MODEL ANSWERS TO HWK #5

1 (i) By the chain rule,
Wy = WyTy + WyYr = Wy cOs O 4 w,, sin ¢
Wy = WyLy + WyYp = Wy (—rsind) + wy(r cos ).
Rewriting these equations in terms of matrices,
< cos sin 0 ) (ww) _ <wr>
—rsinf rcosf) \w,)  \wy)"

(ii) By the chain rule,

Wy = WypTy + Wby, = wr<

R — w
Var+y? ’ z? +y?
Wy = WyTy + wel, = w Yy +w
Y rly oYy T /—IQ—i—yQ 0

Rewriting these equations in terms of matrices,

x _ Y
\/962-i-y2 a?+y? <wr> . <wx)
Yy x - .
\/ac2 +y? x24y? Wo Wy

(iii) First we change variables in B from z, y to 0, r. So,

x Y
T 24,2 rcosf rsin 6 sin 0
A G i S )

T
T rsin 6 rcosf : cosf
T PR rshme =t sinf ==

r r2 r
Then we compute,

cos sin 6 cosf) —snd 10
AB = (—rsin@ rcos@) (sin@ Coj‘e ) - (O 1) :
Since AB = I we know that B = AL,
(iv) We know from the above calculations that

() = Gome ) () = ()
B = : COSTH = .
Wy sin 6 — Wo Wy

Plugging the values w, = 2, wy = 10, r = 5, and § = 7/2 into the
above equation yields
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2. Let u = (a,b) and 7(s) = (1/2 1) 4+ s{a,b). Then
afl d, . d 1
£u2£(f(r(s))):d—(f( + sa, 1+sb)):Vf(§,1)-<a,b>.

Since V f(x,y) = (32? — y? — 8x + 3 + 2xy, —2zy + x*), we have
1 1 3
S )= (=, =2,
Thus,
df
ds|,
where 6 is the angle between @ and (1/2,1), and so

V5 df < V5

2\/_ T 2V2
) The right inequality is attained if the direction of @ is the
T T3> that is, the maximum is achieved in the direction

—~1 -3 -1 -3 V5
= <T’ T> . <a’ b> = ‘(T, T)’COSG = ﬁcose,

(i) and (ii
same as {
) V2,-1 -3

Umax = _<_7 a

V5272

in which case the maximum value of the directional derivative

af - _ V5
dS ﬁmax 2\/5‘
Similarly the minimum value is achieved in the direction

R R \/§<1 3>
Umin = —Umax = —=\57 35/
V5272

2

df .
ds 1S

U

df|
as 1S

U

and the minimum value of the directional derivative

dry V5
dS ﬁmin B 2\/5

(iii) The directional derivative is 0 in the two directions orthogonal

t0 Umax,
Lv2 3
V52
3. (i) Vg =2z, z,y) sothatat(
we Want the direction @ = — f< ,—1).

1
23
—1,1) we have (4,1, —1) and so
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(ii) Let
s
(s) =(2,—1,1) + —=(—4,—1,1).
(©)= @11+ (-4 -L1)
The magnitude of (4,1, —1) is 3v/2. The value of g at (2, —1,1) is
g(2,—1,1) = 3. We want to decrease g by 1, so we want to move a
distance s = ﬁ, that is, we want the point

1 1
F——) = (2,=1,1) + — (—4, —1,1) = (16/9, —19/18,19/18).
(3\/5) ( ) 18< ) = (16/ / /18)

Note that 16 19 19 221

D20 2y 22 2,046,
95~ 15 18) = 1o ~ 2046



