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In the early 1830s, William Rowan Hamilton provided an elegant reformulation of classical Newtonian
physics. To a modern mathematician, Hamilton’s formulation suggests that the correct setting for classical
mechanics is a symplectic manifold: a smooth phase space M equipped with an additional structure ω called
a ‘symplectic form’ governing the time-evolution of the system. If the system has symmetry, as it usually
will, there is a group G acting on M by diffeomorphisms preserving ω.

Almost one hundred years later, John von Neumann provided the first rigorous formulation of quantum
mechanics. He convincingly demonstrated that the correct mathematical setting for quantum mechanics is
a complex Hilbert space: a (usually infinite-dimensional) vector space V of wave functions equipped with an
inner product 〈·, ·〉. In this world, a symmetry is a linear action of G on V preserving 〈·, ·〉—in other words,
a unitary representation.

The Orbit Method. Classical mechanics and quantum mechanics are radically different theories, but they
provide descriptions (at different levels of detail) of the same underlying reality. With enough imagination,
we should be able to translate from one theory to the other. This correspondence, if it exists, should preserve
symmetries, if there are any. In other words, what we want is a mapping:

{Symplectic manifolds with G-symmetry} ←→ {Unitary reps of G}
In the 1960s, Alexandre Kirillov and Bertram Kostant discovered a correspondence of this form under some

strong additional assumptions ([Kir62], [Kos70]). They observed that there is a rich supply of symplectic
manifolds arising from the ‘internal’ geometry of G. The group G acts naturally on the (real) dual of its Lie
algebra g∗0. The orbits of this action (called the ‘co-adjoint orbits’) are naturally symplectic manifolds with
G-symmetry. Kirillov proved

Theorem 1 ([Kir62]). If G is simply connected and nilpotent, there is a bijective correspondence

{Co-adjoint G-orbits} ←→ {Irreducible unitary reps of G}

This is not far from what we wanted: by an easy (but remarkable) theorem of Kostant ([Kos70]), essentially
every symplectic manifold with a nice, transitive G-action is a co-adjoint orbit for G. The transitivity
assumption imposes a ‘smallness’ condition on M , which shows up as an irreducibility condition on V .

Theorem 1 provides an elegant classification of the irreducible unitary representations of a nilpotent Lie
group. For this class of groups, it is the best classification available. It is called the ‘method of co-adjoint
orbits’, or the ‘orbit method’, for short.

If we replace G with a (noncompact) reductive Lie group—like GLn(R), for example—almost every aspect
of this correspondence breaks down. The techniques developed by Kostant and Kirillov cannot be applied
to every co-adjoint orbit. When they can, often several representations are produced. Many representations
do not arise through these methods from any co-adjoint orbit, and some arise from many. The perfect
one-to-one correspondence of Kostant and Kirillov becomes a heap of imperfect heuristics. The classification
of the irreducible unitary representations of a real reductive group remains, to this day, one of the major
unsolved problems in representation theory.

Nilpotent Orbits and Unipotent Representations. The most interesting and consequential failure of
the Orbit Method for real reductive groups concerns the nilpotent co-adjoint orbits 1. Roughly speaking,
the problem is this: none of the usual methods for producing unitary representations can be systematically
applied to these orbits. And yet there is a small set of representations to which they ought to correspond.

1The Lie algebra g0 of G admits a non-degenerate, symmetric, bilinear form, which provides an identification g0 ∼= g∗0. An
element λ ∈ g∗0 is nilpotent if it corresponds under this identification to a nilpotent element e ∈ g0. If g0 ⊂ gln(C), this means

simply that e is a nilpotent matrix
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In [Vog87], Vogan calls these representations ‘unipotent’ and offers a provisional definition. Over the
past several decades, these representations have been the subject of a large body of work. They are in a
sense the building blocks of unitary representation theory: empirical evidence suggests that every unitary
representation can be constructed (through several types of induction) from unipotent representations.

Towards a General Theory of Unipotent Representations. Let G be a real reductive group and let
g be the complexification of its Lie algebra. In [Mas19b], I propose a strategy for understanding unipotent
representations in general:

(1) understand the unipotent representations Unip(Og) attached to a non-induced nilpotent orbit Og ⊂
g∗

(2) find a recipe for constructing the unipotent representations Unip(Og) attached to an induced nilpo-
tent orbit Og = Indg

lOl from the unipotent representations Unip(Ol) attached to Ol ⊂ l∗

Towards the first goal, I have developed a theory of microlocalization for Harish-Chandra modules, inspired
by the work of Losev on W-algebras and primitive ideals. In [Mas18], I apply this theory to the unipotent
representations attached to non-induced orbits to deduce an explicit formula for their K-types, proving (in
a large family of cases) an old conjecture of Vogan (see [Vog91], Conjecture 12.1).

Towards the second goal, I have demonstrated in [Mas19b] that the unipotent representations attached to
non-induced orbits are atomic among unipotent representations: under favorable conditions, all unipotent
representations can be constructed (through a very general kind of induction) from these building blocks.

In the special case of the principal nilpotent orbit (which is always induced from the 0-orbit of a maximal
torus), I have developed a complete and explicit description of the corresponding representations ([Mas19a]).
Roughly: every such representation is cohomologically induced from a spherical principal series representation
of a split Levi subgroup.

The theory of unipotent representations suggests the existence of certain distinguished sheaves on the
nilpotent cone. In recent joint work ([MT19]), James Tao and I propose a conjectural description of these
sheaves (under some mild conditions on the associated variety).

Details and Future Research

Let G be a real reductive group (one can assume, for example, that G is the real points of a connected
reductive algebraic group). Let K ⊂ G be a maximal compact subgroup corresponding to a Cartan involution
θ. Write G and K for the complexifications of G and K, respectively, g for the Lie algebra of G, p for the
−1 eigenspace of θ on g, and N ⊂ g for the nilpotent cone. Fix a Cartan subalgebra h ⊂ g and form
the Langlands dual group G∨. By construction, g∨ contains a distinguished Cartan subalgebra h∨ which
is naturally identified with h∗. If we write N∨ for the cone of nilpotent elements in g∨, there is an order-
reversing map

ψ : N∨/G∨ → N/G

first defined by Spaltenstein ([Spa85]). If O∨ ⊂ N∨ is a G∨-orbit on N∨, Jacobson-Morozov theory hands us
an element h ∈ h∨, unique up to conjugation by the Weyl group. The element 1

2h determines an infinitesimal
character χO∨ for g by the Harish-Chandra isomorphism.

If X is a finite-length (g,K)-module, there is an associated class gr(X) in the Grothendieck group of
K-equivariant coherent sheaves on N ∩ p. It is defined by taking the associated graded of X with respect
to a good filtration. This class has well-defined (set-theoretic) support AV(X) ⊂ N ∩ p which we call the
assocaited variety of X. If I is the annihilator of X in the universal eneveloping algebra U(g) of g, one can
also define AV(I) := V (gr(I)) ⊂ N . These two notions are related: AV(I) is the G-saturation of AV(X).

The Arthur Conjectures ([Art83],[Art89]) suggest the following definition

Definition 1. Let O be a G-orbit on N . An irreducible (g,K)-module X is a unipotent representation
attached to O if there is a nilpotent G∨-orbit O∨ ⊂ N∨ with ψ(O∨) = O and

(1) X has infinitesimal character χO∨

(2) AV(I) = O
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Unipotents Attached to Orbits of Small Boundary. In the setting described above, AV(X) decom-
poses into finitely-many K-orbits. If we write O1, ...,On for the open K-orbits on AV(X), then the restriction
gr(X)|Oi

defines, for each i, a virtual K-equivariant vector bundle Vi → Oi. If X is unipotent (in the sense of
Definition 1, for example), then Vogan proves in [Vog91] that these vector bundles have a very special form
(very roughly speaking, they are equivariant local systems). In the same paper, he formulates the following
conjecture

Conjecture 1 ([Vog91]). Suppose O is a G-orbit on N satisfying

codim(∂O,O) ≥ 4

and let X be a unipotent representation attached to O in the sense of Definition 1. Then AV(X) is the
closure of a single K-orbit O1 ⊂ N ∩ p. The associated K-equivariant vector bundle V1 → O is irreducible
and

X ∼=K Γ(O1,V1)

I have proved this conjecture in a large family of cases:

Theorem 2 ([Mas18]). Suppose G is complex, and suppose O is a G-orbit on N satisfying

codim(∂O,O) ≥ 6

Then AV(X) is the closure of a single K-orbit O1 ⊂ N ∩ p. The associated K-equivariant vector bundle
V1 → O1 is irreducible and

X ∼=K Γ(O1,V1)

In unpublished work, I prove an analogous statement for G = Sp(2n,R). To prove these results, I construct
an endo-functor ΦO on the category of finitely-generated (g,K)-modules, adapting a beautiful construction
of Losev ([Los11]). Heuristically, ΦO ‘microlocalizes over O.’ If X is a unipotent representation attached to
O, then one can show that

X ∼= ΦOX

Theorem 2 is deduced from this isomorphism, together with a vanishing theorem for nilpotent K-orbits
which I also prove in [Mas18].

The restrictions on G can likely be relaxed (and I intend to relax them in future work). Relaxing the
bound on the codimension of ∂O will require some genuinely new ideas.

Unipotents Attached to Principal Orbits. Let Op ⊂ N be the principal nilpotent G-orbit. Write
Unip(Op) for the set of (isomorphism classes of) unipotent representations attached to Op in the sense of
Definition 1. In [Mas19a], I provide a complete description of Unip(Op). My main result is the following

Theorem 3 ([Mas19a]). There is a bijective correspondence between Unip(Op) and K-conjugacy classes of
triples

(L, q, χ)

consisting of a split Levi subgroup L ⊂ G, a θ-stable parabolic q = l ⊕ u, and a character χ of L satisfying
dχ = −ρ(u) subject to the condition that Nl ∩ p + u ∩ p contains a principal nilpotent element.

The representation X(L, q, χ) corresponding to the triple (L, q, χ) is given by

(1) X(L, q, χ) = CohInd
(g,K)
(q,L∩K)χ⊗ S0(L)

where CohInd is the functor of cohomological induction and S0(L) is the spherical principal series represen-
tation of L of infinitesimal character 0.

One appealing feature of Theorem 3 is that K-structure and associated variety of X(L, q, χ) can be easily
deduced from equation 1. The data (L, q, χ) determines a closed subvariety AVq ⊂ N ∩p, a proper surjection
µ : Nq → AVq (resembling the Springer resolution of N ), and a coherent sheaf Eq,χ on Nq. In [Mas19a], I
show that

(2) [gr(X)] =
∑
i

(−1)i[Riµ∗Eq,χ]

This leads to a Blattner-type formula for the K-types of X. I would like to replicate this result for non-
principal orbits.
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Unipotents Attached to Induced Orbits. Let q = l ⊕ u be a parabolic subalgebra of g. Then the
quotient group

R :=
Q ∩K

U ∩K
⊂ L

acts on l via the isomorphism l ∼= q/u. Since q is not assumed to have any compatibility with θ, the subgroup
R ⊂ L can be quite strange. In general, it is neither reductive nor parabolic, but a hybrid of the two. In
[Mas19a], I consider a left-exact functor

Igq : M(l,R)→M(g,K)

from the category of finite-length (l,R)-modules to the category of finite-length (g,K)-modules. If l is
θ-stable, this is the usual functor of parabolic induction considered by Vogan in [Vog81].

Now suppose Og ⊂ Ng is a nilpotent G-orbit which is birationally induced from a nilpotent L-orbit
Ol ⊂ Nl. Let us say that a (g,K)-module degenerate if it has the form Igq′(W ) for a parabolic q′ ⊂ g,

G-conjugate to q and a unipotent (l′,R′)-module W (since (l,R) is usually not a reductive pair, some
care is required to make sense of this). Write Degg

l (Ol) for the set of (isomorphism classes of) degenerate
representations.

In [Mas19b], I prove

Theorem 4 ([Mas19b]). The sets Degg
l (Ol) and Unip(Og) are related in the Grothendieck group of finite-

length (g,K)-modules by an upper triangular change of basis matrix with ±1 along the diagonal.

Theorem 4 suggests a strategy for understanding unipotent representations in general: (1) understand the
unipotent representations attached to non-induced orbits and (2) understand the change-of-basis matrices
appearing in Theorem 4. Theorem 3 shows that this strategy can be implemented (at least in certain special
cases).

Lusztig-Vogan Theory for Real Reductive Groups. In [Bez03], Bezrukavnikov develops a theory of
perverse coherent sheaves. Roughly speaking, he defines a t-structure on the derived category of coherent
sheaves on a scheme analogous to the perverse t-structure defined by Beilinson, Bernstein, and Deligne
([BBD82]) on the derived category of constructible sheaves on a stratified space. His theory hands us a
finite collection of canonical classes in the equivariant K-theory of N . These classes play a central role
in the Lusztig-Vogan bijection (conjecture: [Lus89],[Vog91] and proof: [Bez03]). The analogue, for G, of
N is the closed subvariety N ∩ p. Adams and Vogan have conjectured ([AV19]) the existence of a similar
correspondence for N ∩ p:

Conjecture 2. The Grothendieck group K CohK(N ∩ p) admits two natural bases: one coming from the
representation theory of G (something like pairs (H,χ) consisting of a θ-stable Cartan subgroup H and a
character χ of Hθ) and another coming from algebraic geometry (something like pairs (O,V) consisting of
a K-orbit O ⊂ N ∩ p and an irreducible K-equivariant vector bundle V → O). There is a natural bijection
between these two bases which is implemented by a geometric construction in the vein of Bezrukavnikov’s
perverse coherent extension ([Bez03]).

Such a correspondence would provide deep insight into the representation theory of G. Unfortunately,
in the real setting, the ideas of Bezrukavnikov do not straightforwardly apply (his construction requires a
codimension condition on the smooth strata, which is rarely satisfied in the case of N ∩ p). The theory
of unipotent representations offers an alternative approach. If X is any representation, one can define an
associated class gr(X) in the equivariant K-theory of N ∩p. In this manner, the unipotent representations of

G provide a finite collection of canonical classes in K CohK(N ∩p). This raises an important and interesting
question

Question 1. Can we find a geometric description of the classes

[gr(X)] ∈ K CohK(N ∩ p)

for representations X ∈ Unip(O)?

Conjecture 1 and Theorem 2 suggest an answer to this question when O has small boundary. Theorem 3
provides an answer when O = Op.
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In joint work in progress ([MT19]), Tao and I study the subset AV(X)′ ⊂ AV(X) obtained from AV(X) by
removing all K-orbits of codimension ≥ 2. There are strong reasons to believe that gr(X) is determined by its
restriction to AV(X)′ (Theorem 2 is one such reason). Now, AV(X)′ ⊂ AV(X) is a pure-dimensional variety
with finitely-many K-orbits, each of codimension 0 or 1. In [MT19], we provide an algebraic description
of the category of K-equivariant vector bundles on any variety of this form (assuming only a weak form of
normality). Roughly speaking, our result provides a recipe for ‘gluing’ the categories of K-equivariant vector
bundles on the individual orbits. This result suggests a natural answer to Question 1, which we have verified
in a wide range of examples.
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