COMMUTATIVE ALGEBRA - PSET 6

Problem 1. (8 points) Recall the definition of the Zariski topology in Problem 4
of PSet 1. Recall also that a continuous map f: X — Y between topological spaces
is called closed if for every closed set C' C X its image f(C) C Y is also closed. The
goal of this exercise is to show that a ring homomorphism ¢: R — S satisfies the
going-up property if and only if the induced map ¢* : Spec S — Spec R is closed.

(1) Start by proving the easy implication “closed implies going up”.

(2) Show that if ¢: R — S is any injective ring homomorphism then all the
minimal primes of R are in the image of ¢ ['| Conclude that if ¢ is injective
and satisfies going up then ¥ is surjective

(3) Let K = kery. Show that if ¢ satisfies going up then the induced map
R/K — S also satisfies going up. Conclude that if ¢ satisfies going up then
the image of ¥ is

¢ (Spec(9)) = Z(K).
(4) More generally, show that if ¢ satisfies going up then
o (2(I)) = Z(ker(R — S/I)),

for any ideal I C S, and hence gp# is closed.

(5) Show that the projection AZ — Al sending (z,y) — @ is not closed (in the
Zariski topology) directly from the definition.

(6) Let k be a field. Show that the inclusion k[z] C k[z,y] does not satisfy
going up directly from the definition.

Problem 2. (6 points) Let R be a ring and P € Spec(R). The residue field of P
is defined to be

k(P) = Frac(R/P).
There is a canonical map
R — R/P — k(P).
(1) Show that]
k(P) ~ Rp/Pp.
(2) Use right exactness of the tensor product and (1) to prove that if S is a
R-algebra then

S®RH(P) ZSP/PSP.

(3) Show that the image the canonical map Spec(k(P)) — Spec(R) is the
singleton {P}.

(4) Show that if ¢: R — S is a ring homomorphism and @ € Spec(S) lies over
P € Spec(R) then x(Q) is a field extension of k(P).

1Use the idea in the proof of “lying over”.
%In cl howed goi from lyi Thi ise is sayi i impli
n class, we showed going up from lying over. is exercise is saying that going up implies

lying over.

3] am being purposely vague about the category in which these objects are isomorphic because
I don’t want you to worry too much about writing justifications for boring things like “this map
respects products”. The same applies to 2.2 and 3.2. In this case it is an isomorphism of R-
algebras, and in 2.2 and 3.2 it’s an isomorphism of S-algebras.
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Problem 3. (6 points) Let ¢: R — S be a ring homomorphism, making S a
R-algebra, and let P be a prime ideal of R.
(1) Show that the map Spec(S/PS) — Spec(S) is an injection whose image is
the set of primes Q such that p=1(Q) 2 P.
(2) Show that
Sp =~ S[p(R\ P)7'],
and use it to prove that the map Spec(Sp) — Spec(S) is an injection whose
image is the set of primes @ such that ¢=*(Q) C P.
(3) Combine (1) and (2) to show that primes lying over P are in bijection with

Spec(S ®g £(P)) .
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