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Abstract

In this paper, the high-dimensional sparse linear regression model is considered,
where the overall number of variables is larger than the number of observations. We
investigate the L, penalized least absolute deviation method. Different from most of
other methods, the L; penalized LAD method does not need any knowledge of standard
deviation of the noises or any moment assumptions of the noises. Our analysis shows
that the method achieves near oracle performance, i.e. with large probability, the Lo
norm of the estimation error is of order O(\/W). The result is true for a wide
range of noise distributions, even for the Cauchy distribution. Numerical results are

also presented.
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1 Introduction

High dimensional linear regression model, where the number of observations is much less
than the number of unknown coefficients, has attracted much recent interests in a number
of fields such as applied math, electronic engineering, and statistics. In this paper, we

consider the following classical high dimensional linear model:

Y =X8+z. (1)
where Y = (y1,92,- -+ ,yn)" is the n dimensional vector of outcomes, X is the n x p design
matrix, and z = (21,22, -+ ,2,) is the n dimensional vector of measurement errors (or
noises). We assume X = (X1, Xy, -+, X)) where X; € R" denotes the ith regressor or

variable. Throughout, we assume that each vector X; is normalized such that || X;||3 = n
fori=1,2,---,p. We will focus on the high dimensional case where p > n and our goal is
to reconstruct the unknown vector g8 € RP.

Since we are considering a high dimensional linear regression problem, a key assumption

is the sparsity of the true coefficient 8. Here we assume,
T = supp(f) has k < n elements.

The set T" of nonzero coefficients or significant variables is unknown. In what follows, the
true parameter value § and p and k are implicitly indexed by the sample size n, but we
omit the index in our notation whenever this does not cause confusion.

Ordinary least square method is not consistent in the setting of p > n. In recent years,
many new methods have been proposed to solve the high dimensional linear regression
problem. Methods based on L; penalization or constrained L; minimization have been

extensively studied. Dantzig selector was proposed in [10], which can be written as

Bps = arg mgl l7Il1, subject to [|X'(Y — X7)||oo < coy/2nlogp,
YERP



for some constant ¢ > 1. It is clear that the Dantzig selector depends on the standard
deviation of the noise and the Gaussian assumption. General constrained L; minimization
methods for noiseless case and Gaussian noise were studied in [7]. More results about the
constrained L; minimization can be found in for example [9], [12], [8] and the references
therein.

Besides the constrained minimization methods, the lasso (L; penalized least square)
type methods have been studied in a number of papers, for example, [22], [4], and [18]. The

classical lasso estimator can be written as
R 1 )
Blasso = arg H%yln iHY - X7H2 + )“|7||17

where ) is the penalty level (tuning parameter). In the setting of Gaussian noise and known

variance, it is suggested in [4] that the penalty could be

\ = 200\/nf1)_1(1 — Oz/2p),

where ¢ > 1 is a constant and « is small chosen probability. By using this penalty value, it
was shown that the lasso estimator can achieve near oracle performance, i.e. ||Blasso =Bz <
C(klog(2p/a)/n)'/? for some constant C' > 0 with probability at least 1 — a.

The lasso method has nice properties, but it also replies heavily on the Gaussian as-
sumption and a known variance. In practice, the Gaussian assumption may not hold and
the estimation of the standard deviation o is not a trivial problem. In a recent paper, [3]
proposed the square-root lasso method, where the knowledge of the distribution or variance
are not required. Instead, some moment assumptions of the errors and design matrix are
needed. Other than the constrained optimization or penalized optimization methods, the
stepwise algorithm are also studied, see for example [24] and [6]. It is worth noting that to
properly apply the stepwise methods, we also need assumptions on the noise structure or

standard deviation of the noises.



It is now seen that for most of the proposed methods, the noise structure plays an
important role in the estimation of the unknown coefficients. In most of the existing lit-
eratures, either an assumption on the error distribution or a known variance is required.
Unfortunately, in the high dimensional setup, these assumptions are not always true. More-
over, in cases where heavy-tailed errors or outliers are found in the response, the variance
of the errors may be unbounded. Hence the above methods cannot be applied.

To deal with the cases where the error distribution is unknown or may has heavy tail.

We propose the following L; penalized least absolute deviation (L; PLAD) estimator,
B € argmin{y : |V = Xv[1 + Alv[l1}- (2)

The least absolute deviation (LAD) type of methods are important when heavy-tailed
errors present. These methods have desired robust properties in linear regression models,
see for example [1], [15] and [19].

Recently, the penalized version of the LAD method was studied in several papers and
the variable selection and estimation properties were discussed. In [13], the asymptotic
properties of variable selection consistency were discussed under strong conditions such
that the entries of the design matrix X are uniformly bounded. Also, how to find the
tuning parameter that will generate the consistent estimator is still unclear. The estimation
consistency of the penalized LAD estimator were discussed in for example [23] and [16],
where the number of variables p is assumed to be fixed. It is worth noting that in the
proof of lemma 1 of [23], the authors did not prove the convergence in the last step is
uniform, hence the proof is incomplete. In a recent paper [2], the quantile regression
model was considered and L penalized method was proposed. Properties of the estimator
were presented under restricted eigenvalue type conditions and smooth assumptions on the
density function of the noise. It is worth pointing out that in our paper, we discuss both

the noisy and noiseless cases and a more general noise structure is considered. Besides, we



will discuss the conditions on matrix X under the case of Gaussian random design in the
Appendix.

Here in this paper, we present analysis for the L; PLAD method and we discuss the
selection of penalty level, which does not depend on any unknown parameters or the noise
distribution. Our analysis shows that the L; PLAD method has surprisingly good proper-
ties. The main contribution of the present paper has twofold. (1) We proposed a rule for

setting the penalty level, it is simply

A = cy/2A(a)nlogp,

where ¢ > 1 is a constant, « is a chosen small probability, and A(«) is a constant such
that 2p~(A@-1) < . In practice, we can simply choose A = v/2nlogp, see the numerical
study section for more discussions. This choice of penalty is universal and we only assume
that the noises have median 0 and P(z; = 0) = 0 for all i. (2) We show that with high

probability, the estimator has near oracle performance, i.e. with high probability

5 k1l
1 = Bll = O/ =22,

It is important to notice that we do not have any assumptions on the distribution or

moments of the noise, we only need a scale parameter to control the tail probability of the
noise. Actually, even for Cauchy distributed noise, where the first order moment does not
exist, our results still hold.

Importantly, the problem retains global convexity, making the method computationally
efficient. Actually, we can use ordinary LAD method package to solve the L; penalized
LAD estimator. This is because if we consider the penalty terms as new observations, i.e.
Yoti =0 and wpyi; = A X I(j =14) for 4,5 = 1,2,--- ,p. Here I(j = i) is the indicator
function such that I(j =4) = 1if j =4 and I(j = ¢) = 0 if not. Then our L; penalized

estimator can be considered as an ordinary LAD estimator with p unknown coefficients and



p + n observations. Hence it can be solved efficiently.

The rest of the paper is organized as follows. Section 2 discusses the choice of penalty
level. In section 3, the main results about the estimation error and several critical lemmas
are presented. We also briefly explain the main idea of the proofs. Section 4 presents
the simulation study results, which shows the L; penalized LAD method has very good
numerical performance regardless the noise distribution. Technical lemmas and the proofs
of theorems are given in section 5. The Appendix presents the discussion of conditions on

matrix X under Gaussian random design.

2 Choice of Penalty

In this section, we discuss the choice of the penalty level for the L; PLAD estimator. For

any v € RP let Q(v) = ||Y — X7]|1. Then the L; PLAD estimator can be written as

~

€ argmin{y : Q(7y) + Allv|l1}-

An important quantity to determine the penalty level is the sub-differential of @) evaluated
at the point of true coefficient 5. Here we assume that the measurement errors z; satisfy
P(z; = 0) = 0 and the median of z; is 0 for ¢ = 1,2,--- ,n. Assume that z; # 0 for all 4,

then the sub-differential of Q(v) = ||Y — X||1 at point v = /3 can be written as
S = X’(sign(zl), Sign(ZQ)’ e ’Sign(zn)),’

where sign(x) denotes the sign of z, i.e. sign(x) =1if 2 > 0, sign(x) = —1 if x < 0, and
sign(0) = 0. Let I = sign(z), then I = (I1,Ia,--- ,I,) where I; = sign(z;). Since z;’s are
independent and have median 0, we know that P(I; = 1) = P(I; = —1) = 0.5 and I; are
independent.

The sub-differential of Q(v) at the point of 3, S = X'I, summaries the estimation error

in the setting of linear regression model. We will choose a penalty A that dominates the



estimation error with large probability. This principle of selecting the penalty A is motivated
by [4] and [3]. It is worth noting that this is a general principle of choosing the penalty
and can be applied to many other problems. To be more specific, we will choose a penalty
A such that it is greater than the maximum absolute value of S with high probability, i.e.

we need to find a penalty level A such that
PO\ clSle) = 1 -, 3)

for a given constant ¢ > 1 and a given small probability «. Note that ¢ is a theoretical
constant and in practice we can simply take ¢ = 1.1. Since the distribution of I is known,
the distribution of ||S|| is known for any given X and does not depend on any unknown
parameters.

Now for any random variable W let ¢,(W) denote the 1 — o quantile of W. Then
in theory, ¢o(||S|lc) is known for any given X. Therefore if we choose A = cqn(]|S]|c),
inequality (3) is satisfied.

In practice, it might be hard to calculate the exact quantile g, (]|S]|) for a given X. One
possible way to calculate or approximate it is by simulation, but this will cause additional

computation time. Here we propose the following choice of penalty.

A = cy/2A(a)nlogp, (4)

where A(a) > 0 is a constant such that 2p~ (A=D1 < ¢,
To show that the above choice of penalty satisfies (3), we need to bound the tail proba-
bility of >"7 | X;;I; for i = 1,2,--- ,p. This can be done by using the Hoeffding’s inequality,

see for example [14], and union bounds. We have the following lemma.

Lemma 1 The choice of penalty A = c\/2A(a)nlogp as in (4) satisfies

P> ¢||S]|o) = 1 — o



From the proof of the previous lemma, we can see that if we use the following special

choice of A,
A = 2c¢y/nlogp, (5)

Then we have that

2
PA = ¢f[S]leo) z1=2 (6)

The above penalties are simple and have good theoretical properties. Moreover, they
do not require any conditions on matrix X or value of p and n. But in practice, since
the bounds here are not very tight, these penalty levels tend to be relatively large and
can cause additional bias to the estimator. It is worth pointing out that if there exists an
i€ {1,2,---,p} such that ||X;]|; < A, then 8; must be 0. Otherwise we can replace f3; by
0, and the value of Q(3) 4 A||]|1 will reduce by at least (A — || X;]|1)|5;]. This means if the
penalty level X is too large, the L1 PLAD method may kill some of the significant variables.
To deal with this issue, we propose the following refined asymptotic choice of penalty level,

provided some moment conditions on design matrix X.

Lemma 2 Suppose

1
B =sup sup —[|X;[|¢ < oo, (7)
n 1<j<p M

for some constant ¢ > 2. Assume ®~1(1 — a/2p) < (¢ — 2)\/logn. Then the choice of

penalty A = cy/n® (1 — 35) satisfies
PA>c||S|leo) > 1—a(l 4+ wy),
where wy, goes to 0 as n goes to infinity.

This choice of penalty replies on moment conditions of X and relative size of p and n,
but it could be smaller than the previous ones and in practice it will cause less bias. We

investigate the effect of different penalties in the numerical study section.



To simplify our arguments, in the following theoretical discussion we will use (5) as the
default choice of penalty. It can be seen that the above choices of penalty levels do not
depend on the distribution of measurement errors z; or unknown coefficient 5. As long
as z;’s are independent random variables with median 0 and P(z; = 0) = 0, the choices
satisfy our requirement. This is a big advantage over the traditional lasso method, which

significantly relies on the Gaussian assumption and the variance of the errors.

3 Properties of the Estimator

In this section, we present the properties of the L; PLAD estimator. We shall state the
upper bound for estimation error h = 3 —  under Ly norm ||hlls. We shall also present
the variable selection properties for both noisy and noiseless cases. The choice of penalty
is described in the previous section. Throughout the discussion in this section, we assume
the penalty A satisfies A > ¢[|S||~ for some fixed constant ¢ > 1. In what follows, for any
set £ C {1,2,---,p} and vector h € RP, let hg = hI(E) denote the p dimensional vector

such that we only keep the coordinates of h when their indexes are in £ and replace others

by 0.

3.1 Conditions on design matrix X

We will first introduce some conditions on design matrix X. Recall that we assume \ >
¢||S|lso, this implies the following event, namely h = B—8 belongs to the restricted set Ags,

where

Ag=  {6e€RP:|or|i > Cllorel,

where T C {1,2,--- ,p} and T contains at most k elements.},

and C' = (¢ —1)/(c+ 1). To show this important property of the L1 PLAD estimator,



recall that 4 minimizes | X~ — Y|y + A||y]1. Hence
1XP =+ 2[l + AllBlL < [zl + A Bl
Let T denote the set of significant coefficients. Then
1 Xh+ zlly = llzlly < A(lAzlly = [hzell1)- (8)
Since the sub-differential of Q(v) at the point of 8 is X'I, where I = sign(z).
[ Xh+ 2l = |lzlli > (XR)'T > W X'T > ~[[h|1 | X' ]|oo > _%(HhTHl = [|Pzel1).
So

[hrlly > Cllhrells, 9)

where C' = i;—i

The fact that h € Ag is extremely important for our arguments. This fact is also
important for the arguments of classical lasso method and the square-root lasso method,
see for example, [4] and [3].

Now we shall define some important quantities of design matrix X. Let A} be the

smallest number such that for any k sparse vector d € RP,
2 2
1 Xdl[l5 < nAg|d]]3.

Here k sparse vector d means that the vector d has at most k nonzero coordinates, or

|dllo < k. Similarly, let A} be the largest number such that for any k sparse vector d € RP,
1X |13 = nAj 13-

Let 0, 1, be the smallest number such that for any k; and ko sparse vector ¢; and c; with
disjoint support,

[(Xc1, Xea)| < nbpy g, l|e1l2]lc2]l2-

10



The definition of the above constants are essentially the Restricted Isometry Constants,
see for example [11], but we use different notations for upper and lower bounds. We also
need to define the following restricted eigenvalue of design matrix X. These definitions are

based on the idea of [4]. Let

P | P. €
i (C) = nede nllhrlls

To show the properties of the L1 penalized LAD estimator, we need /-@2(6_' ) to be bounded
away from 0. To simplify the notations, when it is not causing any confusion, we will simply

write kL (C) as kL.

3.2 Important Lemmas

Before presenting the main theorem, we first state a few critical lemmas. From (8), we
know that

X7+ 2[l1 = [|2[lr < Allhz|l1-

To bound the estimation error, we shall first investigate the random variable %(HX h +

z|[1 — ||z]|1)- For any vector d € RP, let

1

B(d) N

(IXd + z[ls = llz[l1) = E(|1Xd + z[[s — [|z[})]-
We introduce the following important result.

Lemma 3 Suppose z;’s are independent random variables. Assume p > n and p > 3k}

then

P ( sup B(d) > (1+ 2C1\/)\}é)\/m> < 2p~H(CE-D), (10)
|

|dllo=F,[|d][2=1

where C1 > 1 is a constant.

11



From the above lemma, we know that with probability at least 1 — 2p*4k(cf 1 for any
k sparse vector d € RP,
1 1
%(HXd + 2l = llzlh) = EE(HXd + z[1 = llzll1) — Cv/2klog p| A2, (11)

where C' = 1+ 2C} m This lemma shows that with high probability, the value of the
random variable ﬁ(HXd—i—zHl —||z|l1) is very close to its expectation. Since the expectation
is fixed and much easier to analysis than the random variable itself, this lemma plays an
important role in our proof of the main theorem.

Next, we will investigate the properties of E(||Xd+ z||1 — ||z||1). We have the following

lemmas.

Lemma 4 For any continuous random variable z;, we have that

dE(|zi + 2| — |2i)
dzx

=1—-2P(z; < —x).

Now we will introduce the scale assumptions on the measurement errors z;. suppose

there exists a constant a > 0 such that

P(z; >x) < forallz >0
+ax
1

Here a served as a scale parameter of the distribution of z;. This is a very weak condition
and even Cauchy distribution satisfies it. Based on this assumption, we have that for any

c>0,

Hence we have the following lemma.

12



Lemma 5 Suppose random variable z satisfies condition (12), then

a 6
Elzi + el = lail) = f¢lel (el A ). (13)
Remark 1 This is just a weak bound and can be improved easily. But for simplicity, we

use this one in our discussion.

3.3 Main Theorems

Now we shall propose our main result. Here we assume that the measurement errors z; are

independent and identically distributed random variables with median 0. We also assume

that z;s satisfy condition (12). Moreover, we assume Ai > 0 x( % + 1) and

1
31\/65% >)\\/k/n+01\/2klogp(g+5), (14)

for some constant C7 such that C; > 1+ 2,/A}'. We have the following theorem.

Theorem 1 Under the previous assumptions, the Ly penalized LAD estimator ,5’ satisfies

with probability at least 1 — 2p—4k(C3-1)+1

HB—BIIzS\/mm(ClﬂJF 1.2?0141r01/0) 141
n a(A, = Ok k(5 + 1))/ N C

where Cy = 1+ 20 /A} and Cy > 1 is a constant.

Remark 2 From the proof of the theorem, we can see that the identically distributed as-

sumption of the measurement errors is not essential. We just need that there exist a constant

a > 0 such that for all i, P(z; > x) < 52— for x > 0 and P(z < x) <

1
Traz < < o] for x < 0.

This is also verified in the section of simulation study.

Remark 3 Actually, 0y ) can be bounded by )\2 and N} and the condition )\iC > Qkk(% + i)
can be replaced by a number of similar RIP conditions, see for example [8]. We keep it here

just to simplify the arguments.
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Remark 4 Condition (14) implies that the columns of X cannot be too sparse. This is
because if the columns of X are sparse then the L1 morm of columns of X will be small,

hence the value Iﬁéﬂ will be small.

From the theorem we can easily see that asymptotically, with high probability,

18— 8l = 01/ 8y, (15)

This means that asymptotically, the L1 PLAD estimator has near oracle performance and

hence it matches the asymptotic performance of the lasso method with known variance.
A simple consequence of the main theorem is that the L; PLAD estimator will select

most of the significant variables with high probability. We have the following theorem.

Theorem 2 Suppose T= supp(ﬁ) be the estimated support of the coefficients. Then under

the same conditions as in Theorem 1, with probability at least 1 — 2p_4k(c22_1)+1,

, 2klogp 16(cv/2 + 1.25C, + C,/C .
|| > o) loap 16eva+LI5C + QYO L gy (16)
noa(A, = Oer(s + 7))% /A

where C1 = 1+ 202 /A} and Cy > 1 is a constant.

Remark 5 This theorem shows that the L1 PLAD method will select a model that contains
all the variables with large coefficients. If in the main model, all the nonzero coefficients
are large enough in terms of absolute value, then the Ly PLAD method can select all of

them into the model.

A special but important case in high dimensional linear regression is the noiseless case.
The next theorem shows that the L1 PLAD estimator has nice variable selection property

in the noiseless case.

Theorem 3 Consider the noiseless case. Suppose we use a penalty level X such that A <

nkk (1), the Ly penalized LAD estimator B satisfies 3 = .

14



Remark 6 Suppose Kjéﬂ(l) are bounded away from 0 for all n and we use the penalty level

A = 2y/nlogp. Then when y/logp = o(n) and n large enough. The Ly penalized LAD

estimator B satisfies 5 =4.

Remark 7 From the discussion in the Appendiz we know that if we use the i.i.d. Gaussian
random design and logp = o(nl/G), then for n large enough the L1 PLAD estimator satisfies

ﬁ = (B with high probability.

4 Numerical Study

In this section, we will show some numerical results. Throughout this section, we use
n = 200, p = 400 and k£ = 5 and set 8 = (3,3,3,3,3,0,---,0). We will study both the
estimation properties and variable selection properties of the L1 PLAD estimator under
various noise structures. In our simulation study, we generate the design matrix X by i.i.d.
N(0,1) random variables and then normalize the columns.

We first investigate the effect of different choices of penalty levels. Then we compare
the L1 PLAD method and the lasso method in the Gaussian noise case. We also study
the numerical properties of L1 PLAD estimator under different noise structures, including
the heteroscedastic cases. We use the quantreg package and lars package in R to run the

simulation.

4.1 Effect of Penalty levels

Section 2 discusses the choice of penalty levels. It is known that our desired choice is
cqa(||S|loc)- But since this value is hard to calculate, we propose several upper bounds
and asymptotic choices. Now we will investigate the effect of different choices of penalty

levels on the L1 PLAD estimator. To be specific, we consider the following four penalties,

A1 = v 1.bnlogp, Ao = /2nlogp, A3 = v/3nlogp, and Ay = v/4nlogp. Note that they are

15



Table 1: The average of estimation error || — 3|2 over 200 simulations under different
penalty levels and error distributions. Numbers in the parentheses are the medians of the
estimation errors of post L1 PLAD method, i.e. results of ordinary LAD estimators on the

selected subset.

)\1 /\2 )\3 )\4

N(0,1) noise | 0.658 (0.356) | 1.054 (0.239) |  3.189 (0.095) 23.730 (4.586)

£(2) noise 1.263 (0.552) | 2.351 (0.299) |  10.121 (0.081) |  33.018 (18.771)

Cauchy noise 2.176 (0.861) 4.736 (0.334) 21.417 (0.103) 39.351 (26.241)

all fixed choices and do not depend on any assumptions or parameters. For noises, we use (a)
N(0,1) noise, (b) ¢(2) noise, and (c) Cauchy noise. For each setting, we run the simulation
200 times and the average Lo norm square of the estimation errors are summarized in the
following table.

From table 1 we can see that A4 is too large in our setup and it kills most of the
variables. (It is worth noting that if we increase the sample size to for example n = 400
and p = 800, A4 becomes a reasonable choice.) Moreover, larger A cause more bias to the
estimator. In practice, an ordinary least square method or least absolute deviation method
could be applied to the selected variables to correct the bias (post Ly PLAD method). We
summarized the median of the ordinary LAD estimators on the selected subset in the above
table. It can be seen that among the four penalty levels, A; has the best results in terms
of the estimation error ||3 — 8|2, and A3 has the best results in terms of post L1 PLAD
estimation error. The post L1 PLAD results are very good for all three noise distributions
even though the ¢(2) distribution does not have bounded variance and Cauchy distribution

does not have bounded expectation.
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4.2 Gaussian Noise

Now consider the Gaussian noise case, i.e. z; are independent and identically normal random
variables. The standard deviation o of z; is varied between 0 and 1. Here we also include
the noiseless case (where the traditional lasso cannot select the model correctly) and the
Cauchy distribution case (to compare). We will use penalty level A = /2nlogp and run
200 times for each value of o. For each simulation, we use both the L1 PLAD method and
the classical lasso method. For the lasso method, we consider to ways to select the penalty.
One is to use o x A as the penalty, where we assume the standard deviation is known. The
other one is by cross validation. In the noiseless case, we use 0.01 x X\ or the cross validation
to select the penalty levels for the lasso method. For the Cauchy distribution case, only
the cross validation is considered. Here we summaries the average estimation error and the
variable selection results of both methods for different distributions.

In table 2, the average type I error means the average number of significant variables
that are unselected over 200 runs. The average type Il error means the average number
of insignificant variables that are selected over 200 runs. The results show that in terms
of estimation, the classical lasso method with known standard deviation does better than
L, PLAD method, except the noiseless case. This is partly because that lasso knows the
standard deviation and L; PLAD does not. Also, the penalty level for L1 PLAD method
has stronger shrinkage effect and hence cause more bias. The lasso with cross validation
did a fine job in terms of estimation in the Gaussian noise case, but it performs poorly in
the noiseless case and Cauchy distribution case.

In term of variable selection, the L; PLAD method does better than classical lasso
method. The two methods both select all the significant variables in all the 200 simulations
for the Gaussian noise cases. The L1 PLAD method has smaller average type II errors which

means the lasso method tends to select more incorrect variables than the L1 PLAD method.
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On the other hand, the lasso with cross validation selects a large amount of variables into
the model, its average type II errors is huge. It is worth noting that L; PLAD method does
a perfect job in noiseless case, it selects the perfect model in every run. While the lasso

method never have a correct variable selection result.

4.3 Heavy tail and Heteroscedastic Noise

In the proof of Theorem 1 and all the discussions, the identically distribution assumption
is not essential for our arguments. Now we will study the performance of the L; PLAD
estimator when the noises z; are just independent and not identically distributed. We will
consider three cases: (a) Half of the z; are N(0,1) random variables and half of them are

N(0,4) random variables. (b) Half of the z; are ¢(2) random variables and half of them are

Table 2: The average of estimation error || B—p |3 over 200 replications and the variable

selection results for lasso and Lq penalized LAD method.

Distribution N(0,0) | N(0,0.25%) | N(0,0.5%) | N(0,1) | Cauchy
Ly PLAD: Average of |3 — 3|2 0 0.065 0.269 1.057 4.731
Ly PLAD: Average type I error 0 0 0 0 0.002
L1 PLAD: Average type II error 0 0.185 0.150 0.120 0.161
Lasso: Average of |3 — 8]/ 11.419 0.062 0.106 0.344 NA
Lasso: Average type I error 0 0 0 0 NA
Lasso: Average type II error 24.125 0.825 0.875 0.710 NA
CV Lasso: Average of |3 — Blla | 2.788 0.122 0.241 0.455 6.862
CV Lasso: Average type I error 0.05 0 0 0 2.18
CV Lasso: Average type Il error | 31.775 65.960 61.875 53.035 20.8
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t(2) random variables multiple by 2. (c¢) One third of the z; are N(0,1) random variables;
one third of them are ¢(2) random variables; the rest of them follow exponential distribution
with parameter 1 (relocated such that the median is 0). We use penalty A = 1/2nlog p for all
cases. It is worth noting that in all the cases, traditional lasso method and the constrained
minimization methods cannot be properly applied since the variances of the noises are
unbounded.

Table 3 summaries the average estimation errors and variable selection properties of the
L, PLAD method over 200 runs. We also summarize the estimation errors of the post L
PLAD method in the parentheses. It can be seen that the L; PLAD method has very nice
estimation and variable selection properties for all cases. Compare the variable selection
results here with the Gaussian noise case in table 2, we can see that although we have
many different noise structures, the L; PLAD method can always select a good model. Its

variable selection results here are comparable to the Gaussian noise case.

5 Proofs

We will first show some technical lemmas and then prove the main results.

Table 3: The average of estimation error || B—p |l2 over 200 replications and the variable
selection results for the L;1 PLAD method. Numbers in the parentheses are the medians of

the estimation errors of post Ly PLAD method.

Case (a) Case (b) Case (c)
Average of |3 — Bl13 1.701 (0.234) 3.545 (0.228) 1.808 (0.210)
Average type I error 0 0 0.004
Average type II error 0.141 0.152 0.161
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5.1 Technical Lemmas

We first state the Slastnikov-Rubin-Sethuraman Moderate Deviation Theorem. Let X,,;,7 =
1,...,kp;n > 1 be a double sequence of row-wise independent random variables with
E(Xpi) =0, B(X2) <o00,i=1,....,ky;;n>1 and B2 =" E(X2) = oo as n — .

Let F,,(z) =P (ngl X < :):Bn>. We have

Lemma 6 (Slastnikov, Theorem 1.1) If for sufficiently large n and some positive constant
C7
kn,

S B(XnilP)p(| Xnil) log = F2(3 + | X ) < g(Bn) B2,
=1

where p(t) is slowly varying function monotonically growing to infinity and g(t) = o(p(t))

ast — oo, then
1-Fy(z) ~1—®(x), F(—x) ~ &(—x), n — oo,
uniformly in the region 0 < x < ¢y/log B2.
Corollary 1 (Slastnikov, Rubin-Sethuraman) If ¢ > ¢® + 2 and
kn
> E[Xnil'] < KBy,
i=1

then there is a sequence 7y, — 1, such that

1—Fy(x) 4+ Fo(—2)
2(1 — ®(x))

-1 <% —-1—=0, n— oo,
uniformly in the region 0 < x < c¢y/log B2.

Remark. Rubin-Sethuraman derived the corollary for x = t/log B2 for fixed t. Slast-
nikov’s result adds uniformity and relaxes the moment assumption. We refer to [21] for

proofs.
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Next, we will state a couple of simple yet useful results. Suppose U > 0 is a fixed

constant. For any x = (x1,x9,--- ,z,) € R", let

G(a) = |ail(jei| AU,
i=1
where a A b denotes the minimum of a and b. Then we have the following results.

Lemma 7 For any x = (z1,22, -+ , ) € R", we have that

Ul|z|

s i el = nU/2

G(z) >
I3 if =l < nU/2.

Proof. Let y = /U, then it is easy to see that

T = Ll A1)

We first consider the case where |ly||1 > n/2. Now suppose |y;| < 1 fori=1,2,--- k (note

that k& might be 0 or n), and |y;| > 1 for ¢ > k. Then

G(x) i d ko lyl
2

oz lyllx + Zyi - Z lyil = [yl — 12 9
i=1 i=1

Now let us consider the case where ||y||1 < n/2. Suppose there exists an ¢ such that |y;| > 1,

then there must be a j such that |y;| < 1/2. If we replace y; and y; by v, = |y;| —e > 1

and y; = |y;| + € < 1/2 for some € > 0, the value of G(z)/U? decreases. This means that if

G(x)/U? is minimized, all the y; must satisfy that |y;| < 1. In this case,
G(x)/U* = |lylI3.

Putting the above inequalities together, the lemma is proved. m

The following lemma is from [8].

Lemma 8 For any x € R",

|zl _ v

- < Y- | — min ).
el = "7 < = (oax o] — min i)
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Remark 8 A interesting consequence of the above lemma is: for any x € R",

lzlly  vnlelleo
NG 4

]2 <

5.2 Proof of Lemma 1

In this section, we will prove lemma 1 by union bound and Hoeffding’s inequality. Firstly,

by the union bound, it can be seen that

P(cy/2A(a)nlogp < ¢]|Slleo) <> P(v/2A(a)nlogp < |X]I).
=1

For each ¢, by Hoeffiding inequality,

A(a)nlogp

4 .
P(v2A(@)nlogp < |XIT)) < 2exp{—— romm=} = 2 Ale)
v112

)

since || X;||3 = n for all i. Therefore,

P(cy/2A(a)nlogp < ¢||S||so) < p2p~ 4 < a.

Hence the lemma is proved.

5.3 Proof of Lemma 2

By the union bound, it can be seen that

p

P(evn® ! (1 = a/(2p)) < €|l Sll) < D P(Vn®™ (1~ a/(2p)) < X]1]).

=1

For each ¢, from Corollary 1,

P(vn®~!(1 - a/(2p)) < |X1])

< 2(1-2(@7 (1 - a/(2p))))(L +wn) = /p(1 + wp),

where w, goes to 0 as n goes to infinity, provided that ®~1(1 — a/2p) < (¢ — 2)+/logn.

Hence
P(ey/n® (1= a/(2p)) < ¢l|S]lo) < (1 +wn).
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5.4 Proof of Lemma 5

It is easy to see that when ¢ > g,

1(1+ )> 2ac c
_70 — _ —— =
¢ & 2C “Taa 2
andwhencgg,
2 ac 1, ac ac?
—71 1+ —¢)> — (== (=) = —.
c—Zlog(1+ 50z e- (5 - (5 =2

Similarly, we can show that for any real number ¢, when |c| > 2,

E(lzi +c| =) 2 5

and when |c| < &,

[\

ac

E(|zi+c| — |z]) > —.
(2 -+ el = |al) 2 5

Putting the above inequalities together, the lemma is proved.

5.5 Proof of Lemma 3

First, it can be seen that for any 1 <1 <n, ||(Xd); —z|—|zi|| < [(Xd)i|]. So [(Xd);—zi|—|z]
is a bounded random variable for any fixed d. Hence for any fixed k sparse signal d € RP,
by Hoeffding’s inequality, we have

2

P(B(d) > t) < 2exp{— 2|]Xd\|2}

for all ¢ > 0. From the definition of A}, we know that

2

P (B(d) > t) < 2exp{— 2A“HdH2}

In the above inequality, let ¢t = C'v/2klog p||d||2, we have

P (B(d) > C’\/leogp||d||2> < op KO (17)
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for all ¢ > 0. Next we will find an upper bound for supge g |4o=k,||d|,=1 [B(d)|.- We shall
use the e-Net and covering number argument. Consider the e-Net of the set {d € RY,||d||o =
k,||d|l2 = 1}. From the standard results of covering number, see for example [5], we know
that the covering number of {d € R¥,||d|l2 = 1} by € balls (i.e. {y € R¥: ||y — z[]2 < ¢}) is
at most (3/¢€)* for € < 1. So the covering number of {d € R”,||d|o = k, ||d||2 = 1} by € balls
is at most (3p/e)* for e < 1. Suppose N is such a e-Net of {d € RF . ||d|jo = k, ||d||2 = 1}.

By union bound,

P(sup |B(d)| > C\/W) < 2(3/e)kpkp*kc2/)‘z,
deN

for all C' > 0. Moreover, it can be seen that,

2
sup |B(d1) — B(d2)| < —=1X(d1 — d2)|1 < 2v/nkje.
di1,d2€RP,||d1—d2l||0<k,||d1—d2||2<e \/ﬁ
Therefore
sup |B(d)| < sup |B(d)| + 2v/nk}e.
deRPF ||d]lo=k,||d||2=1 deN
Let e = 4/ 2 lsgpﬁ, we know that

P ( sup |B(d)| > cm)

deRP |||d|lo=k,]||d||2=1
u
3py/nK}

< P(suprB<d>| > <c—1>\/2mogp> < o( DV g
deN P k

Under the assumption that p > n and p > 3k}, let C = 1+ 2C1,/A} for some C1 > 1, we

know that

P < sup |B(d)| > (14 2C}, /)\Z)\/leogp> < op 41, (18)

deRF ||d|lo=Fk,||d[2=1

Hence the lemma is proved.
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5.6 Proof of Lemma 4

Since ||z; + x| — |zi]| < |z| is bounded, the expectation always exists. Suppose the density

function of z; is f(z) and = > 0. It is easy to see that

0

E(lzi +z| —|z]) = /000 f(t)xdt + 3 f(t)(2t + x)dt — - f(t)xdt

00 —x 0
= ot rwa— [ fwydn +2 / LRt

- - -

= 2(1—-2P(z < —x))+ 2/0 tf(t)dt.

—X
Hence it is easy to see that

dE(|z + x| — |zi])
dx

= 1—2P(Zi < —SL’).

5.7 Proof of Theorem 1 and 3

Now we will bound the estimation error of the L penalized LAD estimator. Recall that
h=p8-Fand he Az = {0 € R’ : ||0r|ly > C||67<|1}. Without loss of generality,
assume |hi| > |ho| > -+, > |hy|. Let So = {1,2,--- ,k}, we have hg, > Chge. Partition

{1,2,--- ,p} into the following sets:
So=A{1,2,--- k},S1={k+1,--- ,2k},So = {2k +1,--- , 3k}, -

Then it follows from lemma & that

sl VE 1 1
hg, < ——— + —1|h < —||lhse||1 + —=]||h
i§>1 lhs;ll2 < ;>1 N 1 |hpg1] < \/EH sell1 4\/EH Sollt
1 1 1 1
< (—— 4+ —)|h < (= + =)hs |l 19
< (\/EC+4\/E)” soHl_(4+C)H Soll2 (19)

It is easy to see that

jﬁmxm 2l = 12lh) > jﬁmmsﬂ + 2l = 12l
7 —1
+Zjﬁ<ux<2 hs,) + 2l — 11X (3 hs,) + 2[1) (20)
i>1 §=0 j=0
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Now for any fixed vector d, let

~MM%=Q%EUXd+dh—HMﬂ-

By lemma 3, we know that with probability at least 1 — 2p‘4k(c§ -1,
1
—=([Xhs, + 2l1 = [[zll1) = M(hs,) — C1v/2k1og pl|hs |2,

NG

and for ¢ > 1 with probability at least 1 — 2p‘4k( -1,

i—1
f (J1X ( Zhs )+ 2l = IXO " hs,) + 2lh) > M(hs,) — C1v/2klog plhs, |2,
7=0

where C1 = 1+ 2C2,/A}! and C > 1 is a constant. Put the above inequalities together, we

know that with probability at least 1 — 2p‘4k(0§ D+,

1
ﬁ(HXh + 2l = llzll) = M(h) = C1y/2klogp Y ||hs,]l2- (21)
i>0
By this and inequality (8) and (19), we have that with probability at least 1—2p~* KO-+
Wk
M(h) < N 125012 + C1v/ 2k log p(1.25 + )||hsoH2 (22)
Next, we consider two cases. First, if || Xh|l; > 3n/a, then from lemma 7 and inequality
(13),
1 3[ o
—E(||Xh Xh h 23
TE(X+ 2l = ell) 2 5= Kbl > D ekl e (23)

From assumption (14), we must have ||hg,||2 = 0 and hence B =p.

On the other hand, if | Xh||; < 3n/a, from lemma 7 and inequality (13),

1
—F(||Xh
NG ([[ XA+ 2|1 —

By the same argument as in the proofs of Theorem 3.1 and Theorem 3.2 in [8], we know

Iz[l) = 16f\|XhH2 (24)

that

11
12D ks ll2 > n(X, 9k,k(5+1))llhsollg-

1>1

|(Xhsy, XR)| = A lhs, I3

26



And

[(Xhisg, XI)| <[ Xhsg |2l XPlla < (| XPllay/nAR s, [l2-

Therefore

(e = k(5 + 2))?
A

IXhlI3 > n IF2s513-

Hence by (22) and (24), we know that with probability at least 1 — 2p~4*(C3—1+1

16Xk N 2klogp 16C1(1.25 +1/C)
l

h <
1fiso ll2 < nanl - o

: (25)

where 7} = (AL — Okk(% + 1))2/AL. In particular, when A = 2cy/nlog p. Putting the above

discussion together, we have

[2k1og p 16(c/2 + 1.25C, + C1/C
n any,

Since
2 1 2
Sill2 > k+1 Silll >~ F Soll2s
> s l13 < sl D lls, <CHh I
i>1 i>1

We know that with probability at least 1 — 210_4’“(022 D+

16— Blla < /2k17;)gp16(0\/§—|— 1.25C, + C1/C) 1+i.

an} C

where 7}, = (A} — ijk(% + 1))2/AY, Cp =1+2C5,/AF and Cp > 1 is a constant.

The proof of Theorem 3 is simple. In the noiseless case, we know that
[ XAl < Azl = [lhze]l1)-
This means ||hr|1 > ||hre|l1 and hence h € A;. So
IXAll = nag(D)][Ar )1

Since we assume that nkk (1) > A, we must have ||A[; = 0. Therefore 3 = j.
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Appendix

In the appendix, we consider the value of x%(C) under the Gaussian random design case.

Sufficient Conditions

We will first give a set of sufficient conditions under which the value x k(C’) can be bounded
below. Let ® = (X} X7) ' X} and
M = (X Xr) ™ Xp Xre|1-

. . Ah
Here for any n xm matrix A, the matrix norm || A||; = supj,cpm ”” ””1 denotes the maximum

absolute column sum of A. Suppose h € A, i.e. |hr|1 > %HthHl. We have
|@X N[l > |[@X7hrllL — [@X7ehre|ly = [hrlls — M|[hrelly = (1 = MC)||hr 1.

Note that M < 1 is called exact recovery condition (ERC), see for example [6]. It is also

the irrepresentable condition discussed in for example [18]. On the other hand
12X Pl < [ [| XAl

So,
1—MC 1-MC

| XAl > lhrll1 >
N BE

[P ]2-
We have the following lemma.

—-MC)
nflefly -

Lemma 9 Suppose MC < 1, then ki (C) > > U

The values of M can be bounded by the mutual incoherence constant p defined as

X,,X )|

p = max; ; | The following lemma can be found in [6].

Lemma 10 Assume p < 25, then M < 17(2751)“



Gaussian Random Design

Now suppose X is generated by Gaussian random design, i.e. we generate the entries of X
by ii.d. N(0,1) random variables and then normalize it. We will show some asymptotical

bounds on the value of x%(C).

Lemma 11 Under the previous assumptions, when logp = o(nl/ﬁ), we know that for any

P(u </ QCfgp) >1 - dp~©D(1 4+ o(1)).

Proof. By lemma 14, we know that for any i, j and b = o(n'/9),

constant ¢ > 0.

P(|<Xi’an>| > ;ﬁ) < 4e7P/2(1 + o(1)).

This means

Hence when logp = o(n!/%), we know that

P(u </ 2Cfgp) >1 - dp~©D(1 4+ o(1)).

A simple consequence of the previous lemma is

k+/2clogp/n o —(e-2) o
P(M < - (k—l)\/m) >1—4p (14 0(1)). (27)

Asymptotically, when logp = o(nl/ ™), we know that M — 0 as n goes to infinity.

Lemma 12 Under the previous assumptions, we have that for any ¢ > 0,

k(1 + (1+c)logn 1+ (14c)logn
e e (R e N

Pl < =Vt e L
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Proof. Since X is generate randomly, we assume N is a n X k matrix such that N;;

are i.i.d. N(0,1) random variables for ¢ = 1,2,--- ,n and j = 1,2,--- ,k. The we gen-

\/N2 +N2 +ot N2,

erate X7 by Xo = N x Diag(1/l1,1/la,--- ,1/l) where [; Let

L = Diag(1/11,1/ly, -+ ,1/l3), we have ® = L~1(N'N)~IN’. Let N’ = (Ny, Na, -+, N,)

where N/ is the ith row of N. Then
9 = mas| L7 (V') 1} < mas{VRILT (V) N ).
By x? tail bound, see for example [17], we know that for any r > 0,
P(INi|2 < k(1 +7/2)%) > 1— e/ and P(l; < (1+7/2)) > 1— e /4,

By union bounds,
P(sup || Ni[|z < k(1 +7/2)%) > 1 —ne /4,
i

P(|IL7 Yo < (147/2)) > 1— ke ™"/4,

Also, by standard result of Gaussian random matrix (see for example [20]),

1 2
P(|(N'N) Y|y < >1—et /2
e e
Therefore
(o), < FAAT/DURTS/2)) o)kt g 2
(Vn—Vk—t)?
given that r1 > 0,79 > 0. Specially, let r; = \/m (1+c) 10gn’ and ¢ —
v2clogn for some ¢ > 0,
k(1 + /QFQlogny g o /(+c)logn
Pl < - n sy 3
(v — Vk — /2clogn)? ne

n
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k\/logn)
n

Hence asymptotically, when k& = o(n), ||®]1 = Opy( . Combine the about results

together, we have that for the Gaussian random design case, when logp = o(nl/ 6) and

k = o(n), asymptotically,
1
k+/logn

The following lemma shows the tail bound for sample covariance.

KL (C) = O( ). (28)

Lemma 13 Suppose (X;,Y;) fori=1,2,--- ,n are i.i.d. bivariate normal random vectors
such that E(X;) = E(Y;) = 0, Var(X;) = Var(Y;) = 1 and Cov(X;,Y;) = p. Let p =

o, XY, be the sample covariance, then we have

2

P(p— ol > %) < 2exp{—3; 11+ o(1)), (29)

1+ 3p?)
provided that b = o(n!/%),
Proof. Suppose Z; = X;Y; — p and let Z = %Z?:l Z;. Then the moment generating

function of Z; is

2® +y* —2(p +t(1 - p?))

—t
B(e!XYimr)) — //eP exp{— 3 i tdxdy
21y/1 — p2 2(1 - p?)
e~ tr

Ry gy 2l (30

Hence the moment generating function of Z is

E(e!?) = e P (1 — 2pt/n — (1 — p?)t2/n?)""/2.

Let ¢(t) = log E(e'?) = —%log(1 — 2pt/n — (1 — p?)t?/n?*) — pt. We know that for any

a>0andt>0,
P(Z > a) — P(etz > eta) < E(etZ)efta — ew(t)fat.

Now due to the fact that —log(1 — z) < x/(1 — ), we know that

2pt 1 — p?)t?/n?
o) —at < pt/n+ (1 —p°)t*/n
21—2pt/n— (1 —p?>)t?/n?
(137 + (1= p)t? n? o
T 1—2pt/n— (1 — p2)t2/n? '

—pt —at
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Now let t = na/(1+ 3p?) and let a = b/\/n, we have

b? 1—p?+2p(1 +3p%) v? 1—p? b
< - — = | x C
) < exP{( 20+30%) | (14302 ﬁ+<1+3p2>3n>x }

P(Z>;ﬁ

C— 2 g_ 1—p? g
N 14+3p2n  (143p?)2n3

Therefore it is easy to see that if b = o(n'/%), then

P(Z > ;ﬁ) < exp{—2(15_23p2)}(1 +0(1)).
By similar argument, we can show that
b 2
P(|2] > %) < QGXP{—W}O +o(1)).
]
Next, we have the following tails bounds for sample correlation
Lemma 14 Suppose (X;,Y;) fori=1,2,--- ,n are i.i.d. bivariate normal random vectors

such that E(X;) = BE(Y;) =0, Var(X;) = 02, Var(Y;) = 05 and Cov(X;,Y;) =0. Let

b= Z?:l XY
VI X2 Y2

Then we have

. b b?
P(lpl = %) < dexp{—7}(1 +o(1)), (31)
provided that b = o(n!/%),
Proof. Suppose r,, = b/(b+ \/n/2), then we know that b?r, = o(1) and %12 = M.
We have
b S XY, b
P(lpl > —=) < P(| == > —)

T Vnt T n(l—ryp)ozoy — Vn



Since b = o(n'/%) , we know that

- XzYz 21_n2
Zz:l |Zi)§26xp{—b( T)

P(|n(1 —Tn)0z0y /T 2

and the Chi-square tail bound (see for example lemma 1 in [17])

P(Y_ X} /n < (1=1,)02) < exp{—r7},
=1

P> Y2/ < (1 —rp)o?) < exp{—%r%}.
i=1

Putting the above terms together, we have

b2 (1 —1ry)?

b
P(|p| > —=) < dexp{— 5

NG

where the last equality is due to the fact that b*r,, = o(1). Therefore the lemma is proved.

H1 4 0(1)) = dexp{~ 5 H(1 + o(1),
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