > g, also observed by Thaddeus, where 7 is quadratic in the descendents
chy(class in H(C)).

In this section, we formulate and prove an analogous result for parabolic bundles.
We point out that our proof is independent and fundamentally different from the
previous ones, so in particular we reprove the aforementioned results in the case of
vector bundles.

8.1. The Chern filtration for parabolic bundles. We start by defining the
Chern grading on the parabolic descendent algebra, and induced Chern filtration.

Definition 8.1. The Chern grading on the descendent algebra DgP*" is the multi-
plicative grading for which the generators

chi(g), ge H*(C) u {eq,..., e}

are homogeneous of degree k. We write degC(D) = k if D is homogeneous of Chern
degree k. Denote by C,D%®* the induced filtration, i.e.

C,DP = spaunQ{chk1 (g1) ... chg, (gm): k1 + ...+ kn < k’} )
We write deg” (D) < k if D € C,DP*". Denote by
C D =Dl C DP*

e, Wto e, Wto

the induced subspace filtration. The same definitions can be made in the parabolic

par par
descendent algebra DE™ or Dy, 4 -

The Chern filtration on the descendent algebra induces a Chern filtration on the
cohomology of a moduli space M,, with « regular, defined by

C.H*(M,) = im(¢: CDP™  — H*(M,)) .

Qe ,Wto

Alternatively, the Chern filtration can be defined in a more concrete way that avoids
the use of weight 0 descendents, and instead uses a point normalization:

CoH*(M,) = im(&r: C.DP* — H*(M,))

where &y is the unique extension of £ to D" that annihilates chy (pt); see [KLMP,
Propositions 1.13, 6.5]. This is closer to the way that tautological classes are treated
in the literature, for example in [JK].

The main result in this section is the following:

Theorem 8.2. Let o = (r,d, f.,c) and [M,] be the corresponding class in the Lie
algebra VP < VP ‘and let D € D™ If deg®(D) < dim M, + r(g — 1) then

e ,Wto *

D=0.
[Ma]
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If deg”(D) = dim M + r(g — 1) + 1, then

(_1)(r1)dJ D
[Ma]

does not depend on d and on c.

We will give a proof in Section 8.2. Note that when « is regular the first statement
is equivalent to

CdimMaJrr(gfl)HtOI)(Ma) =0.
Recall that chy(e;) and chg(y) have cohomological degrees
deg(chy(e;)) = 2k and deg(chi(y)) = 2k + 2 — deg(y) .

Thus, the Chern degree is always between half of the cohomological degree and the
cohomological degree. For a polynomial in classes chy(pt), ch(e;), the Chern degree
is half of the cohomological degree. In particular, (2) is equivalent to the statement
that

CoH*(M,) =0 fork>dimM —r(g—1).
More generally, we have the following:
Corollary 8.3. Let a € C(I) be regular. If
m—k=>=dimM, —r(g—1)
then Cy H™(M,) = 0. In particular, any polynomial in the classes
o (chy(pt)), Eoelchy(e;)) € H*(M,)

of cohomological degree > 2(dim M, — r(g — 1)) vanishes.

Proof. Let 6 = dim M,,. Suppose D € C,H™(M,) is non-zero. By Poincaré duality,
there is £ € H*~™(M,) such

D-E#0.
Mo

Recall that the Chern degree is bounded by the cohomological degree, i.e.
H?™™(My) = Cos—pn H®™™(M,) .
But then
D - E € CosypmH?(M,),
so by Theorem 8.2 it follows that
20+k—m>0+r(g—1)

and we are done. For the second part of the statement, a polynomial in such classes
of cohomological degree 2k is in Cj, H?*(M,), so the statement follows immediately.
O
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Remark 8.4. The bounds in Theorem 8.2 and Corollary 8.3 are optimal, i.e. the
top Chern degree of M, is dim M, —r(g — 1) + 1. In the case of moduli of bundles
M, 4 and ged(r,d) = 1, it is shown in [EK1] that there are classes 7,0 € DP* such
that:

(1) n is a polynomial in descendents of the form chy(pt), and has

1 .

5 deg(n) = deg®(n) =r(r —1)(g — 1) =dim M, 4 —r(g — 1) — 1,
(2) 0 is given by

2g
6 = Chg(l)(Til)(gil) 1_[ Chl(’}/l)
i=1

where {7;} is a basis of H*(C). In particular,
deg(f) = deg(0) = 2r(g — 1) + 2
(3) We have
| o 20
M q

If ce€ S, 4 is chosen so that there is a flag bundle morphism 7: M, 4 (c) — M, 4
and Proposition 5.5 holds, then

J D #0for D = &u(n-0) - cuop(A*E).
M4, 54 (¢)

Recall the definition of = in Section 5.2 and that A*Z is the relative tangent bundle
of m. Clearly, ctop(A*E) is a polynomial in descendents &y (chg(e;)). Hence, D has
Chern degree equal to dim M,, + r(g — 1) + 1. By the second part of Theorem 8.2,
S[Mnd,‘f. () P # 0 actually holds for any d and c € S,.4,5,. The class (1) - cop(A*E)
then provides an example of a non-zero polynomial in & (chy(pt)), & (chg(e;)) with
cohomological degree equal to 2(dim M, —r(g — 1) — 1).

Remark 8.5. The part of Theorem 8.2 regarding independence of d is analogous to
x-independence phenomena conjectured for moduli of 1-dimensional sheaves on del
Pezzos surfaces, see [LMP, Remark 1.11]. Note that (—1)"=14 = (—1)""! unless
r,d are both even, so in the case of M, 4 the sign only plays a role when we allow
ged(r,d) # 1, i.e. moduli with strictly semistable objects. This is why our result is
not incompatible with [LMP, Proposition 1.8], where there is no sign. Note that the
(—1)"=Yd gign appears in some of the formulas of [Bu], for example in Theorem 5.15
(r = 2) or in Theorem 6.6 (¢ = 1).

Remark 8.6. In the same paper [New|, Newstead also makes a second conjecture
— in rank 2, but later generalized to higher r — regarding the vanishing of Chern
classes ¢, (T'M, 4) of the tangent bundle for k > r(r —1)(g—1). This conjecture was
proved in [TW]. Although our methods seem almost fit to reprove it, we could not

5Note that Earl-Kirwan work with moduli of bundles with fixed determinant, so they consider
only the class chy (1)@= The realization of [, chy(y:) is a multiple of the Poincaré dual
to the loci of M, 4 with a fixed determinant.
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quite figure out how to do it due to the subtle but important point that ¢ (7'M, 4)
does not behave well with respect to the Weyl action.

8.2. Proof of Theorem 8.2. We start by reducing to the case of full parabolic
bundles. Let ¢ € S, 4. Then,

f D = const - J en(A*E)T* D
[My.a 50 (0)] (M @)]

where N = dim M/%!(¢) — dim M, 4 1, (¢) and 7 is the flag bundle morphism. By the
definition of =, it is clear that ¢y (A*E) is a polynomial in classes {p(chy(e;)), hence
cn(A*Z) has Chern degree equal to N. It is also clear that 7* preserves the Chern
filtration, and that shows that the statement for M%'(¢) implies the statement for
M.4.1.(c).

We now focus on full parabolic bundles and induct on the rank r = rk(a). When
r =1, M, is a Jacobian and our claim is straightforward. Indeed, the descendents
&pi(chg(7)) all vanish except when k = 1and v € H'(C) or k = 2, v € H°(C); in both
cases, the Chern degree is equal to the cohomological degree, so Cay—1 H*(M,,) = 0.
There is nothing to prove regarding wall-crossing invariance and the independence
of d is easy since all the moduli spaces M; 4 are isomorphic.

Suppose now that the claim holds for " < r and assume that r > 2 (once again,
the case r = 2 requires the use of 2 punctures, cf. Section 7.3.1). We use the
induction hypothesis to prove the wall-crossing independence first, and then make
use of the affine Weyl symmetry. Suppose that ¢* are stability conditions in S, 4.
To ease the notation, we assume they are both regular and in adjacent chambers
so that we are in the setting of simple wall-crossing, as described in Section 4.2.

The simple wall-crossing formula (cf. Theorem 4.4) expresses the difference be-

- full
tween integrals over M (ci) as

f D - D=> J D}-| D?
M ) M) P M

where >, D} ® D? = Res,_oY (D). The following Lemma controls the Chern
degrees appearing in the wall-crossing term, and is arguably the heart of the proof.

Lemma 8.7. The dual state-to-field correspondence

YViDRY, — (DR @ D)=, 2]

a+p
has degree x*™(«, 5) with respect to the Chern degree, where on the right hand
side we consider the natural Chern degree on the tensor and regard z as having
Chern degree 1. In particular, the dual Lie bracket

Res,oY": I[))z‘fﬂ — D" ® ]D)gar

has Chern degree x™™(a, 3) + 1.

Proof. 1t is clear that the operator ¥* has degree 0 and that R_; has degree —1,
therefore it is enough to prove that C.-1 has degree 0 or, equivalently, c¢x(©) has
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Chern degree k. This is equivalent to ¢;x(©) being a polynomial in the (realization
of) classes

(18) ch;(pt) ® 1, 1 X chj(pt), ch;(e(t)) ® 1, 1 ®ch;(e(t)),

which we now prove; interestingly, this is true only for the symmetrization © =
Exty;, + Exto;, but not for each of the Ext complexes.

Recall our formula for the Ext complex (5). By Grothendieck—Verdier duality we
have

(RpsRHom(Vi,V2)) " = —Rp,RHom(Vs, V1 @ wc)
in K-theory. Therefore,

© =Rp,RHom (V2,1 ® (Oc — we))
_ 2 (Hom(Fi(t), 0F2(t))Y + Hom(Fa(t), 0Fi(t))) .

tel
It is clear that the Chern character of the terms in the second line are polynomials in
(18). The Chern character of the first line on the right hand side can be calculated
via Grothendieck—Riemann—Roch as

ps(ch(Vy )ch(Vy)ch(Oc — we)td(C)) = (29 — 2) Z (—1)"chq(pt) ® chy(pt)
a,b=0
since ch(O¢ —we) = (29 —2)pt. It follows that chi(©) is a polynomial in the classes
(18), and therefore the same is true for ¢;(©) by Newton’s identities. O

Remark 8.8. Note that x*™(«, 5) + 1 is equal to
1—x(o,a) +1—x(B,8) — (1 —x(a+ B, + B)) = dim M,, + dim My — dim M, 5.
By the lemma and the previous remark, we have

deg®(D}) + deg®(D?) < deg®(D) — (dim My — dim M, — dim M)

<
< dim M, +7“1(g— 1) + dim M, +7“2(g— 1) +1,

so we must have deg®(D?) < dim M; + r;(g — 1) for j = 1 or for j = 2. By the
induction hypothesis, it follows that § MED (e ) D = SME,“JI () D. Since any two regular
stability conditions can be connected by a sequence of stability conditions which
are related by simple wall-crossing, it follows that SMﬁUj,l(c) D does not depend on ¢
for ¢ € S, 4 regular. It is easy to extend this argument and take into account the
iterated brackets that appear in the general wall-crossing formula (7), showing that
the same is true for non-regular weights.

Both the Hecke operators and the Weyl action preserve the Chern filtration.
Therefore, by the wall-crossing independence and the same argument used in Sec-

tion 7.3, the functional S[ is anti-invariant with respect to the actions of

M)
gpar

¥, and ir when restricted t0 Caim a, +r(g—1)+ 1D wio-

The following refinement of
Proposition 7.4 now gives the vanishing in Chern degree dim M,, + r(g — 1):
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Corollary 8.9. Let a, be a full topological type with rank r > 2. Let f: D®* — Q
be a functional satisfying (16). If the restriction of f to Cj41DP* is anti-invariant
with respect to the actions of both X, and 3, then the restriction of f to CIDIP*

: : : qpar qpar
vanishes. The same is true if we replace D" by D", -

Proof. The proof is exactly the same as Proposition 7.4 (and Corollary 7.6). Let us
just point out that when we show ¢; - D ~ ¢; - D we use the anti-invariance applied
to chy(1) - D, which has Chern degree 1 larger than t; - D, ts - D, and this is why we
need anti-invariance on C},1 to ensure vanishing on Cj. O

Finally, let us address the invariance with respect to d. By the same argument as
before, it is enough to consider full regular parabolic bundles. Let a = (7, d, f,, ¢)
and o = (r, 1, f., ) be two full parabolic types related by the Hecke isomorphism,
i.e. such that a = h.(c/). Recall the definition'® of hf: D> — DI™. The
fundamental observation is that if deg”(D) = dim M, + r(g — 1) + 1 then

W(D)=71-D+...
where the extra terms have deg®(...) < dim M, + r(g — 1) and 7 € %, is the

permutation 7(i) =i +d — 1 mod r. Thus, we have
f D = ri(D) = J 7D = sgn(r) D
o M, M, M,

where we have used Proposition 6.6 (and Lemma 6.3) in the first equality and the
vanishing already proved in the second. In the third equality we have used the Weyl
anti-symmetry — Weyl anti-symmetry holds when ¢’ is small, but we have already
shown wall-crossing independence when deg®(D) = dim M, + (g — 1) + 1, so it
actually holds for any ¢

The cycle decomposition of 7 consists of m cycles of length r/m each, where
m = ged(r,d — 1). Therefore,

SgH(T) _ (_1)m(r/mfl) _ (_1>(r71)(d71).
Thus, the equality of integrals above can be rewritten as
(_1>(r—1)d D = (_1)(7"—1)~1 D,
M, M,
which shows the independence on d. O

9. VIRASORO CONSTRAINTS

The Virasoro constraints for moduli spaces of parabolic bundles were conjectured
in [Mor2, Conjecture 1.4.9]. In this section we will state them and give a proof.

To write down the Virasoro operators it is convenient to introduce the Hodge
shifted descendents chy (g), which are defined as

chi/ (7) = chgy1_p(7) € DP

16Before, we defined the parabolic version of hl from DP* — D
quasi-parabolic version DIP*" — DV,

par
a’

but we are now using a
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where v € HP(C') and

chy/ (e(t)) = chy(e(t))
for t € I. For notational convenience, we assume in this section that I is finite.
Given t € I\{1}, we write

de(t) =e(t') —e(t) e Hi(C)
where
t' =min{t' > t:t' e I}.
When ¢ = 1 we simply set de(1) = 0. Note that the realization &(chg(de(t)) is, by
definition, chg(0F(t)).

Definition 9.1. We define operators L, : DP* — DP* for n > —1 as a sum L, =
R, + T,, where

(1) R, is a derivation defined on generators chy/(g), for k = 0 and g € H;(C),
by

n

Rn(chy (9)) = <H(k + j)) ch,’ 4 (g)-

=0
(2) The operator T,, is multiplication by

a+b=n tel

To= Y a ((1—g>cha<pt>chb<pt>+Zcha<e<t>>chb<ae<t>>) ,

where the sum runs over a, b non-negative integers. In particular, T_; = 0

and L_1?= R_l.

The operators {L,},>_1 satisfy the Virasoro bracket relation
Lo, L] = (m —n)Lpym -
To compare with the definition in [BLM, Section 2.3] note that
(1 — g)cha(pt)chy(pt) = (—1)7" ~*chlchy’ (td(C))
where the right hand side is defined in loc. cit.

The operators, which are a priori defined in DP?", induce well-defined operators
L,: DP*" — DP* " which we denote in the same way. Taking duals and summing
over all a produces operators on the vertex algebra Vi:

(19) L VE = @ (D) = @ @) = Vi
acK(I) aeK(I)

To write down the Virasoro constraints we need one further operator, namely
Lyt : DP2 — DEY - defined by

wto?
_ E : C_1>n n+1
Lo = (n + 1)!"” °R4

n=>—1

The operator mapping to Dy is equivalent to the statement that R_; o Ly, = 0,

which follows from the Virasoro commutator relations, see [BLM, Section 2.5].
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Remark 9.2. We point out that one can also define analogues of these operators in
the quasi-parabolic descendent algebras IDIP*; recall that this is a supercommutative
algebras generated by symbols chy(y) for v € H*(C) and chy(e;) for 0 < j <1+ 1,
modulo certain simple relations; alternatively, it is generated by chy (v), chy (e;).
One defines LP*: DdPar — DIPar by Ldpar = RAPA + THPA where RIP* is defined

exactly in the same way as in the parabolic case, and T,, is

T = 3 alb] ((1 — g)chq(pt)ehy(pt) + Y chy(e)chy(ej 1 — ej)> :

a+b=n 7=0
In particular, the Virasoro constraints do not depend on a choice of weights within
a fixed chamber.

The main result of this section are the Virasoro constraints for moduli spaces of
parabolic bundles:

Theorem 9.3. Let a = (r,d, f.,c) € C(I). For every D € DP* we have

J I—Wto (D) - 0 .
[Mo]

These generalize the Virasoro constraints for moduli spaces of stable bundles
shown in [BLM]. For the proof, we will need compatibility statements between the
Virasoro constraints and the structures that we have discussed earlier in the paper:
wall-crossing, flag bundles, and Hecke operators. We develop these compatibilities
first, and then give the proof in Section 9.5.

9.1. Primary states and wall-crossing compatibility. Compatibility with
wall-crossing is already the key ingredient in [BLM]. To state it, let us introduce
the Lie subalgebra of primary states.

Definition 9.4. The space of primary states of weight ¢ on VI is
P ={ve V)" Ly(v) = iv and L,(v) = 0 for n > 0} .
The space of primary states on the Lie algebra VP is

Py = P/T(Py)) < VE™ .

By [LM, Corollary 5.7], a class u € \V/'frar (of non-trivial topological type) is a

primary state if and only if Ly, (u) = 0, where
(_1)71 n+1 . \7par par
Lty = n;1 mL_1 o L,: VP — V¥

is the dual of Ly,.'" In particular, the moduli space M, satisfies the Virasoro
constraints (i.e. Theorem 9.3 holds) if and only if [M,] € Dyis a primary state.

We recall the reader that Vi is a lattice vertex algebra (cf. Proposition 3.1).
When the symmetrized Euler pairing x7™ is non-degenerate, this vertex algebra

1"When VP admits a conformal element w, Ly, is a canonical lift of the operator [—,w], see
[BLM, Proposition 3.13, Lemma 3.15].
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carries a natural conformal element, which is defined as explained in [BLM, Section
3.3, Section 4.3]. In the case of vector bundles, it is shown in [BLM, Theorem 4.12]
that the Virasoro operators coming from this conformal element coincide with (19);
the general parabolic case can be shown by a straightforward adaptation of the
calculations.

More generally, if the symmetrized Euler pairing is degenerate, the vertex algebra
VE¥ may not include a conformal element; however, it can always be embedded
into a larger (lattice) vertex algebra admitting a conformal element which induce
Virasoro operators that restrict to (19). See [LM, Section 5.1.1, Proposition 5.23]
for a more detailed discussion.

A fundamental property of primary states, observed by Borcherds himself in his
foundational paper on vertex algebras, is that they are closed under the Lie bracket.

Lemma 9.5 ([Bor]). P, is a Lie subalgebra of VP,

Since wall-crossing formulas are stated using the Lie bracket on \v/'frar, this state-
ment implies a compatibility between the Virasoro constraints and wall-crossing: if
every moduli space appearing on the right hand side of (7) satisfies the Virasoro
constraints, then so does the moduli space on the left.

9.2. Flag bundle compatibility. We now turn to the compatibility with the flag
bundle maps between different moduli spaces of parabolic bundles that were dis-
cussed in Section 5. We recall that we have interpreted these flag bundle structures
in terms of a certain map of vertex algebras Q;;: VI — V! (and the induced
homomorphism of Lie algebras AVZRN \V/I'), see Proposition 5.5 and Definition 5.6.
However, the Virasoro operators (19) were defined on the larger vertex algebra
V.. Before we prove a compatibility statement between the Virasoro operators
and the vertex algebra homomorphisms 27 ;, we show that the Virasoro operators
preserve V!, which we think is a statement of independent interest.

Proposition 9.6. The Virasoro operators { L, },>_1 preserve the vertex subalgebra
vrar c VP

Proof. This statement is equivalent to the claim that the operators L,, preserve the
ideal

(20) ker (DE™ — H*(MP™)) .

Since T,, is a multiplication operator, this is equivalent to R, preserving the said
ideal. Recall that MP* is a flag bundle over the moduli stack of vector bundles
M, 4. Moreover, it is well-known [AB, HS] that H*(M, 4) is isomorphic to the
free supercommutative algebra generated by p.(cx(V)q¢*y) for & = 1,...,r and
v € H*(C'). Hence, the kernel (20) is generated by relations of two types:

(1) cp(F(t) — F(s)) for t > s and k > f(t) — f(s);

(2) ps(ex(V)g*y) =0 for every k > r, ve H*(C).
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The relations of the first type are analogous to the relations among generators in the
cohomology ring of the Grassmannian, which were shown to be preserved by similar
Virasoro operators [LM, Section 8.7]. See also the proof of [KLMP, Proposition
3.8]. The same proof can be used to show that each of the ideals generated by the
relations (1) for fixed ¢, s is preserved by the Virasoro action.

On the other hand, the relations of the second type can be seen as generalized
Mumford relations, as in [KLMP, Section 2.2]. To do so, observe that

V = (Rp12)« RHom(p3;IC, pisV)

where p;; is the projection of M, x C' x C' onto the i-th and j-th components and
K is the complex A, (wy)[—1] on C x C; this follows from

RHom(V, OMXC> = (Rplg)*A*RHom(A*p’f?)V, OMXC)
= (Rplz)*R/HOm(pTgVap;:sA*Oc)

and an application of Grothendieck—Verdier duality. By the formal argument in the
proof of [KLMP, Theorem 3.10], R,, preserves the ideal generated by relations of
the second type provided that R,, preserves the ideal of relations

ker (¢c: D — H*(C)) ,

where D is the algebra generated by symbols chy(y) and &k is the realization ho-
momorphism sending chy(7y) to p.(chy(KC)g*y). But it is easy to see that we have
£x o R, = 0 for every n > 1; this follows from the fact that R,(ch{ (y)) = 0, by
definition, and &k (cth ('y)) = 0 for every k > 1 by Hodge degree reasons. (|

Theorem 9.7. Let I’ < I. The Virasoro operators commute with €/, i.e. the

square

VI QI,I’ VII

L{ll lL{{

-VI QI,I’ VI/
commutes for every n > —1. In particular, {}; » sends primary states to primary

states.

If the vertex algebras V!, V! had conformal elements inducing their respective
Virasoro operators (which is never the case), this commutativity property would
mean that €2y  was a weak vertex operator algebra homomorphism. Being a weak
vertex operator algebra homomorphism is implied by being a strong vertex oper-
ator algebra homomorphism, which is a vertex algebra homomorphism respecting
the conformal elements. Recall that, crucially, {2;  cannot be extended to a ho-
momorphism of vertex algebras VI =—— V;I)lar (which often contains a conformal
element), so there is no natural way to produce an actual homomorphism of vertex
operator algebras.

Proof of Theorem 9.7. The commutativity is equivalent to the commutativity of the
dual square
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(M) o™ e ()

l b

HH (M) 270 He (M)
where ciop = Ciop(A*Zr ). Note that we have'®
m¥chy(e(t)) = chy(e(t)) for t € I', and 7*chy(y) = chy(y) for vy e H*(C),
so 7* intertwines RZ| RI'. Hence,
L (ctop - 7(D)) — ciop - T (LL(D))) = (R (chop) + crap - T — ciop - ™ TL) - 7*(D)

Therefore, commutativity of the diagram is equivalent to the identity

(21) Rl (ciop) = —ct0p~T£+ctop-7r*Tg = —Cop" Z Z alblch,(e(t))chy(de(t))

a+b=n tel\I'

in H*(M"). By Newton’s identities, the total Chern class of = is

(B =(E@8exp | D D (=1)"(a+b—1)lcha(e(t) @ chy(e(t))

a,b=0 tel\I’
(a, b)#(ﬂ 0)

Denote by C; € D! @ D! the degree 2j part of the exponential on the right hand
side, so that ¢;(2) = ((®¢&)C;. It is shown in [KLMP, Theorem A] that we have a
formal identity

S (n+1
R ®id)(Cy id@RL)(Chsnr) =
R+ 3 (4 1)) [4ORDCr

al(n — a)
- Z Ch ® Chb<ae( )))CNJrnfafb
(n—a—>b)! b !
0<a+b<n tel\I'

in D! @ D! for every N. Now take N = rk= in the identity above and apply the
realization map £ ® €. Since = is a vector bundle, the realization of Cy ,_4_p in
H*(M! x M?)is 0 when a+b < n. Similarly, the realization of Cy,,_ is 0 if k < n;
since by Proposition 9.6 the operators RY descend to H*(M!?), the realization of
(Id @RI (Cn i) is also 0 for k < n. Therefore, the formal identity implies that

(E®RL®id+id®RL)Cy = —(€@E) | Y] alb!l > chy(e(t)) @ chy(de(t)) | Cy
a+b=n tel\I’

in H*(M! x MT). By further applying A* we deduce the identity (21), which

proves the commutativity statement. The conclusion regarding primary states fol-

lows trivially. U

18We are committing a small abuse of notation here by omitting the realization homomorphism
¢ and regarding chg(g) as an element of H*(MP?T).
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Remark 9.8. This type of statement holds in other scenarios where the Virasoro
constraints have been studied and there are natural maps between vertex alge-
bras. The projective bundle compatibility in [BL.M, Theorem 5.13] is an earlier and
slightly simpler statement of this kind. An analogue of Theorem 9.7 can be proved,
exactly in the same way, for the maps between vertex algebras associated to differ-
ent quivers in [GJT, Definition 5.10] and the quiver Virasoro operators studied in
[Boj, LM].

9.3. Compatibility with Hecke operators. The next ingredient is compatibility
of the Virasoro constraints with Hecke operators, which we prove in the next lemma.

Lemma 9.9. The Virasoro operators commute with the Hecke operators (h,);, i.e.
the square

(hT)T
par par
Vtr 7 Vtr

- |2

hr .
vie L2 v
commutes for every n > —1. In particular, (h,); sends primary states to primary
states.

Proof. Recall that the Hecke operator (h;); is defined as the dual of operators
hi on the descendent algebra. In turn, these are induced by an automorphism
¢,: Hi(C) — H;(C) in the sense that hl(chi (g)) = chy (¢,(g)). As explained in
the proof of Proposition 3.1, VI is isomorphic to a lattice vertex algebra whose
underlying “lattice” is the dual of H;(C), which can be identified with K (I)@K*'(C).
The dual of the automorphism ¢, is easily seen to be

h. ®idgrcy: KI)®K'(C) > K(I)® K'(C).

Therefore, the automorphism (h,); of V" is induced by the above automorphism

of the underlying lattice. For the lattice vertex algebras without an odd part, it was
shown in [LM, Proposition 5.2] that Virasoro operator are compatible with maps of
vertex algebras induced by embeddings (in particular, automorphisms) of lattices.
In the more general case of lattices with an odd part, the construction of Virasoro
operators requires a further choice of an isotropic splitting of the odd part, see
[Kac, 3.6.14] or the discussion in [BLM, Section 3.3]. The result mentioned above
[LM, Proposition 5.2] is immediately generalized to the case of super lattices if we
consider embedding of lattices that preserve the Z/2-grading of the lattice and the
isotropic decomposition mentioned above.
In our case, the isotropic splitting of the odd part of the lattice is

KYC)~ HY(C) = H"(C)® H*'(C).

Since our lattice automorphism acts as the identity on the odd part, it clearly
preserves this splitting, and we conclude the proof. O



ON THE INTERSECTION THEORY OF MODULI SPACES OF PARABOLIC BUNDLES 61

Corollary 9.10. Let a € C(I) be regular. Theorem 9.3 holds for M, if and only if
it does for Mj,_,.

Proof. By Lemma 5.5, we have (h;)s[M.] = [My. o] in the Lie algebra VP Em-
bedding VP* < V¢ and applying Lemma 6.3 we obtain the equality (h,);[M,] =
[M}, o] in VE*. The conclusion then follows from Lemma 9.9. O

9.4. Compatibility with the Weyl action. This very short section will consist
only of the proof of the following easy proposition:

Proposition 9.11. Let a, be a full topological type. The operators LjP* : DPar —
DT are equivariant with respect to the X, action.

Proof. The fact that RI*" is 3, equivariant is clear. The ¥, equivariance of TP
is also clear once we write it as

T = ) alb! ((1 — g)chq(pt)chy(pt) +

a+b=n

9.5. Proof of Theorem 9.3. We now have all the ingredients for the proof of the
Virasoro constraints for parabolic bundles. Our strategy will be exactly the same
as in the proof of the reconstruction theorem (cf. Section 7.3) and the Newstead
vanishing (cf. Section 8.2), by induction on the rank. The base case are the Vi-
rasoro constraints for the Jacobian; these can be shown by a direct calculation, or
alternatively they are shown in [BLM, Proposition 6.2, Corollary 6.4].

As in the previous proofs, the case of rank 2 requires utilizing 2 punctures, as
sketched in Section 7.3.1, but otherwise the argument is similar, so we focus on
r > 2. We first observe that it is enough to prove the Virasoro constraints for
M!"'(c) for any ¢ € Sy;. First, the statement for regular full parabolic bundles in
any other degree d, i.e. [M'(c)] € Dy for every c € Sr.a regular, follows from the
compatibility with Hecke operators, cf. Corollary 9.10. By compatibility with wall-
crossing, cf. Proposition 9.5, and the induction hypothesis, we get [M"(c)] € Py
for every c € S, 4. Finally, the statement for partial parabolic bundles is deduced
from Proposition 5.5 (or, in the case of non-regular ¢, Definition 5.6) and Theorem
9.7.

We now claim that the class Ly, ([M)1'(c)]) does not depend on ¢ after forgetting
weights. Given any two stability conditions ¢, € S, 1, recall the wall-crossing
formula in Theorem 4.8. Every term with [ > 1 on the right hand side is an iterated
bracket of classes [M™) (c;,)] with r; < r. By the induction hypothesis and the fact
that primary states form a Lie subalgebra (cf. Lemma 9.5) it follows that any such
bracket is annihilated by Lyt,. Hence, applying Ly, to the wall-crossing formula
gives an equality

Lty ([MzY(0)]) = Lot ([MzY()])
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after forgetting weights. Equivalently, this is to say that the functional DP* — Q
defined by

e
(M7 (0)]

does not depend on c. This functional is anti-invariant with respect to the action of

¥, for some choice of ¢ (recall Proposition 9.11) and anti-invariant with respect to

the action of 3, for some other choice of ¢”. Hence, it must vanish by Proposition 7.4.

[EK1]

[EK2]

[GJT]
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