MODEL ANSWERS TO HWK #8

1. We will compute the polar moment of inertia of the region illustrated
below, after changing coordinates to u = zy, v = y/x.

The tricky part is to set up the bounds for this region in the new
coordinate system. Let’s first describe the region in the uv-plane, and
then choose the appropriate bounds of integration.

The condition 0 < zy < 1 translates to 0 < u < 1 in the new coordi-
nates. On the other hand, 1 < x < 2 translates to 1 < y/u/v < 2, so
v < u < 4v. So the region is as illustrated:

()

It’s clear that the bounds will be easier if the integral with respect to
v is the inside one. We'll get

1 u
/ / something(u, v) dv du
u=0 Jv=u/4

To figure out exactly what something(u, v) is we need to compute the

Jacobian and rewrite the function x? + y? in the coordinates u and wv.
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Since x = y/u/v and y = y/uv, a bit of algebra shows that the Jacobian
is given by

1 u
8(337 y) _|Pu Tl _ Z\Ev T2 Lu2 | _ i
8(u, ’U) Yu Yo #ﬁ #ﬁ 2v

Observe that the function f(z,y) = z%+y? is given in these coordinates
by f(u,v) = uv + u/v. Putting all of this together, the polar moment
of inertia is given by

1 u 1
/ / (uwv +u/v) 6(u,v) — dvdu
u=0 Jv=u/4 2v

One way to check this is to see that we get the same answer in both
coordinate systems when we apply it to a uniform density function
0 = 1. It’s easy to verify that

1 1/x 1 u 1 13
/ / (a:2+y2)dydx:/ / (uwv + u/v) (—) dvdu = —,
=0 Jy=0 u=0 Jv=u/4 2v 8

so we've probably done everything right.

2. We're given an ellipse in the form (2z+5y —3)*+ (3z — 7Ty +8)? = 1.
Finding the area won’t be so hard after we make the coordinate change
u=2x+5y—3and v=3r—Ty+8

The Jacobian is given by ’det (25)7"

A= / / 1dz dy
(2z+5y—3)2+(3x—Ty+8)%2<1

1 s
= 1 =) dudv=—
//uQ+v2S1 <29) uav 29’

since ffu2+v2§ 1dudv = 7 is just the area of a circle of radius 1.

= 1/29. So

3. At each point (z,y), the slope of the vector ﬁ(x, y) is
4x
1+ a2
A field line must be a curve whose tangent vector has this slope. So
field lines are given by graphs of functions whose derivative is
dx
1+ a2
Integrating shows that for each constant ¢, the curve

y=2In(1+2%) +c,

is a field line, and there are no other field lines.
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4. We parameterise C' as 7(z) = 21 + f(z)j, where x; < x < x5. The
line integral of F' along C' is then

this is precisely the polar moment of inertia [/ R r2dA.
5. (i) We compute:

Vo(z,y) =V (arctan (Q))

T

1
RO (=)

T

x? yA—l— 1.
pr— ——Z —
x? 492 x? xj

= F(z,y).

(ii) Since Fisa gradient vector field on the right half plane, and C' is
contained in the right half plane, the fundamental theorem of calculus
for line integrals applies:

/ F; -dr = H(Iz,yg) — 0(371,3/1) = 62 — 91.
C
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Alternatively, one may compute directly: if we write 7(¢) = x(¢)i+y(¢)J,
then

- —yir+x) . .
— dr+ —2
\/C'I2+y2 x+x2+y2 Yy

—7rsinf rcos 6 )
:/C 5— d(rcosf) + d(rsin@)

r 72

—rsind 0
_ / s (cos@dr — rsinfdf) + ! CTOS (sin@dr + rcos6dh)
c

r2

:/M,
C

and the final integral evaluates to 6, — 6.
(iii) Parameterise Cy by 7(6) = cos 07 + sin 6], where 0 < 6 < 7. Then

/ﬁ-dF:/ M-(—sin@i—i—cos@j)dt
a c

ity
inf 0
:/ y81n2+x2(308 a
C1 =ty
:/ (sin? @ + cos? 0) dt
0
and so [, F.dF =
If we parameterise Cy by r(0) = cos 67 —sin 67, 0 < 6 < 7; we calculate
/ :/ _ZH_W (—sin 67 — cos 0)) dt
o TP+ y?
0 — 0
:/ ysm2 T cOoS a
1 z? +y?

/ —sin? § — cos® 0) dt,
0
thus f02ﬁ~dr:—



