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CONTACT INVARIANTS OF Q-GORENSTEIN TORIC CONTACT
MANIFOLDS, THE EHRHART POLYNOMIAL AND CHEN-RUAN
COHOMOLOGY

MIGUEL ABREU, LEONARDO MACARINI, AND MIGUEL MOREIRA

ABSTRACT. Q-Gorenstein toric contact manifolds provide an interesting class of examples of
contact manifolds with torsion first Chern class. They are completely determined by certain
rational convex polytopes, called toric diagrams, and arise both as links of toric isolated
singularities and as prequantizations of monotone toric symplectic orbifolds. In this paper
we show how the cylindrical contact homology invariants of a (Q-Gorenstein toric contact
manifold are related to
e the Ehrhart (quasi-)polynomial of its toric diagram;
e the Chen-Ruan cohomology of any crepant toric orbifold resolution of its corresponding
toric isolated singularity;
e the Chen-Ruan cohomology of any monotone toric symplectic orbifold base that gives
rise to it through prequantization.

1. INTRODUCTION

Q-Gorenstein toric contact manifolds are good toric contact manifolds with torsion first
Chern class and can be thought of as the odd dimensional analogues of monotone toric sym-
plectic manifolds. While the latter are in 1-1 correspondence with reflexive Delzant polytopes
(up to translation and scaling), the former are in 1-1 correspondence with toric diagrams, i.e.
rational simplicial polytopes with unimodular facets (cf. Definition .

Given a toric diagram D C R™ and corresponding Q-Gorenstein toric contact manifold
(Ml%nJrl,f D), any point v in the interior of D determines a toric contact form «a, and toric
Reeb vector field R, (cf. Definition [3.8). If v = (v,1) has Q-independent coordinates, then
the Reeb flow of R, is non-degenerate with finitely many simple closed orbits which are in 1-1
correspondence with the facets of D. The (contact homology) degree of any closed R,-orbit
is equal to its Conley-Zehnder index plus n — 2. Note that in this context of torsion (not
necessarily zero) first Chern class, the Conley-Zehnder index is a well-defined rational (not
necessarily integer) number.

Definition 1.1. Let D C R" be a toric diagram of order m € N, i.e. such that mD is an
integral simplicial polytope with unimodular facets. The contact Betti numbers cb;/,, (D, v),
J € Z are defined by

cbj/m(D,v) = number of closed R,-orbits with contact homology degree j/m.

When D is a toric diagram of order 1, i.e. when (M%"'H,{ p) is a toric contact manifold
with zero first Chern class (Gorenstein), we proved in [2,|3/5] the following relevant results
for this paper:
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An explicit formula to compute the Conley-Zehnder index of each closed R,-orbit
using only data contained in the pair (D, v).
The degree of any closed R,-orbit is always even and so cbj(D,v) = 0 when j is odd.

e inf{j €Z : cbj(D,v) # 0} is finite.
e The mean Euler characteristic
1 & . 1 Y
(D) = lim o 37 (<1)eb(Dv) = lim oo S ebay(D.v)
j=—N 7=0
is given by
nlvol(D
\(D.v) = D) o)

Note that shows that the mean Euler characteristic x (D, v) depends only on the Goren-
stein toric contact manifold (MJQD”'H, ¢p), via the volume of its toric diagram D, and not on
the particular choice of v in the interior of D. Our first main result in this paper shows that, in
fact, for a toric diagram D of any order m € N each contact Betti number cb; /m(D, v) is also
independent of v and can be combinatorially determined using the Ehrhart quasi-polynomial
of D.

Recall that the Ehrhart (quasi-)polynomial of D C R™ counts its number of rational points
and is defined by

LD(t):#<Dﬁ12”> ,teN,

It is well known that Lp(t) is a quasi-polynomial of degree n and period m, i.e.

Lp(t) =) (D, t)t*,
k=0

where each cx(D,t +m) = c(D,t), for all t € N and k = 0,...,n. Moreover, ¢y(D,0) = 1
and ¢, (D,t) = vol(D) for all t € N. A result of Stanley |32, Theorems 1.6, 1.7] says that its

—k
coefficients in the quasi-polynomial basis {(iﬁnﬂl) :k=0,...,m(n+1)—1} are non-negative
integers, i.e.

=k

Lp(t) = Z (Sk(D)( m +n) , with 0x(D) € Ny.

n
ke[0,m(n+1)—1], k=t mod m
Defining 03 = 0 for £ < 0 and k > m(n + 1) — 1, we can now state our first main result.

Theorem 1.2.
cbog (D, v) — CbQ(k—l)(Da v) = 5m(n—k) (D).

Hence, the contact Betti numbers are indeed independent of v and from now on we will simply
denote them by cb;(D).

Note that a toric Reeb vector v corresponds to a point v in the interior of D, see Proposition
3.9 The basic idea behind the proof of Theorem [1.2] which we give in Section[5] is to use the
star subdivision of D centered at v and write the number of rational points in the interior
of D as a sum of the numbers of rational points in the interior of each simplex of maximal
dimension appearing in the subdivision (the condition that v is non-degenerate implies that
there are no rational points in lower dimensional simplices). Roughly speaking, the number
of rational points in each simplex is related to the contributions to contact homology of the
multiples of the simple Reeb orbit associated to the corresponding facet of D.
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Theorem implies that, given j € %Z N]—1,0], we have

Cb2j+2a(D> = Z 6m(nfjfk) (D), a€Np. (2)
k=0

It also has the following combinatorial consequences (cf. Theorem and Remark .

Corollary 1.3.

(1)
cbo(D) = # (int (mD) NZ") .

(2)
cby(n—1)(D) = nlvol(mD) — 1.

3)
1
cbjt2q(D) = nlvol(mD), V j € —ZN]-1,0] , a>n.
m

In subsection 4.1] we give an example of Conley-Zehnder index and Ehrhart quasi-polynomial
computations, illustrating well the non-trivial content of Theorem and its consequences.

Theorem implies that the contact Betti numbers cb;(D) are toric contact invariants
of (M%"H,g p). In fact, one should be able to remove the word “toric” and say that each
contact Betti number cb;(D) is a contact invariant of (M%"H,fp), the rank of its degree j
cylindrical contact homology HC;(Mp,{p). Unfortunately, and despite recent foundational
developments (e.g. [30,131]), cylindrical contact homology has not been proved to be a well
defined invariant in the presence of contractible closed Reeb orbits, even in this restricted
context of Q-Gorenstein toric contact manifolds. Hence, when we write HC;(Mp,£p) in this
paper we are just using a suggestive notation for Qi (P) ie.

HCj(Mp,&p) = QD).

However, note that there are at least two particular contexts where this is more than suggestive
notation:

(ii) Gorenstein toric contact manifolds that have a non-degenerate toric contact form with
all of its closed contractible Reeb orbits having Conley-Zehnder index strictly greater
than 3 — n, i.e. contact homology degree strictly greater than 1.

(i) Gorenstein toric contact manifolds that have crepant (i.e. with zero first Chern class)
toric symplectic fillings.

Indeed, in both of these contexts we can use positive equivariant symplectic homology to
conclude that the contact Betti numbers are contact invariants. For (i), one considers the
positive equivariant symplectic homology of the symplectization and the work of Bourgeois
and Oancea [12] section 4.1.2]. For (ii), one considers the positive equivariant symplectic
homology of the filling and recent work of McLean and Ritter [28], which uses previous work
of Kwon and van Koert [20] (see [5, Remark 1.4] and [1, section 2]).

As we discuss in detail in section [6] a crepant toric symplectic filling of a Q-Gorenstein
toric contact manifold (Mp,£p) is constructed using the following two ingredients:

(i) A triangulation 7 of D and its corresponding fan 3.
(ii) A strictly convex support function ¢ on X (cf. Definition [6.2).
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This gives rise to a crepant toric symplectic filling (Xx,w,) of (Mp,&p), where Xy is the
toric variety associated to ¥ and w, is a toric symplectic form on Xy determined by ¢
(cf. Proposition . Xy, is smooth whenever 7 is a unimodular triangulation of D, which
necessarily implies that D has order m = 1, otherwise it has orbifold singularities. In fact,
as stated and proved in section |§| (cf. Proposition , every compact Q-Gorenstein toric
contact manifold (Mp,&p) admits a not-necessarily smooth crepant symplectic filling by a
toric orbifold (Xx,wy).

The Chen-Ruan cohomology of Xy, is a Q-graded ring H, (Xx) (cf. [15] and appendix |A)).
Batyrev-Dais [7] (in the smooth case) and Stapledon [33] (cf. appendix [B]) showed that

: ; o1
dlmeer(Xg;Q) = 0y for j € ENO’
and the remaining orbifold cohomology groups are trivial. This can be combined with Theo-
rem to give the following result (cf. Corollary .
Corollary 1.4.

. 2n—2j+2k ,
chyj (D) = > dim Hop 7% (X5;Q), Vj € Q.
k>0
Remark 1.5. For m = 1 and smooth Xs. we provide in subsection a direct symplectic
proof of this result using symplectic (co)homology of Xx and its positive/negative and S*-
equivariant versions.

Remark 1.6. McLean and Ritter [28] have a similar result for isolated finite quotient sin-
gularities, which overlaps with Corollary when Mp is a lens space, i.e. when D is a
simplez.

Given an integral toric diagram D C R" and corresponding Gorenstein toric contact man-
ifold (M3, ¢p), take a rational point v = w/r € Q" in the interior of D, with w € Z" and
r € Z*. Let v = (w,r) € Z""! and consider the corresponding contact form «, and toric
Reeb vector field R,. The Reeb flow of R, is periodic and induces an almost free S'-action
on Mp. The quotient is a monotone compact symplectic toric orbifold (B, := Mp/S!, w,),
where 7*w, = da, with 7 : Mp — B, the quotient projection. In other words, (Mp,&p)
is the prequantization of (B,,w,). While monotone compact symplectic toric manifolds are
in 1-1 correspondence with Delzant polytopes A such that rA is a reflexive polytope (up to
translation) for some r € R*, monotone compact symplectic toric orbifolds (B,w) are in 1-1
correspondence with labelled simple rational polytopes A such that rA is an almost-reflexive
polytope (up to translation) for some » € R™. When B = B, for some v as above, we have
that 7 = 7, € N and when B is smooth we have that c;(TB) = r[w] € H?(B;Z). See section
for more details regarding these facts.

Our third main result in this paper shows how the contact Betti numbers of a Goren-
stein (Mp,&p) are determined by the Chen-Ruan (orbifold) cohomology of any such quotient
(By,wy), once one takes into account its decomposition by twisted sectors and the correspond-
ing degree shifting numbers. See appendix [A] for details regarding Chen-Ruan cohomology of
toric orbifolds, twisted sectors and degree shifting numbers.

Let
ws(BriQ) = P Fi(B.) (3)
0<T<1
be the decomposition of the orbifold cohomology of B, obtained from representing B, as

M/S I where the action of S! is induced by the flow of —R,, (note that, although R, and —R,,
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have the same periodic orbits up to orientation, they have different degree shifting numbers,
with the later being the appropriate ones in this context, cf. Lemma . The summand
F3(B,) is the contribution of the fixed points of €21 € S to the orbifold cohomology. Note
in particular that Fy(B,) = H*(B,;Q) is the singular cohomology of B,,.

Theorem 1.7. Let (M7 ¢p) be a Gorenstein toric contact manifold, w/r € Q™ Nint (D)
with corresponding toric Reeb vector v = (w,r), and (B, = Mp/S*,w,) be as described above.
Consider the Chen-Ruan cohomology of B, and its decomposition .

Then the contact homology of (Mp,&p) is given as a graded vector space by

HC MD:&D @ @ F* 2r, T+2— 2TVk(B ) (4)

k>0 0<T<1

In particular, the right hand side is independent of w/r € Q" Nint (D).

Remark 1.8. Although a result of this type should also hold for Q-Gorenstein toric contact
manifolds, it seems to be harder to formulate precisely and we will not do it in this paper.

When B, is smooth there is only the 7" =1 (non-)twisted sector with (B,); = B,. Hence,
we get as a corollary the following result:

Corollary 1.9. When B, is smooth we have that
HC.(Mp,¢p) = D H* >+ 20" D(B,; Q).
k>0

Since HC(Mp,&p) can only be different from zero when * is even, when r, = 1 we get
from that

F{(B,)#0 = g=even+2(1-T).

Hence,
*—2k4+2(1-T
D m M m) = D D FB)= D  HuBi0).
0<T<1 x*—2k<g<x—2k+2 0<T<1 x—2k<q<*x—2k+2

Considering a modified grading in the orbifold cohomology of B, by rounding the degree
down to the nearest even integer (note that the orbifold cohomology is in general Q-graded),
that is

HLoer( vs Q) @ ngb(B ) ’

2j<q<2j+2
we then get the following corollary of Theorems [I.2] and [I.7]

Corollary 1.10. When r, = 1 we have that
HC.(Mp,ép) = @ H[, 3 (By; Q)

k>0
and (cf. Theorem 4.3 in [35])
On-r(D) =dimH, (B,;Q) = Y dimHL,(B,;Q), keZ.
2k<q<2k+2

In particular, the right hand sides are independent of v.
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We remark that Theorem and its corollaries should be interpreted as a combinatorial
Morse-Bott theorem for contact homology [10] in our toric setting. When we consider a Reeb
vector v with integer coordinates, the corresponding contact form is Morse-Bott in the sense
of [10, Definition 1.7]. The critical manifolds are M7 /S! for every T > 0, where M7 is the
fixed point set of €™ € S . On the other hand, the inertia orbifold of B is precisely the
union of M7 /S' with T €]0,1], so a relation between the orbifold cohomology of B and the
contact homology of M is expected. Note that Corollary essentially appears in Bourgeois’
thesis [10, Proposition 9.1].

To avoid the aforementioned issues of contact homology not being proven to be a well-
defined invariant, our proof of Theorem will be entirely combinatorial, relying on The-
orem [I.2] As remarked previously, the fact that we can relate the Ehrhart series of D to
the contact Betti numbers cb;(D,v) of a non-degenerate Reeb v is explained by summing
the counts of rational points in each simplex of maximal dimension in the star subdivision
centered at v. When v = w/r is a rational point, we can still calculate the Ehrhart series
of D by considering the star subdivision centered at v, but now counting rational points in
every simplex and not just the maximal ones, cf. Lemma This leads to a connection
between the Ehrhart series of D and the orbifold cohomology of B that we will use in the
proof of Theorem

1.1. Example. Let us now see how these results apply to an illustrative Gorenstein (m = 1)
example: the 5-dimensional lens space

L3(1,1,1) = (5°/Zs, Esta) -
Its toric diagram D C R? is given by the simplex
D = conv ((1,0), (0,1), (-1, -1)),
with Ehrhart polynomial

Lp(t) = %(3t2+3t+2) _ (t+2)2(t+1) N (t+21)t . t(t2—1) |

Hence,
do(D) =61(D) = d2(D) =1
and we get from Theorem that the contact Betti numbers of L3(1,1,1) are

if x =0,
if x =2,

Cb*(Lg(]-u]-u]-)) = if x=even >4

S W N =

otherwise.

The triangulation of D given by T = D corresponds to the crepant orbifold filling of
L3(1,1,1) = S°/Z3 by the corresponding quotient of the ball BS/Z3, with an isolated orbifold
singularity at the origin. In fact, for this triangulation we have that Xy, = C3/Z3 and

Hy,(CP)23;Q) = FY(CP)Zs) ® F)3(C? [ Z3) ® Fy5(C°/Z3)
with
F{(C°/Z3) = H*(pt), Fy/3(C*/Z3) = H**(pt) and F33(C*/Z3) = H**(pt).
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Hence
Q ifx=0,2,4
* C3 7 : — ) 4y Ty
on(C/25,Q) {O otherwise.
Using Corollary we then have the following table giving the contributions of F, Fy /3 and
Fy /5 to the rank of HC,(L5(1,1,1)):

* = 0 2 4 6 8
F 0 0 1 1 1
Fi/3 0 1 1 1 1
Fys 1 1 1 1 1
by (L3(1,1,1)) | 1 2 3 3 3

The triangulation of D given by its barycentric subdivision, with (0,0) the barycenter, is
unimodular and corresponds to the crepant smooth filling given by Xy = total space of the
line bundle O(—3) over CP2. Hence
Q ifx=0,24,

0  otherwise,

Hy,(X5;Q) = H* (X5;Q) = H(CP%Q) = {

and one can again use Corollary [1.4] to determine HC,(L3(1,1,1)). Note that this Xy is the
resolution of C3/Z3 and, as expected,

o0(C?/23;Q) = H(X5;Q) .
The total space of the line bundle O(—3) over CP? also describes how L3(1,1,1) arises as
the prequantization of (CP?, 3wrg), corresponding to the choice of v = (0,0), B,o) = CP?
and () gy = 1. Hence, in this case, both Corollary (with r, = 1) and Corollary (with

B, smooth) determine HC,(L3(1,1,1)) in exactly the same way as Corollary
To illustrate an application of Theorem in this example, consider

V= <—;, —;) € int (D).

As we will see in subsection [7.4] we then have that
B,, = weighted projective space CP%(4,1,1), r, =2
and there are twisted sectors for T' = 1/4, 2/4, 3/4, 1, with
(Bu)i/a = (Bv)2ja = (By)sja = {pt} and (By)1 = CP*(4,1,1).
The corresponding degree shifting numbers are
e =k/2, k=1,2,3, and 11 =0.

Hence, we have that

if x =k if «x=0,2,4
a(By) = Q dfe=k ko128 FiB) =42 1r=024
0  otherwise, 0  otherwise,

Q if «x=0,1, 3,4,
so(By=CP%(4,1,1);Q) ={ Q@ Q if+=2,
0 otherwise.

and
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Using Theorem [.7] we then have the following table giving the contributions of F1, Fy /4, Fy/4
and F3/4 to the rank of HC,.(L3(1,1,1)):

* = 0 2 4 6 8 10
F 0 1 1 2 1 2
Fi 4 1 0 1 0 1 0
Fyy 0 1 0 1 0 1
F3/4 0 0 1 0 1 0
by (L3(1,1,1)) 1 2 3 3 3 3

2. POLYTOPE GEOMETRY

A (n-dimensional) convex polytope A is the convex hull of a finite set of points in R™ (with
non-empty interior). A polyhedral set is a subset of R™ given by the intersection of a finite
number of halfspaces. Note that a polytope is the same thing as a compact polyhedral set.
We say that F' is a face of A if F¥ C 0A and F is the intersection of A with some hyperplane.
We say that a 0, 1 or n — 1 dimensional face is a vertex, an edge or a facet, respectively.

2.1. Ehrhart quasi-polynomial. The Ehrhart quasi-polynomial of a rational polytope counts
the number of rational points in the given polytope. Let A C R™ be such a polytope and let
m be a positive integer such that mA is an integral polytope, that is, mA has vertices in Z".
We call the minimal such m the order of D.

We define, for t € N,

La(t) = # <A n 12%) |

Equivalently, La(t) is the number of integral points in tA. The fact that this is a quasi-
polynomial function and the following properties are well known.

Theorem 2.1. Given a rational polytope A C R™,
1
LA(t) =# (A N tZ”)

s given by a quasi-polynomial function of period m € N for t € N, called the Ehrhart quasi-
polynomial. Moreover the Ehrhart quasi-polynomial has the following properties:
(1) Each branch t — La(mt +3j), j =0,...,m — 1, is a polynomial of degree n and the
leading term is vol(mA).
(2) The constant term is LA(0) =1 (if A is convez).
(3) La(—t) = (—1)"Lint A(t) (Ehrhart reciprocity).

Proofs of these facts can be found in [§]: Theorem 3.23 proves quasi-polynomiality, the leading
term is provided by Corollary 3.20 (when m = 1) and Exercise 3.34 (general m), the constant
term by Corollary 3.15 (m = 1) and Exercise 3.32 (general m), and Ehrhart reciprocity is
Theorem 4.1. The reader can also see |1§].

When A is an integral polytope, i.e. m = 1, the quasi-polynomial is indeed a polynomial.
Note that the properties of the Ehrhart (quasi-)polynomial can be regarded as a generalization
of Pick’s theorem. Indeed, for an integral (i.e., m = 1) polygon A in dimension n = 2, the
Ehrhart polynomial has degree 2 and since its leading term is the area of the polygon we have
that

2vol(A) = LA(1) + La(—1) — 2LA(0) = LA(1) + La(—1) — 2,
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with La(1) and La(—1) being the number of integral points in A and int A, respectively.
We can also associate to the polytope its Ehrhart series, which is the generating series of
the Ehrhart quasi-polynomial:

Ehra(z) = iLA(t)zt.
t=0

The fact that La is a quasi-polynomial of period m implies that the Ehrhart series can be
written in the form

1 m(n+1)—1 '
Ehra(2) = (= amyntt > 6 ()
j=0

for some coefficients §; = d;(A), j = 0,...,m(n + 1) — 1. The vector (0o, .-, dmn+1)—1)
is known as the d-vector of the polytope A (and it is also called the h*-vector by some
authors) and the numerator of the Ehrhart series is called the §-polynomial. It is a result
by Stanley [32, Theorems 1.6, 1.7] that, in fact, 0; are non-negative integers. The Ehrhart
polynomial can be recovered from the §-vector by

Lan= Y 5]-(73”*”). (6)

j=t mod m

Note that by the Ehrhart reciprocity we have:

basttem = Cptact-m = (5 (TR

j=—t mod m

t+j t—j
= j = mn—j .
. n . n
j=—t mod m j=t mod m
Hence, we define for convenience
m(n+1)—1
1 (n+1)

Blitis a(2) = 2 Lima(t 4 m)t = fr—ppr | 2 Sy’ |- (D)
t=0 j=0

2.2. Subdivisions of polytopes. We define here subdivisions of polytopes and some nota-
tion associated with them.

Definition 2.2. A subdivision of a polytope A is a set of polytopes T = {0} with the following
properties:
(1) If 0" is a face of 6 € T then 0’ € T.
(2) If 01,05 € T then their intersection is a (possibly empty) common face of 61 and 6s.
(8) The family of polytopes T covers A, that is, A = Jyer 0.
Let Ty denote the set of d-dimensional polytopes in T. We say that a subdivision is rational
if mTo C Z™ where m is the order of A; we will always assume that our subdivisions are
rational. If every polytope in T is a simplex we say that T is a triangulation.

Rational triangulations are relevant in our context since such triangulations of a toric
diagram D correspond to a (toric) crepant resolution of the symplectic cone W, as we will
explain in section [6l The corresponding resolution is smooth only when 7 is a unimodular
triangulation, that is, a subdivision 7 such that 6 is an integral, unimodular simplex for every
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@ € T. This implies in particular that D is integral, i.e. m = 1. Note that for n > 2 not
every integral polytope of dimension n admits a unimodular triangulation, but when n < 2
it always does.

2.3. Reflexive polytope. The dual of a polytope A C R"™ (also called polar polytope) is
A°={y e R": (z,y) > —1 for all z € A}.

Note that (A°)° = A. Note that the vertices of the dual polytope correspond to the vectors
normal to the facets of the original polytope, and vice-versa. More generally, there is a
correspondence between d-faces of A and (n — d)-faces of A°.

Definition 2.3. An integral polytope A is said to be reflexive if A° is also an integral polytope.

An integral polytope is reflexive if and only if it can be written in the form
A={zeR": (z,v;) > -1,j=1,...,d}.

Up to Aff(n,Z) equivalence, there is a finite number of reflexive polytopes for each n. For
instance for n = 2 there are precisely 16.

An interesting result concerning the Ehrhart polynomials of reflexive polytopes is the fol-
lowing:

Theorem 2.4 (Hibi’s Palindromic Theorem, [19]). An integral polytope A is reflexive if and
only if its 6-vector is palindromic, that is, 0; = 0p—; for j =0,...,n.

We remark that by equations and the palindromic condition is equivalent to
#[LANZ"] = #[(t + 1)int AN Z"] for every t € N.

3. GORENSTEIN TORIC CONTACT MANIFOLDS

In this section we will explain the 1-1 correspondence between Q-Gorenstein toric contact
manifolds, i.e. good toric contact manifolds (in the sense of Lerman |23|) with torsion first
Chern class, and rational toric diagrams (defined below). We extend the presentation in [3]
which is only between Gorenstein contact manifolds and integral toric diagrams.

Via symplectization, there is a 1-1 correspondence between co-oriented contact manifolds
and symplectic cones, i.e. triples (W, w, X ) where (W,w) is a connected symplectic manifold
and X is a vector field, the Liouville vector field, generating a proper R-action p; : W — W,
t € R, such that p}(w) = e'w. A closed symplectic cone is a symplectic cone (W,w, X) for
which the corresponding contact manifold M = W/R is closed.

A toric contact manifold is a contact manifold of dimension 2n+1 equipped with an effective
Hamiltonian action of the standard torus of dimension n+1: T?+! = R**1 /2777 +1 Also via
symplectization, toric contact manifolds are in 1-1 correspondence with toric symplectic cones,
i.e. symplectic cones (W, w, X) of dimension 2(n+ 1) equipped with an effective X-preserving
Hamiltonian T"*!-action, with moment map p : W — R™"*! such that u(p(w)) = e u(w), for
all w € W and t € R. Its moment cone is defined to be C' := u(W) U {0} c R**L.

A toric contact manifold is good if its toric symplectic cone has a moment cone with the
following properties.

Definition 3.1. A cone C C R™™! is good if it is strictly convex and there exists a minimal
set of primitive vectors vq,...,vg € Z", with d > n + 1, such that

(i) C =N {z e R | 4(2) := (x,v;) > 0}.
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(ii) Any codimension-k face of C, 1 < k < n, is the intersection of exactly k facets whose
set of normals can be completed to an integral basis of Z"+1.

The primitive vectors vy, ...,vqg € Z" 1 are called the defining normals of the good cone

C c R+,

The analogue for good toric contact manifolds of Delzant’s classification theorem for closed
toric symplectic manifolds is the following result (see [23]).

Theorem 3.2. For each good cone C C R""! there exists a unique closed toric symplectic
cone (We,we, Xo, o) with moment cone C.

The existence part of this theorem follows from an explicit symplectic reduction of the
standard euclidean symplectic cone (R??\ {0}, ws, Xst), where d is the number of defining
normals of the good cone C' C R™H!| with respect to the action of a subgroup K C T¢ induced
by the standard action of T¢ on R??\ {0} = C¢\ {0}. More precisely,

d
K=yl eT|> yv;€2az" (8)
j=1
where v1,...,vqy € Z"" are the defining normals of C, i.e. K := ker(f) where 3 : T¢ — T"+!

is represented by the matrix

[vi ] |val. (9)
Depending on the context, which will be clear in each case, we will also denote by 8 the map
from Z9 to Z"*! represented by this matrix.

The Chern classes of a co-oriented contact manifold can be canonically identified with
the Chern classes of the tangent bundle of the associated symplectic cone. The following
proposition gives a moment cone characterization for whether the first Chern class is torsion;
this result is commonly used in toric Algebraic Geometry (see, e.g., section 4 of [7]).

Proposition 3.3. Let (We,we, X¢) be a good toric symplectic cone. Let v, ... ,vq € Z"!
be the defining normals of the corresponding moment cone C C R, Then mei(TW¢g) =0
if and only if there exists v* € (Z"*1)* such that

vVi(vj))=m, VY ji=1,....d.
Proof. Let D; be the toric divisor associated to the facet of C' with normal v;. The first Chern
class is well-known to be given as the sum of the toric divisors |16, Theorem 4.1.3]
d
al(TWe) =Y _[Di] € H*(We; Z).
i=1
The second cohomology group is the cokernel of the map /¢
t
0z 2y zd o B WeiZ) — 0
(see |16, Theorem 8.2.3]). The map from Z¢ to H?(W(;Z) sends a basis vector e; to the class
of the divisor D;. By the formula above, ¢;(TW¢) is the image of (1,...,1) € Z¢. Hence
mec1(TWe) = 0 if and only if
(m,...,m)" =B
for some v € Z"*1. Under the identification Z" ! = (Z"*1)* the previous condition translates
tov*(vj))=m,Vji=1,...,d O
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By an appropriate change of basis of the torus T"*!, i.e. an appropriate SL(n + 1,7)
transformation of R**!, this implies the following.

Corollary 3.4. Let (We,we, Xo) be a good toric symplectic cone with c1(TW¢) torsion. Let
m € N be the order of c1(TW¢), i.e. the minimal positive integer such that mci(TW¢) = 0.
Then there exists an integral basis of T"! for which the defining normals v1, ... vy € Z"1
of the corresponding moment cone C C R are of the form

vj=(0;,m), o, €Z", j=1,....d.

When we are in the conditions of the last corollary, we will encode the Q-Gorenstein toric
contact manifold whose symplectization is (We,we, X¢o) by the rational polytope

D = conv(vy,...,vq) CR"

where v; = 0;/m € Q™. The integer m will be called the order of D or the order of Mp.
The next definition and theorem are then the natural analogues for Q-Gorenstein toric
contact manifolds of Definition B.1] and Theorem [3.21

Definition 3.5. A (rational) toric diagram D C R™ of order m is a rational simplicial
polytope with all of its facets Aff(n,Z)-equivalent to conv (%el, cel %en), where {e1,...,en}
is the canonical basis of R™.

Remark 3.6. The group Aff(n,Z) of integral affine transformations of R™ can be naturally
identified with the elements of SL(n+1,7Z) that preserve the hyperplane {(mv,m) |v € R"} C
R"*L. The conditions imposed on toric diagrams D = conv(vy,...,vq) are equivalent to the
corresponding cone with normals v; = (mvj,m), j =1,...,d, being smooth.

Theorem 3.7. For each (rational) toric diagram D C R™ there exists a unique Q-Gorenstein
toric contact manifold (Mp,&p) of dimension 2n + 1.

This correspondence specializes to |3, Theorem 2.7] when m = 1.
The T™*!-action associates to every vector v € R"*! a contact vector field R,, € X(Mp,&p).

Definition 3.8. We will say that a contact form oy, € QY (Mp,£p) is toric if its Reeb vector
field R, satisfies

R., = R, for somev € R

In this case we will say that v € R™! 4s a toric Reeb vector and that R, is a toric Reeb
vector field.
A normalized toric Reeb vector is a toric Reeb vector v € R™1 of the form

v=(mv,m) withveR".

Proposition 3.9 ([26] or [2, Corollary 2.15]). The interior of a toric diagram D C R"
parametrizes the set of normalized toric Reeb vectors on the Q-Gorenstein toric contact man-
ifold (Mp,&p), i.e. v = (mv,m) is a normalized toric Reeb vector iff v € int(D).

4. CONLEY-ZEHNDER INDEX

In this section we describe how the explicit method to compute the Conley-Zehnder index
of any closed toric Reeb orbit on a Gorenstein toric contact manifold, described in [2, section
5] and [5l section 3], also applies to Q-Gorenstein toric contact manifolds.
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Given a toric diagram D = conv(vy,...,vq) C R™ of order m € N and correspond-
ing Q-Gorenstein toric contact manifold (Mp,&p), consider a toric Reeb vector field R, €
X(Mp,&p) determined by the normalized toric Reeb vector (cf. Proposition [3.9)

d d
V:(m/v’m) Wlth U:Zajvj,aj€R+,j:1,,..7d, and ZCL]:]_
j=1 i=1

By a small abuse of notation, we will also write

d
Rl/ = E a;vj,
J=1

where v; = (mvj,m), j = 1,...,d, are the defining normals of the associated good moment
cone C' C R*"!. Making a small perturbation of v if necessary, we can assume that

the 1-parameter subgroup generated by R, is dense in T,

which means that if mv = (ry,...,r,) then m,ry,...,r,’s are Q-independent. This is equiv-
alent to the corresponding toric contact form being non-degenerate. In fact, the toric Reeb
flow of R, on (Mp,&p) has exactly m simple closed orbits 71, . .., ym, all non-degenerate, cor-
responding to the m edges F1,..., E,, of the cone C, i.e. one non-degenerate closed simple
toric R,-orbit for each S'-orbit of the T"*!-action on (Mp,&p). Equivalently, there is

one non-degenerate closed simple toric R,-orbit for each facet of the toric diagram D.

Let ~ denote one of those non-degenerate closed simple toric R, -orbits and assume without
loss of generality that the vertices of the corresponding facet, necessarily a simplex, are
V1,...,Un. Let h € R™ and k € Z be such that

{v1 = (mwy,m), ..., vy = (muy,m),n = (mh,k)} is a Z-basis of Z" 1.
Then R, can be uniquely written as
n m n
R, =) by +by, withby,...,by eRandb=—[1->"b; | #0.
j=1

, k
7j=1

When m = k = 1, as shown in [2, section 5] and [5, section 3], the Conley-Zehnder index
of ¥V, for any N € N, is given by

n ) d
pez(vY) =2 Z{N’(Z’JJFN’Z’Z% +n, (10)

j=1 Jj=1
where 7 € Z% is such that

ﬁ(ﬁ)zn—ﬁ;g), for some g € K N SU(d),

where K is given by and the map B : Z% — Z"t! is defined by @ This implies in
particular that

d
doi=1
j=1
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and so

n
b; b
pez(vY) =2 Z {N\b]J —i—Nm +n.
j=1
When m > 1 we can still use formula to compute pucz(yY). In this case, we have that
fj € Z% is such that

s =n— 22

but we might not be able to choose g € SU(d). This means that

d
mZﬁj:k—r,
j=1

where r € Z is only defined up to a multiple of m. This ambiguity, coming from the ambiguity
in the choice of g € K or, equivalently, in the choice of closing path for the lifted orbit in C¢,
can be fixed as explained in [4]. This implies that formula remains valid for any m € N
by considering that

for some g € KNU(d),

o

2=
J=1

Hence, we have that

° b b k
Ny =29 NZLZ|+ N2 ) 11
pez(v™) ; ol |t +n (11)

| b m

4.1. Example. Consider the unit cosphere bundle of S with its standard contact structure.
This is a Gorenstein toric contact manifold that can also be seen as the prequantization of 52 x
S? with split symplectic form with area 27 on each S%-factor. By considering prequantizations
of S? x S? with split symplectic form with area 27k on each S%-factor, k € N, we are looking
at toric contact manifolds obtained as Zj, quotients of the unit cosphere bundle of S? with its
standard contact structure.

The first such quotient which is not Gorenstein is for k£ = 3, i.e. the prequantization of
S? x S§? with split symplectic form with area 67 on each S2-factor. Viewed this way, this
toric contact manifold has moment cone with normals

(1,0,0), (0,1,0), (—1,0,3) and (0,—1,3).

The linear map given by the matrix

€ SL(3,Z)

W N =
W = =
NG S—

sends these normals to (up to ordering)
vi =(1,1,3), 1. =1(1,2,3), v3=1(2,2,3) and vy = (2,1,3).
Hence, we have the toric diagram D = conv(vy, ve, v3,v4) of order m = 3, where

v = (1/3,1/3), va = (1/3,2/3), v3 = (2/3,2/3) and vy = (2/3,1/3).
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Consider the normalized toric Reeb vector
v = (1+€1,1—|—€2,3), with 0 < g1 < &9,

and denote by 1,72, 73 and 74 its simple closed orbits corresponding to the facets of D with
vertices (v1,v2), (v2,v3), (vs,v4) and (v4,v1), respectively. With this v and arbitrarily small
0 < g1 < g2, we have that pucz(v') and pcz(v)) can be made arbitrarily large for any
N € N, hence the contact Betti numbers can be determined by computing ucz(fyév ) and

N
tez (3 )-
To compute pcz (74 ), note that 15 and v3 can be completed to a Z-basis with = (0,1, k =

1). We then have that
v = (1 +e1,1+ 52,3) = (3 —€1 — 262)1/2 + (—1 +e1+ 52)V3 + (—3 + 382)7}.
It follows from that

3—¢e1—2¢ —14+e1+4e¢ N
N 1 2 1 2
Hoz(12) Q 3~ 3e, JJ{ 3 — 32, J 3>+

=2 <LN (1+6)]+ {N (—1 + 52>J — N> + 2, for arbitrarily small §;,d2 > 0,

3 3
which means that the contribution of 7o and its iterates to the contact Betti numbers is
8+ 2k

1 in degrees 3 and , ke Np.

3

To compute oz (74'), note that v3 and v4 can be completed to a Z-basis with n = (1,0,k =
1). We then have that

v=_1+e1,14+¢e9,3)=(—14+¢e1+e2)vs+ (3 —2e1 —e2)vg + (=3 + 3e1)n.
It follows from that

—1+e1+¢e9 2—2e1 — &9 N

N

B B N Y I e e S ) A I
nez(rs) Q 3 — 3e1 J+{ 3—351J 3>+

1 N
=2 <{N <—3 + 51>J + [N (1-62)] — 3) + 2, for arbitrarily small 41,2 > 0,

which means that the contribution of 3 and its iterates to the contact Betti numbers is

2 2 4 2
1indegrees—f,f,f,§and8+ i
3°3 373

, ke Np.
We conclude that
1 ifj=-1,1,3
Cbgj/3(D): 2 lfj:2,4+k, ]{JENO
0 otherwise.

Let us now use this example to illustrate the content of Theorem Since we already
know the contact Betti numbers, it gives us the d-vector of D:

Cb,g/g(D) = O, Cb,2/3(D) =1 and Cb4/3(_D) =2= 57(D) = 54(_D) = ].7
Cb_4/3(D) =0, Cbg/g(D) =1 and Cbg/g(D) =2= (55(D) = 52(D) =1,
cbo(D) =0, cba(D) =1 and cby(D) =2 = 63(D) = 0p(D) =1
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and all other d;(D) are equal to zero. This means that the Ehrhart quasi-polynomial of
D = conv((1/3,1/3),(1/2,2/3),(2/3,2/3),(2/3,1/3)) C R?

must be given by

t=1 mmhhiLMU=5ﬂDmﬁf+2>+@Uﬁ<g4+%>+&un<%;+2

2 2
1/t—-4 t—4 1/t-7 t—17
== | — — +1 - —+2) | —+1
() () () (57 )
1
= —(t—1)2
9( )’

t;zmm3éLMﬂ—®wK%Lm>+%@%%&M>+%wmgzm

2 2
1/t-2 t—2 1/t-5 t—5
=—|—4+2)(—+1 | — 42— +1
(5 ) (5 ) (5 ) (5
1
= —(t+1)
9(+)’

t+2

which is indeed the case.

5. CONTACT HOMOLOGY FROM EHRHART THEORY

In this section we will prove our first main result, Theorem [I.2] which establishes a relation
between the contact homology of a toric contact manifold and the Ehrhart series of its toric
diagram.

Take a toric diagram D = conv(vy,...,vg) € R™ so that mD is integral and let (M, &) be
the corresponding contact manifold. Consider a Reeb vector field determined by v = (mwv, m)
with v € int D and Q-independent coordinates, as explained in Proposition [3.9] Given such
a Reeb, we define in Definition the contact Betti numbers cb;(D,v) by counting closed
Reeb orbits with fixed degree. We restate Theorem for the convenience of the reader and
prove it.

Theorem 5.1. Let D C R"™ be a toric diagram and let (M,€) be the m-Gorenstein toric
contact manifold associated to D. Then

Cbgj(D, I/) - CbQ(jfl) (D, I/) = 5m(n,.])

where (0o, -, Opmnt1)—1) 8 the d-vector of A. In particular, the contact Betti numbers
cba;(D,v) do not depend on the choice of toric Reeb vector v.
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Proof. Given a facet £ of D let vy, , ..., vy, be the corresponding vertices and let 7y = (mhy, k)
complete

ve, = (mug,,m),..., v, = (mug,,m)
to a Z"*1-basis. Let Dy = conv(v, vy, ..., vy, ). We let b%,... b5 b° € R be such that

y Uno
n
V= Z bfygi + bgng.
i=1
Equivalently,

l n
k
{ (4 4 14
v= Zbi% + b°hy and Zbi + Eb =1
=1 i=1
By appropriately choosing 7, we may assume b¢ > 0. For t € Zt we will denote
1
= <intD n tzn) — Linn(t) = (=1)"Lp(~1).

We will compute ¢; using the contact Betti numbers of (D,rv). Note that because the
coordinates of v are Q-independent there are no points in int D N %Z” on 0Dy, hence

1
L= intD,N=7Z"|.
=S4 (i)
Take a point p € int Dy. Such a point can be written uniquely as
n
p= Z Qg + Qv

i=1
with a;,ac >0 and )" ; @; +« = 1. Then

n
(mp,m) = Zail/& +av
i=1

n
= Z(ai + abf)vp, + abn’.
i=1
Hence, since vy, ,...,1y,,n is a Z-basis, tp € Z" if and only if «;, o are such that
tab® € mZ and t(oy + abf) € mZ for i =1,...,n.
We now fix N € Z" and count the number of points p in int Dy N %Z” with tab® = mN,

that is, with o = TTJX‘ Then t(; + abf) € mZ if and only if there is m; € Z such that

we(1_ tabt I R Nbt .
Yt m )t bt A
Moreover «; > 0 if and only if m; > 0. Now Z?:l af+a:1 if and only if
a N N
> (1- )
i=1

m (1 N =
=7 <2degw +1+Zmi>

=1

1:

|3
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which is equivalent to

n

t 1
Zmi:——fdeg%{v—l.
= m 2

Above we used formula (11 to express the degree of 'yév as
1 N N b
1=
The number of non-negative integer solutions to such equations is found with the following

well-known combinatorial lemma:

Lemma 5.2. Given n,S € Z" the number of solutions of

n
Zmi = S with m; € Za_
=1

.

s given by (

Proof. The map from the family of such solutions to the family of subsets of {1,...,54+n—1}

with n — 1 elements that sends a solution (myq,...,m;) to the set
k
> mit+kik=12...n-1pC{l,....S+n—1}
j=1
is easily seen to be a well defined bijection. O

1 deg~N fm_
Hence, the number of points in int Dy N $Z" with fixed N is (= 2 dzgw tn 2) where we

-1
interpret the binomial coefficient to be zero if % — %deg ’yév is not an integer (we remind the

reader that the degree is not necessarily an integer). Therefore

t 1 N
L _1q _2
Li(int Dy) = Z <m 2 eg;Ygl +n >
N>1 n

t_ -9
=3 vz et =2 (707
jetz
Summing over every facet ¢ it follows that
t .
——J+tn—2
L= Z (m "o 1 >cb2j(D,1/).
jelz

We now use generating functions to recover cby; = cboj(D,v). We compute the Ehrhart series
of int A in terms of the contact Betti numbers:

¢ s—j+n—1 ;
Ehriya(2) = ZLterZ = Z Z m "1 choj | 2"

£>0 t>0 \ jelz
m
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For the binomial coefficient to be non-zero we must have ¢ = mj 4+ m¢ with ¢ € Z>; using
such substitution, the Ehrhart series becomes

Ehripg a(2) = Z cbajz ]Z< 01 )z :m Z cby;z™ | . (12)

jelz 120 jetz
Note that we used in the last step the identity >, ("Tﬁ_ll)zmi = W

The result follows from comparing and . More precisely, we evaluate the coefﬁcientﬂ
[2™])(1 — 2™)" T Ehrig a(2),

in two different ways. Using equation this coefficient is equal to dpn—m;. On the other
hand, using it is equal to

[2™](1 — 2™) Z chyj 2™ | = chyj — chyj—1y- O
jelz
As corollary we get that the contact Betti numbers stabilize at the normalized volume of D.
Theorem 5.3. Let D C R" be a toric diagram and let (M,€) be the m-Gorenstein toric
contact manifold associated to D. Given j € %Z N]—1,0], the sequence
{ebojr2a(D) }aez

is monotonically increasing and stabilizes for large a. More precisely,

cbyjt24(D) = nlvol(mD) for a > n.

Proof. 1t follows from theorem [5.1] that

a
cbzj2a(D) = Z Om(n—j—i)
=0
so monotonicity follows immediately. For a > n,

cbajioa(D) = Z Orm(n—j—i)-
=0

By @, % (Z?:o 5m(n_j_i)) is the leading coefficient of the polynomial La(mt — mj) which
is equal to vol(mD). O

Remark 5.4. The stabilization result implies that the mean FEuler characteristic of (M,£),
defined in this case by

. 1
X(Dv)= Hm oN

Z cbo; (D, v),
J€l0,N]
is given by %!mvol(mD). The Gorenstein case m = 1 was proven by the first two authors
in [3]. It was also shown that the mean Euler characteristic was the orbifold Euler charac-

teristic of any crepant toric symplectic filling (using [7]); this fact also follows from Theorem
0.5,

IWe denote by [2/]F(z) the degree j coefficient of a polynomial F(z).
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Theorem can be used to give direct combinatorial interpretations for the dimensions of
other contact homology groups.

Remark 5.5.
(1) Since §o = 1 it also follows that

cby(n—1) = nlvol(mD) — 1.

(2) We have
cbo(D) = dyn = Ling p(m) = # (int (mD) N Z"),

where the second equality follows by making z = 0 in @

6. RESOLUTIONS OF THE SYMPLECTIC CONE

Recall from section [3| that associated to a toric diagram D we have a toric symplectic
cone (W,w, X, p). Its moment cone is C = u(W) U {0}. The symplectic cone W can be
compactified near ;~!(B(0)) by adding a single point corresponding to the vertex 0 of the
moment cone C; this creates a toric singularity that can be described in algebraic geometric
terms as a toric variety.

Given the toric diagram D C R", its cone o is the cone over D x {1} in R*"! that is,

o= {(tx,t): x € D,t >0} CR",

Note that this is the cone generated by v; = (muv;, m) where v; are the vectors normal to the
facets of C' and v; are the vertices of D, hence o is the dual of the cone C. Associated to o we
have an affine toric variety W = X, which is the union of W with the singularity (see [16]).

Now a subdivision 7 of D induces a fan ¥ refining the (fan given by the) cone o, and
hence gives a toric variety Xx and a (partial) resolution of the singularity Xy, — X, = W;
we call this the fan over 7. The fan ¥ consists in the family of cones over § x {1} where
6 € T; in particular there is a correspondence between 7; and ¥(d + 1). When T is a
rational triangulation (i.e., m7 C Z™ where m is the order of the toric diagram D) such a
resolution is a toric crepant resolution since every generator of cones in ¥ has last coordinate
m (cf. [16, Proposition 11.2.8.]).

The resolution Xy is smooth if and only if the minimal generators of every cone of ¥ can
be extended to a basis of Z"*!, which is equivalent to m = 1 and the subdivision 7 being a
unimodular triangulation. If m > 1 or m = 1 and 7T is a non-unimodular triangulation then
Xy is an orbifold. Note that every polytope admits a triangulation and when n < 2 it always
admits a unimodular triangulation, but for n > 2 that is no longer true; in particular not
every such cone W admits a smooth crepant toric resolution.

Remark 6.1. In [27] McLean proved a result that implies that the minimal discrepancy of the
isolated singularity in X, is half the degree of the first non-trivial contact homology group.
By Theorem this is the same as the smallest r for which there is an integral point in
(r + 1)int (mD). In particular the singularity is terminal if and only if there are no integral
points in the interior of mD. Thus, if the singularity is not terminal, it admits a (partial)
toric resolution given by the star subdivision centered at some integral point.
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6.1. Symplectic structure on Xy. We explain here how we can give symplectic structures
to Xy, which a priori is an abstract algebraic variety. When we give a (toric) symplectic
structure to Xy, we should get a convex polyhedral set P with normal fan 3; that is P should
take the form

P={zcR": (z (v,1)) > a, for all v € Ty}

for some constants a, € R. Note that for ¥ being the normal fan of P the constants a, have
to be chosen in a way that the faces of P are dual to the cones of 3. This condition translates
as follows: given T € Ty,

Pn{{z,(v,1)) =a, for all v € T N Ty}

is a face of P of codimension k4 1. To state the conditions in which this happens we introduce
the following notions:

Definition 6.2. Let X C R™*! be a fan. A support function p on X is a function ¢ : |X| — R
such that ¢ is linear in each cone of 3. We say that ¢ is convex if

Az + (1= Ny) < Ap(z) + (1 = Ne(y) Vz,y € 3]

We say @ is strictly convex if it is conver and the above inequality is strict for every x,y € |X|
such that there is no cone o € ¥ containing r and y.

Note that a support function is uniquely determined by choosing its values along rays p €
¥(1), where p = R>¢ - (v,1) and v € Ty, or alternatively, by choosing the values a, = (v, 1).
Alternatively, ¢ is determined by its Cartier data {mr}re7, where my € R"*! is defined by
asking that p(x) = (mp,z) when z € 0 and 0 € ¥(n+1) is the cone over T. Given a support
function ¢, we define its associated polyhedral set P as

P={zcR" (2 (v,1)) > ¢(v,1) for all v € To}
= {z e R"™ : (2,0) > ¢(v) for all v € |Z]}.

Proposition 6.3 (Lemma 6.13, [16]). Given a fan ¥ and a support function ¢ on X, the
polyhedral set above defined has normal fan % if and only if ¢ is strictly convex. Moreover,
in this case, the vertices of P are precisely given by the Cartier data {mrp}reT,.

Now from P we can construct a toric symplectic manifold having P as the image of its
moment map. This can be done using the symplectic cutting construction as presented in [29]
(and based on [22]). Moreover this manifold has the structure of an algebraic variety with
fan 3. We state here this result and we refer to the literature for its proof, mentioning some
adjustments.

Proposition 6.4. Let ¥ C R"! be a simplicial, full dimensional fan admitting a strictly
convex support function ¢. Then Xy admits a symplectic structure w, making it a toric
symplectic orbifold with moment map image

P={zcR" : (z,v) > ¢(v) for all v € |B|}.

Proof. Since X is simplicial and full dimensional, P is a simple and strongly convex poly-
hedral set. In [29] a toric symplectic orbifold with moment map image P is constructed by
starting with T7*T"! and performing successive symplectic cuts (introduced in [22]). Note
that although the construction is stated only for unimodular convex polyhedral set it works
when we drop this condition as long as it is still simple. Indeed, in the intermediate steps of
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the cutting process we get orbifolds, and the unimodularity condition is only used in Remark
2.8 to ensure that the final manifold is smooth.

Theorem 5.1 in [29] gives also a compatible Kéhler structure which is T"*!-invariant. Now
Lemma 9.2 in |25] shows that this Kahler orbifold can be given the structure of a toric variety
isomorphic to Xy, since by Proposition [6.3] the normal fan of P is 3. Note that the result
there is only stated in the case that the orbifold is compact (equivalently, ¥ is complete, or P
is bounded) but the proof works verbatim to the non-compact case. We remark that in this
proof it is implicitly shown that given o € ¥(n + 1), with corresponding vertex m, € P, we

have that
pt < U int F> ,
me€EF

has the structure of an affine toric variety with cone o, where the union runs over faces of P
containing mg-. O

Note that although the underlying algebraic variety structure Xy is always the same, the
symplectic form depends a lot on . The polyhedral set P always has the same combinatorial
structure, but by changing ¢ we change for instance the (lattice) length of its edges which
are the symplectic areas of the corresponding spheres.

Remark 6.5. When X is complete the results of chapter 6 of [16] show that from a strictly
convex support function ¢ we get a (toric-invariant) ample divisor and thus an embedding

Xy, — CP?, for some s € N. In this case the symplectic form w, can be obtained by pulling-
back the Fubini-Study form in CP?.

This shows that given a toric Q-Gorenstein contact manifold M with toric diagram D,
a triangulation 7 of D and a strictly convex support function defined on the fan X over
D one gets a crepant symplectic filling (Xx,w,) of M, which is smooth if and only if T is
unimodular — we call a filling obtained in this way a crepant toric filling. We now prove that,
in this context, strictly convex support functions always exist.

Proposition 6.6. Let D be a toric diagram, T a triangulation and X the fan over T. Then X
admits a strictly convex support function. In particular every compact Q-Gorenstein contact
toric manifold admits a not-necessarily smooth Q-crepant symplectic filling.

Proof. We note that the proof of Theorem 6.1.18 in [16] adapts to this case (although the
result proved there does not apply directly). For each 7 € ¥(n) let m, € R"*! be any vector
such that 7 = {z € R""! : (z,m,) = 0} (this is unique up to scaling) and define a support
function ¢ : |X| — R by

pl@)= Y [z,mq)l.
TEX(N)
Convexity follows from triangle inequality and we get strict convexity by noticing that if x, y
are in two different cones 0,0’ € X(n + 1) then there is some 7 for which the hyperplane
span(7) separates x and y, hence (x, m;) and (y, m,) have different signs and we cannot have
equality in the triangle inequality.

It remains to show that ¢ is piecewise linear in every cone o € ¥(n+1). By the construction
of ¥ as a fan over T, the hyperplane span(7) does not intersect the interior of o (this is why
we do not have to take a refinement of ¥ as in [16]). Therefore (z,m,) does not change sign
for x € o and hence |, is linear. O
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Example 6.7. Consider the toric diagram D = conv((0,0),(1,0),(0,1),(2,2)). This gives a
Gorenstein contact manifold diffeomorphic to S? x S3 (see [2, Section 6.1]). We have two
combinatorially distinct unimodular triangulations of D that give two different smooth crepant
toric fillings:

The first resolution is the total space of the canonical bundle Kr, where [F1 is the Hirzebruch
surface P(Opr @ Op1(1)). The two resolutions are related by an Atiyah flop.

6.2. Orbifold cohomology of Xs. A result of Stapledon in [33] relates the Ehrhart poly-
nomial of D with the orbifold cohomology of the varieties Xy described above.

The orbifold cohomology is an orbifold invariant introduced by Chen and Ruan in [15].
In general it assigns a Q-graded ring H}, (X) to an orbifold X. This grading is actually a

%Z—grading when the orbifold is Q-Gorenstein of order m. If the orbifold is smooth, then the
orbifold cohomology ring is isomorphic to the singular cohomology.

Theorem 6.8. Let D be a rational toric diagram of order m and T a rational triangulation
of D (i.e., mTy C Z"). Let ¥ be the fan over T and Xy the toric variety with fan 3. Then

dim H? (X5; Q) = 6,
forj e %Z, and the remaining orbifold cohomology groups are trivial.

This fact was known when Xy is smooth at least since [7]. The Gorenstein case (m = 1)
was proven in [33, Theorem 4.6]. We give an adaptation of Stapledon’s argument for the
rational case in the appendix, see Theorem

Combining this result with Theorem [5.1] we get the contact Betti numbers of D from the
orbifold cohomology of Xy.

Corollary 6.9. Let D C R™ be a rational toric diagram and (M, §) its associated Q-Gorenstein
toric contact manifold. Let T be a rational triangulation of D, ¥ the fan over T and Xy the
toric variety with fan 3. Then we have for every j € Q

cho;(D) = Y dim HZy 7 (X5; Q).
k>0

Proof. By Theorems (for the left hand side) and (for the right hand side) both sides
are equal t0 3 ok 11 Om(n—jtk)- U
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6.3. Smooth case of Corollary We give here a direct proof of Corollary when
m = 1 and Xy is smooth (equivalently, D is an integral toric diagram and 7 is a unimodular
triangulation) that does not go through the Ehrhart polynomial. Recall that if Xy is smooth
then the orbifold cohomology is just the singular cohomology.

The proof uses symplectic (co)homology of the contact type boundary XZH and its posi-
tive/negative and S'-equivariant versions. We refer to [11,12}/35] for details on the construc-
tions and for the results we will need. We will mostly follow the grading conventions of [12]
with two differences: the dimension of our symplectic completion Xy is 2n + 2 instead of 2n,
and we use the symplectic field theory shift of n — 2 in the index of contact homology.

The key fact that will be necessary in the proof is the vanishing of symplectic (co)homology:

Lemma 6.10. Let D be a toric diagram, T a unimodular triangulation and ¥ the fan over
T. Let Xy, be the smooth toric symplectic manifold described in[6.1 Then SH.(Xx) =0 and

SHS (X3) =0.

Proof. We let v = (v,1) € R""! be a vector associated to a certain Reeb vector field R, in
M. Given o € RT we define a Hamiltonian H, : X5, — R by

Ho(z) = afp(z),v)

where 11 : X5 — R™! is the moment map of Xy, (whose image is a cone P). The corresponding
Hamiltonian vector field is toric and so, for each o € R™, there are only finitely many periods
of its simple non-constant closed orbits. Hence, for almost all values of & € R™ the only
1-periodic Hamiltonian orbits of H, are the constant orbits corresponding to critical points
of H, and we will only consider those values of «. The critical points of H, correspond to
vertices of P. More precisely, if m is a vertex of P then y=1(m) = {p} and p is a critical
point of H,. We will show that the indices of all the constant orbits ¢, get arbitrarily large
when we let a go to 400, which proves the vanishing claimed by the definition of symplectic
homology as a colimit of Floer homology of Hamiltonians with slope going to +oo.

Let m € P be a vertex and let vq,...,v,11 be the normals to the facets intersecting at
m. Write v = Z?ill bjv;; note that this equality implies Z?ill bj = 1 by looking at the last
coordinate. By changing coordinates we may assume that v; = e; are the coordinate vectors
and v = (by,...,by+1), thus, near p we can give complex coordinates z1, ..., 2,41 to Xy such
that p corresponds to all z; = 0 and

n+1

ab;
Ho(21,- .3 2n41) = 3 7]’23"2-
=

Thus the flow (near p) is given by

2mitab 2mitad,
ot(z1, 0y 2ng1) = (e mo‘lzl,...,emo‘dzl>.

The above condition on the values of o implies that ab; ¢ Z, 7 = 1,...,n + 1, and the
Conley-Zehnder index is

n+1 n+1
> @2labj]+1)>> (2abj—1)=2a-n-1. O
j=1 j=1

2To be precise, Xs; is the symplectic completion of a contact type boundary symplectic manifold.
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The long exact sequence for positive/negative symplectic (co)homology (see |35, Proposi-
tion 1.5] and |11, Lemma 4.8]) gives isomorphisms

SH (Xs) = Huyn(Xs, M) and SH' (X5) S HE,, (X5, M).

Here Hfin(Xg, M) denotes S'-equivariant homology with respect to the trivial S'-action on
(Xy, M), that is, HS' (X5, M) = H.(Xs, M) ®Z[u] where u is a generator in degree 2. Thus
as vector spaces we have

SH:"Sl(XE) = @ H.ipop (X5, M) = @ H" 22 (X
k>0 k>0

where we used Lefschetz duality for the last isomorphism. The isomorphism between (lin-
earized) contact homology and positive equivariant symplectic homology in [12, Theorem 1.4]
then gives]
1
HC.(M) = SH ,(Xs) = € B2 ().
k>0

7. CONTACT HOMOLOGY OF PREQUANTIZATION

An important way in which contact manifolds appear is as prequantizations of symplectic
manifolds/orbifolds; we briefly explain this construction in the toric case. Let B be a compact
symplectic toric orbifold of dimension 2n. Compact symplectic toric orbifolds are classified
by simple rational polytopes with facets labelled by positive integers (see [23] or [25]). The
polytope A is the image of the moment map on B and the label of a facet F' is the order of
the structure group of points in p~!(int F). We write the polytope A as

A={zeR": (z,v)+b; <0, fori=1,...,d}. (13)

It is convenient to choose v; to be given by v; = n;v; where 7; is the label on the facet normal
to v; and v; € Z" is the primitive inwards pointing vector; we will call these v; the weighted
normals. From the weighted normals we can recover the labels n; as the greatest common
divisor of the components of v;. The construction of B from the labelled polytope is similar
to the Delzant construction with weighted normals v; replacing the primitive normals.

We now define prequantization of orbifolds. This construction in the smooth case was
introduced by Boothby and Wang in [9] and was adapted to the orbifold case in [34]; contact
forms arising from prequantization of manifolds (orbifolds) are called (almost) regular contact
forms.

Definition 7.1. Let (M,£) be a contact (2n+ 1)-manifold with contact form o and let (B, w)
be a symplectic 2n-orbifold. We say that M is the prequantization of B if
(1) The flow of the Reeb vector field Ry is 1-periodic and induces an almost free action
of St =R/Z on M;
(2) B is the quotient space M/S'; so there is a principal S*-orbibundle ™ : M — B;
(3) T*w = da.

Note that a € QY(M) is the connection form, da € Q?(M) the curvature form and by
(3) in the definition [w] € H3x(B) is the characteristic class classifying the S'-orbibundle
M — B. In particular [w] has to be integral (for details on de Rham cohomology of orbifolds

3The shift in the index between contact homology and positive equivariant symplectic homology is the SE'T
shift in contact homology, which was not used in |12].
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see [6, Section 2.1]). Conversely, from a symplectic orbifold (B, w) such that [w] is an integral
cohomology class one can construct a S'-orbibundle with a contact form .

Another way to describe prequantization is as follows: we take W’ — B to be the complex
line bundle with Chern class [w] and let M C W’ be the unit circle bundle (giving some
Hermitian structure to M — W'); then W = W’ \ {zero section} is the symplectization of
M. Moreover, the symplectic reduction of W with respect to the S! action gives back B.

7.1. Prequantization of toric orbifolds. Let (B,w) be a compact symplectic toric orbifold
as before, classified by a moment polytope A = p(B) as in and set of weights {n;}.
According to theorem 6.3 in [17] the Poincaré dual of the class of w is

d
PD] = 3" bl (F)]

where [u~1(F;)] € Hop—2(B) is the homology class represented by the manifold that is the
pre-image of the facet F; (normal to v;) under the moment map. To guarantee that this class
is integral we assume that b; € Z. Note that, unlike in the smooth/Delzant case, this does
not imply that A is integral.

In [24] the prequantization (in the smooth case) is described as follows: let C' C R™"*! be
the cone over A x {1}, that is,

C={t(z,1):te R,z € A}
={yeR"™: (y,1;) >0fori=1,...,d} (14)

where v; = (v;,b;) € R™"!. Then the prequantization of B is the contact manifold M
corresponding to C' described in section |3| with contact form a = ., , corresponding to the
toric Reeb vector e, 1. This is still true if B is a orbifold.

Proposition 7.2 (Lemma 3.7, |24]). Let (B,w) be a 2n-dimensional compact symplectic toric
orbifold with labelled moment polytope (A, {n;}) as in (13). Let C C R™ be the cone in (14));
assume that C is smooth. Now let (M, ) be the contact toric manifold corresponding to C
where « is the toric contact form with Ry = Re,.,. Then the prequantization of (B,w) is
(M, ).

Proof. This was proved when B is smooth in [24]. The proof works just the same except
that instead of proving that the S! action induced by the Reeb flow of R, = R.,,, is free
we prove that it is almost free. It was argued that to show the freeness of the action it was
enough to check in the rays of RT(v*, 1) of C' where v* is a vertex of A and that this follows
from the fact that {(ve, be)}e U {ent1} C Z™ is a Z-basis where ¢ runs the indices of the n
facets of A whose intersection is v*; this followed by the Delzant condition on A. This is not
true anymore, but it is true that {(vg, bg)}¢ U {en41} is linearly independent, so it generates a
lattice with finite index over Z"*!, and this index is the order of the isotropy group of z for
x with image in the ray RT (v*,1). O

Remark 7.3. We will always assume A to be such that the cone C over A is good, as this
is necessary for M to be smooth (otherwise M would be a contact orbifold).

We now give a description of the polytopes A for which the prequantization M is Goren-
stein. Note that in this section we will only consider Gorenstein contact manifolds (meaning
that c1(¢) = 0 in H?(M;Z) or, equivalently, m = 1 in the notation of the previous sections)
and not Q-Gorenstein as we did previously.
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Definition 7.4. We say that a polytope A as in s almost-reflexive if b; = 1 for i =
1,...,d.

We say that A is r-Gorenstein if rA is almost-reflexive (up to translation) and the cone C
over A is a good cone.

Note that an integral almost-reflexive polytope is a reflexive polytope.

Proposition 7.5. Let (B,w) be a compact toric symplectic orbifold with labelled polytope A.
Then its prequantization (M, ) is a smooth toric Gorenstein contact manifold if and only if
A is r-Gorenstein for some r € 7.

Proof. The condition that the cone C' is a smooth cone is necessary to ensure that M is
smooth.

By Proposition the prequantization M of B has trivial first Chern class if and only if
there is v* € (Z"™1)* such that v*(vj) = 1 for j = 1,...,d, where v; = (vj,b;). Any such v*
can be uniquely written as v*(y) = ((w,r),y) for some w € Z",r € Z. So M has trivial first
Chern class if and only if there are w, r such that

(x,vj) +b; >0 (re,v) + (1 —(w,vj)) >0 (re —w,vj) +1<0.
But this condition is equivalent to rA being almost-reflexive (after a translation by w). O

Remark 7.6. Note that when A is 1—Gorenstein, in which case we say that A is orbi-
reflexive, the cone C' has normals v; = (v;, 1), so the toric diagram associated to M is D =
conv(vy,...,vq) = A° where v; are the (weighted) normals of A. When r > 1 we have to take
a change of basis to transform v; = (vj,b;) in pj = (u;, 1) which amounts to finding a matric
A € My y41(Z) such that

—wW—

[ 4 T} € GLy41(Z).

In this case uj = Aujt- and D = conv(uq,...,uq).

We also remark that any toric (Gorenstein) contact manifold is the prequantization of some
orbifold. Indeed suppose that %+ € int D N Q" with w € Z™ and r € Z+. Then the Reeb flow
of the contact form «a,, where v = (w, r) induces an S! action on M and the quotient M/S! is
a symplectic toric orbifold B with a moment polytope A which is r-Gorenstein and which can
be obtained explicitly by reverting the above construction. In a basis free way, the normals
to the facets of A are the projections of u; in Z"*!/vZ = 7.

At least in the case that B is smooth, this number r can be characterized geometrically.

Proposition 7.7. Suppose we have the conditions of Proposition [7.5 and moreover B is
smooth. Then B is monotone and ¢1(T'B) = r|w].

Proof. If r =1 then A is a reflexive polytope and this is well known. In the general case we
note that scaling the polytope A by a factor of r scales [w] by a factor of r and does not affect
c1(TB). O

Assume B is smooth. The long exact sequence for the S'-bundle gives
(M) — m3(B) S 11 (SY) 2 Z — 71 (M) — m(B).

We claim that the map 0 is given by evaluating [5] € m2(B) at the characteristic class [w].
Let 8 : S? — B be a representative of [3] € m2(B) and let 3 : D?> — M be the composition of 3
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with the map D? — S? that collapses the boundary 9D? = S! to a point. Then [93] = [§|S1]
and we have

i) = [ pro= [ Frw= [ Faa= [ (Ge)a=desls),

It follows that, if B is simply connected as is always the case for toric symplectic manifolds,
then:
m (M) = Z/([w], ma(B)).

Remark 7.8. Each edge e € Ay corresponds to a sphere Se = p~t(e) C B. It is well known
that the classes [Se] of these spheres generate ma(B) = Ha(B).
Moreover ([w], [Se]) = £(e) is the integral length of e (that is, the number of integral interior
points +1), so it follows that ([w], m2(B)) = pZ where
p=ged{l(e) : e € Ay}.
Comparing with Proposition 2.10 in (5], it follows that

p=gedq (Viy ... Vi |:1<0 <. <ipp1 <d

It is possible to prove this combinatorial fact directly.

This last fact gives a relation between r and the minimal Chern number. Recall that the
minimal Chern number of B is k € Z* such that {c1(TB), m2(B)) = kZ.

Corollary 7.9. Suppose we have the conditions of Proposition[7.5 and moreover B is smooth.
Then the minimal Chern number of B is k = rp where p = |m1(M)].

Proof. This is clear from proposition [7.7] and the isomorphism
m (M) = Z/{[w], m(B)). O

7.2. Contact homology of M from B. We will now prove Theorem which relates the
orbifold cohomology of the base B and the contact homology of its prequantization M. For
the convenience of the reader we restate it now.

Let v = (w,r) € Z"*! be a toric Reeb vector and let ¢; : M — M be the flow of —R,; this
flow is 1-periodic and induces the action of S' = R/Z on M. Denote by M7 the fixed point
set of w1 and let By = M T /S L. Then the inertia orbifold of B is

] 5r
0<T<1

In particular, each By, 0 < T < 1, is the disjoint union of twisted sectors and By = By = B.
We denote by F7} the contribution of the twisted sectors contained in By to H},,(B), so that

o(B:Q) = P Fi (15)
0<T<1
Note in particular that Fy = F} = H*(B;Q) is the singular cohomology of B.

Theorem 7.10. Suppose we have the conditions of Proposition [7.5. Then the contact ho-
mology of M is completely determined by the decomposition and is given by

HC*(M,E) — @ @ F;727“T+272rk.

k>0 0<T<1
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Proof. In this proof we will use the language and the results from appendices [A] and
Proposition describes the orbifold cohomology of the base B in terms of the combinatorics
of its fan 3. On the other hand, Lemma describes the Ehrhart series of D in terms of its
combinatorics. Our strategy will be to compare the two formulas using the correspondence
between cones of ¥ and faces of D. Indeed, we have the following bijections:

{face of codim = k of A} <> {cone of dim = k of ¥} <> {face of dim =k — 1 of D}.

A face of A with normals v1, ..., v, corresponds to the cone 7 of ¥ with rays v; which in turn
corresponds to the face g of D with vertices u; = Avy,...,uxp = Ay (see Remark . We
note that under this correspondence there is a bijection between Box(7) (as defined in ((18))
and Box(g) (as defined in (19))). If

k
Z civ; € Box(1) CZ"
i=1

then there is a unique 0 < T < 1 such that
k

Z civi +Teny1 € /i (16)
i=1
Applying the matrix

—w—

[ 4 J € GLy+1(2)
from Remark [7.6] we get
Z cipi + T(w,r) € Box(g).

i=1
Recall that the twisted sectors of M are in bijection with

Box(3) = | J Box(r) = | Box(g).

TEY 9CD

Lemma 7.11. The twisted sectors contributing to the summand Fy}. of H} ,(B) are the ones
corresponding to elements of

Boxr(g) = {u € Box(g) : T(n) =T}
for some face g of D.

Proof. Consider the commutative diagram of exact sequences

R
%

el
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where
d d d d
B E ciej | = § cvi , B § ciej | = E CiV;
i=1 i=1 i=1 i=1

and K, K are the kernels of 8 and B, respectively. The map j: ST — T""! sendst € R/Z = S!
to —tepyq € RPPL/ZnHl = T+ and the map ¢ is induced by the diagram: if x € K then
B(k) = j(t) for a unique ¢ € S, so we take ¢(r) =t. We let Z = pt(b) € C9, then we have
M = Z/K and B = Z/K (see the Appendix and note that the symplectization of M is
by definition the symplectic reduction of C? by K). The action of S' = K/ KonM=2Z / K
is precisely the action of S' on M induced by the Reeb flow of —R,,.

As explained in Appendix the twisted sectors of B correspond to elements k = 2?21 cie; €
K such that Z" # (), which in turn correspond to an element

Z ¢iv; € Box(T)
1€R(T)

for the cone 7 € ¥ generated by the rays v; for which ¢; # 0. If we let T be such that
holds, then

d

B(k) = Z civi = —Tepy1 = §(T) in T*H,

i=1
so ¢(k) = T. Hence the twisted sector corresponding to r is contained in By = M7 /S
which proves the Lemma. ]

We denote by P,(Br) the Poincaré polynomial of By with the orbifold shift, i.e. P,(Br) =

Zje@ dim F%j ¢’. By (the proof of) Proposition Lemma and the correspondence
between cones of 3 and faces of D, we have:

Pq(BT> _ Z Z qdimf—dimg(l o q)n—dimf—l Z ql/’(ﬂ)_

9CD \ f2g uEBoxr(g)
By Lemma it follows that
Z"?:O K} lqj . qu
S = (1 q)"Ehip(g) = Y 7 PalBr).
q o<r<1 14

We will now replace ¢ by g !

equation then becomes

in the previous equality and multiply both sides by ¢". The

q n ] qr(lfT)Jrn
=0

0<T<1
Note that the left hand side is equal to

n
q . .
Tog 2 0ni = D chajad!
750 i1
by Theorem By orbifold Poincaré duality [15, Proposition 3.3.1], we have
qnqul (BT) = Pq(Bl—T) .
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Thus the right hand side of (| is equal to

qu

0<T<1 0<T<1

-T) rT

Bi_r) = Z a Pq(BT)

1—gq"

It follows from comparing the ¢/*! coefficient on both sides of that
chy; = Z Zdim F%j—2rT—2kT+2,
0<T<1k>0
which proves Theorem [7.10 O
As observed in the introduction, Theorem[7.10] has two corollaries that were already known.
The case r = 1 is a consequence of Stapledon’s result |33, Theorem 4.3] together with Theo-

rem see Corollary When the base B is smooth, and assuming that contact homology
is a well-defined contact invariant, our result specializes to [10, Proposition 9.1], see Corol-

lary

Remark 7.12. Suppose that r = 1 and B is smooth; that is, suppose that A is a reflexive
Delzant polytope. Then by Poincaré duality in B we have

6; = dim H¥(B; Q) = dim H>")(B; Q) = §,_;.

This is a manifestation of Hibi’s palindromic theorem, cf. Theorem[2.].
More generally, suppose r > 1 but B is still smooth, so that Corollary applies. For
simplicity of notation write d; = dimHCq;(M, ) and b; = dim Hoj(B; Q). We have:

Y Opiz? = (1—2) dzJ (1—2) bZHr 1)+rk
J
=0

7>0 i=0 k>0

g l—z nb j
= ()
1=0

We used Theorem [5.1] in the first equality and Corollary[1.9 in the second. Hence §, = ... =

On—ry2 = 0. Moreover since Y ;" bjzj and 111zzr are both palindromic polynomials it follows

that ﬂ% Z?:o 6n_jzj is also palindromic, that is, 0; = dp—py1—5 for j =0,1,...,n —r+ 1.
This can be seen from the extension of Hibi’s palindromic theorem for Gorenstein polytopes
in (21, Theorem 4].

7.3. Examples with a smooth base. We begin by considering the only two examples of
Delzant r-Gorenstein polytopes with n = 2 and r > 1. These two are the moment polytopes
of (CP?,wrg) and (S? x S?, wy @ wp) where wy is the volume form on S? with total volume
1. These two have r = 3 and r = 2, respectively. These reflexive polytopes are the moment
polytopes of (CP?,3wrg) and (S? x S2, 2wy ® 2wp).

One can construct the toric diagrams of the prequantizations of these four cases as explained
above. All of these correspond to familiar contact manifolds according to [5|, namely the
sphere S°, the unit cosphere bundle S*S3 =2 §2 x S3, the Lens space Lg(l, 1,1) and the unit
cosphere bundle S*RP3 = §? x RP3.

Now Corollary gives the contact homology of these four contact manifolds as sums of
the homology of the base. We start with S° which is the prequantization of CP? with r = 3.
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The Betti numbers of CP? are dim H,(CP? Q) = 1 if x = 0,2,4 and 0 otherwise. So the
contact Betti numbers of S® are given as follows:

1 11

00111111

This should be interpreted as follows: the columns correspond to (even) degrees of homology
or contact homology, the first lines are the copies of the homology of the base with the
shifts given by Corollary and the last line is the contact homology. So the final result
is that dimHCo;(S®) = 1if j > 2 and 0 if j = 0,1. We play the same game but now for
the prequantization of (CP?,3wpg) (that is, with 7 = 1) to get the following contact Betti
numbers for L3(1,1,1):

1 11
1 11
1 11
1 2 3 3 3

For S*S? as the prequantization of (S? x S2,wy @ wp) we get the following:

1 21
1 21

012333

And for S*RP? as the prequantization of (S? x S2,2wq @ 2wp) we find:
1 2 1
1 2 1
1 2 1
1 3 4 4 4

7.4. Example with orbifold base and r > 1. We consider now an example with » > 1. We
begin again with the lens space M = Lg(l, 1,1) with toric diagram D = conv(vy,va,v3) with
v1 = (0,0), v2 = (1,0) and v3 = (2,3). Take the Reeb vector v = (1,1,2), corresponding to
the point in the interior of D with coordinates (1/2,1/2), and let B be the orbifold obtained
by quotienting M by the Reeb action. In this situation » = 2. To find A we perform a change
of coordinates in GL(3,Z) sending v to es, for instance:

-2 0 11 0 1 2 01 -1 -3
-1 1 0ff1 0 0 3]=1]0 0 -1 1
1 0 012 1 11 1 0 1 2

Thus
A={(z,y) ER*:2>0,—2—y+1>0,-3z+y+2>0}.
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The only point with non-trivial isotropy is the point that maps to the vertex (3/4,1/4) € A
that corresponds to the edge normal to vo,v3 in C. Since

11 2
1 0 3=4
2 11

the structure group at this point is Z/4Z and the only T for which By # () are T =
1/4,2/4,3/4,1. It can be seen that B is the weighted projective space CP%(4,1,1). The
non-twisted sector is By = CP?(4,1,1) and the twisted sectors are all just a point By =

Byjy = B3y = {*}. These three twisted sectors By, /4 correspond to
k k k 3
e + e + Vi (k,k, k) € Boxyu(X) C Z° for k= 1,2,3.

Thus the degree shift associated to By, 4 is 2(% + %) = k. Recalling that a weighted projective
space has the same singular cohomology as the smooth projective space,

if+=0,2,4 if x =%
= Q ifx .7 and Fyy = Q ifs . fork=1,2,3
0 otherwise 0 otherwise

so the Chen-Ruan cohomology of CP?(4,1,1) is obtained as the sum of these:

Q if ¥ =0,1,3,4
:Tb(CP2<47171);Q) - Q@Q ifx=2
0 otherwise

Now Theorem computes HC,(L3(1,1,1)) as a sum with contributions from the different
sectors:

£ 112121
Fi 1 1 1 1
Fy4 1 1 1
Py, 1 1 1

123333 3

Here the first four lines are the ranks contributed by the twisted sector corresponding to
T according to Theorem and the last line is the total rank of the contact homology. For
example the first line means

QapQ ifx=4k+2k>0
FFl2oFr o o...={Q if « =2o0r % =4k, k>0
0 otherwise.

Note that the final result obtained coincides with the previous computation of HC,(L3(1,1,1))
as one would expect.

APPENDIX A. CHEN-RUAN COHOMOLOGY OF TORIC ORBIFOLDS

In this appendix we describe how to compute the Chen-Ruan cohomology of a toric orb-
ifold given its moment polytope. Before that we explain briefly the construction of orbifold
cohomology. We refer to [6] for more details.
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We think of orbifolds as (equivalence classes of) Lie groupoids G. Recall that a Lie groupoid
essentially consists of an object space Gy, a morphism space (G; and source and target arrows
s,t : G1 — G obeying certain conditions. We say that G is an étale groupoid if s,t are
local isomorphisms. The orbifold associated to G is to be interpreted as Go/~ where ~ is the
equivalence relation defined by s(g) ~ t(g) for g € G;.

Two groupoids give the same orbifold if they are Morita equivalent. If we establish an
analogy between groupoids as the underlying structure of an orbifold and atlases as the
underlying structure of a manifold, then Morita equivalence is analogous to the existence of a
common refinement of the atlases. Note that a non-étale groupoid can be Morita equivalent
to an étale one, and we still say that such groupoid represents an orbifold. So orbifolds are
Morita equivalence classes of orbifolds containing some étale groupoid. We denote by |G| the
underlying topological space of the orbifold.

A.1. Quotient orbifolds. Let X be a manifold and G be a compact Lie group acting almost
freely on X. Then X/G is an orbifold with groupoid structure G = G x X where its object
space is X, its morphism space is G x X and s(g,z) = =z, t(g,x) = gzr. We assume for
simplicity that G is abelian, which is the case we are interested in. Then the inertia groupoid
of G is
AG =] ] g
geG

where G9 = G'x X9 (note that for G abelian each conjugacy class has a unique element). The
connected components G9 with g # 0 of the inertia groupoid are called the twisted sectors.
Now the Chen-Ruan cohomology of G is defined as the (singular) cohomology of AG but with
appropriate degree shifting in each twisted sector. More precisely

Hg(G) = D H(167))

geG

for some degree shifting numbers ¢, € Q (also called age grading in the literature). Note
that |G9| is the quotient topological space X9/G; in particular if X9 is empty then there is
no contribution of g. We also note that the use of a non-étale groupoid does not affect in
any way this construction except in the definition of the degree shifting numbers, since a
Morita equivalence of groupoids induces a Morita equivalence of inertia groupoids and hence
homeomorphisms between the underlying topological space of their components.

To define the degree-shifting numbers in this setup we have to get an orbifold local chart
from this non-étale groupoid. Let g € G and = € X9. Take a slice S at x. Then (S,G,, 7 :
S — S/G,) is an orbifold chart around z. We assume that S has an (almost) complex
structure; note that this does not have to be inherited from X. Then g acts infinitesimally
on TS = C™ and has eigenvalues 2™ ... 2™ with 0 < Aj < 1. Now the degree shifting
number is defined to be .

lg = Z )‘j‘
j=1

This is independent of the point z € X9 chosen.

A.2. Toric orbifolds. We now explain how to compute the orbifold cohomology in our cases
of interest of toric orbifolds. We can consider for instance a compact toric symplectic orbifold
B with labeled moment polytope A as in section [7/|or take B = Xy and A = P as in section
(6
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The construction of B from
A={zeR": (z,v;)+b; <0, fori=1,...,d}
(where, as in section [7} the v; are the primitive vector times the corresponding label) is the
following, as described in [25]: consider the torus T¢ = R¢/Z¢ and its action on C¢ by
(c1y.vvven) (21,0 vy2n) = (e%iclzl, . ,e%ic‘izd) .

Consider the map 3 : T¢ — T" defined by B(e;) = vj and let

d d
K= kerﬁ = {Zciei : chi S Zn} - Td.
=1 =1

Then B is defined to be the symplectic reduction of C? by K. Hence B is the orbifold with
groupoid structure K x Z where Z = u[_(l(b) is the pre-image of an appropriate point b € £*
in the dual of the Lie algebra of K.

Now take k = Zle cie; € K and assume that Z% # (). Without loss of generality we assume
that ¢1,...,cx #0and cgy1 = ... = ¢, = 0. Then z € ZF if and only if 21 = ... = 2, = 0,
that is, if and only if ux ([2]) is in the face F' of A normal to vy,...,v; (in particular such face
must be non-empty). The twisted sector Z/K is equivalent (up to a non-effective quotient)
to the orbifold with moment polytope F', and hence its singular cohomology can be read from
the combinatorics of F' using a Morse function as explained in |14} section 3.3].

It remains to compute ¢,. Let S C Z be a slice at z; concretely, if we assume the facets
normal to v1,..., v, intersect at a vertex, one may take

S =27n(C"xRI™).

We have 7,7 =T, S® T,(K - z). Since T, Z is w-orthogonal to T, (K - z) (see for instance 13,
section 23.3]) it follows that 7,7 is orthogonal to ¢T,(K - z). Hence

T.CO=T,S e T (K - 2) ®iT:(K - 2)
=T.S® (T.(K - 2) ® C)
Now the infinitesimal action of £ on T,C? =2 C? is given by the matrix
diag(e®™e1 ... ™o 1., 1).

Moreover k acts trivially on K - z since k- A-z2=A-Kk-2z = \-z for any A € K. Considering
the splitting of T,C¢ described above it follows that

k
by = Z{Cj}'
j=1

A.3. Formula in terms of Box sums. The previous description of the orbifold cohomol-
ogy of a toric orbifold can be packed efficiently in terms of a sum over the Box of the fan
corresponding to A, as in 33| section 4]. We let ¥ be the (simplicial) fan associated to A.
The cones of ¥ are in bijection with faces of A; more precisely, if 7 is the cone with rays
v1, ...,V then the corresponding face of A is

F:{’UGP:<U,’U1'>+bi=O}

for some ay, ..., ag.
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If 7 € ¥ is a cone we define its h-polynomial as
hT(Q) _ Z qdimafdimf(l . q)codima.
ooT

Note that the h-polynomial of 7 is the same as the h-polynomial of the polytope determined
by the corresponding face F":

h-(q) = hr(q) = Z qdim(F)fdim(G)(l _ q)dim(G)‘

GCF
Given a cone 7 € ¥ with rays vy, ..., v we define the box of 7 to be the set
k
Box(7) = chvj 0<c¢<1ynzth (18)
j=1

Given k € Box(7) we let
k
Y(k) = Z c; € Q.
j=1

Proposition A.1. The orbifold Poincaré polynomial of Xx, is given by

> dim B (Xs) =) he(q) Y g

jeQ TED Kk€Box(T)

Proof. The proof is essentially contained in [33| section 4], but is also easy after our description
of the orbifold cohomology. We showed before that twisted sectors are in bijection with
Box(X) = ||,y Box(7) and the twisted sector corresponding to x € Box(7) is (up to a trivial
quotient) Xy . By [33, Lemma 4.1], h,(q) is the Poincaré polynomial (the usual one, not
orbifold) of Xy _ and as shown before ¥ (k) is the shift associated to the twisted sector. [

APPENDIX B. GENERALIZING STAPLEDON’S THEOREM

In this appendix we explain how to adapt the proof of [33, Theorem 4.6] to allow D to be
a rational polytope. This corresponds to the case where the toric contact manifold (M, &) is
Q-Gorenstein, i.e. ¢1(§) is torsion, and ¢;(Xy) is torsion, where Xy is the resolution of the
symplectic cone of M associated to a triangulation of D.

Let D C R™ be a polytope with rational vertices vy,...,vg5 € Q. We consider also a
rational triangulation 7 of D. Assume that m € Z* is an integer such that mD and mT7T are
an integral polytope and an integral triangulation, respectively. We let ¥ be the (stacky) fan
over T; ¥ has rays

{v=(mv,m) € Z"™ :v e Ty}

Theorem B.1. Let D be a rational toric diagram and T a rational triangulation of D.
Assume that m is such that mD has integral vertices and m7T is an integral triangulation.
Let 33 the fan over T and Xx, the toric variety with fan . Then

dim H? (X5; Q) = 6,

forj € %Z, and the remaining orbifold cohomology groups are trivial.
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Proof. We will prove the result by giving a formula for the Ehrhart series of D in terms of a
Box sum and then comparing with Proposition [A.T]

For each vertex v; € %Z” of D let v; = (mvj;,m). Integral points in tD NZ", for t € Z>,
are in bijection with integral points in the cone

C= {(t?},t):UE D,tZO} :R20<I/1,...,Vd>

with last coordinate t. If v = (tv,t) € C is an integral vector let § € T be the face containing
v in its relative interior. Then there is a unique way to write v as

V=K-+ Z Vi + Z m;v;
v;€R(0)\R(n) v;€R(0)

where  C 6, k € Box(n) and m; € Z>q for v; € R(A). Above, we wrote R(6) for the set of
rays v; = (mwj, m) for v; € 6y C Ty a vertex of 6. The last coordinate of such v is

m | ¥(k) + dimé — dimn + Z m;

lleR(@)
Hence the Ehrhart series of D is
m(dim 0—dim n)
ZZ e 2 4" (1_qmnﬂZh ) D q
oex 77C9 nEBox(n) neEXS kE€Box(n

Comparing with Proposition it follows that

Z 5qumj = (1 —q )TH_IEhrD Z h Z q" Z dim H orb ) I

. 1
JjELZ nex rEBox(n) jeLz

and we are done. O

B.1. Ehrhart series from star subdivision. We will now prove a Lemma that provides a
formula for the Ehrhart series of an integral polytope D when we are given a rational point
w/r in the interior of D. This will be used in the proof of Theorem The statement and
proof are slight variations to those of Theorem we will consider the star subdivision
centered at w/r and obtain a formula by essentially the same argument.

To state the formula we introduce some notation. Given a face ¢ € D with vertices
v1,...,0, we denote by Box(g) the set

k
Box(g) = chyj—l—T(w,r):0<cj<1,0§T<1 Nzt (19)
j=1

where v; = (vj,1). Given k € Box(g) written as xk = Z?:l cjvj +T(w,r), we denote

Y(k) = ch , T(k)=T.

J=1

Lemma B.2. Let D be a toric diagram with integral vertices and let w € Z™, r € Z* be such
that w/r € int D. Then the Ehrhart series of D is given by
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1 m F—di — dim f— P
EhrD(q) _ — Z qulmf dlmg(l _ q) dim f—1 Z qQJJ( )+rT(k)
gCD \ fDg kEBox(g)

where the first sums run over faces g C f of D.

Proof. For each face f of D with vertices v1,...,v, we let Dy C D be the convex hull of the
relative interior of f together with w/r, that is,

l L
w
Dy = g ajvj—i—a—:aj>0,a20,g aj+a=1
r
i=1 j=1

The polytope D is the disjoint union
D= || Dy,
feo

hence

Ehrp(q) = Z Ehrp, (q).
feb

Integral points in tDy N Z" are in bijection with integral points in
Cy={(tv,t):ve Dy, t >0}
with last coordinate t. Such points can be written uniquely as
vV=kK-+ Z vj + Z mjvj +m(w,r)
v EV(H\V(9) v V()

for some face g C f, k € Box(g) and m;, m € Z>q; here we denote by V(g) the set of vertices
of the face g. The last coordinate of such point is

Y(k) +rT(k) + dim(f) — dim(g) + Z mj + rm.
v eV ()
It follows that
Ehrp,(q) = quim(f)—dim(g)(l — )" dmN=1( = gyt Z gPEHT(R),
9<f kEBox(g)

After summing over f we obtain the statement of the Lemma. O
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