18.022: Multivariable calculus — Smooth manifolds

The mathematical term for a curved m-dimensional space is the notion of a smooth
manifold of dimension m. We give a brief discussion following John W. Milnor,
Topology from the differentiable viewpoint, The University Press of Virginia.

We recall that a map F: U — V from an open subset U C R¥ to an open subset
V C Rl is smooth if all higher order partial derivatives 0"F/0x;, ...0z;, exist and
are continuous. More generally, a map

f: X-Y

between arbitrary subsets X C R*¥ and Y C R! is smooth if, for every a € X, there
exists an open subset U C R* that contains a and a smooth map F: U — R! such
that F(x) = f(x), for all x € UN X. We then define the derivative of f: X — Y at
x € UN X by Df(x) = DF(x). We define f: X — Y to be a diffeomorphism if £
is a bijection and both f: X — Y and f~!: Y — X are smooth maps.

EXAMPLE. A map x: [a,b] — R! is smooth if and only if there exists ¢ > 0 and a
smooth map X: (a — €,b+ ¢) — R! such that X(t) = x(t), for all ¢ € [a, b].

DEFINITION. A subset M C R¥ is a smooth manifold of dimension m if, for every
a € M, there exists an open subset W C RF with a € W, an open subset U C R™,
and a diffeomorphism g: U — M NW. We call g: U — M N'W a parametrization
of the region M NW and g~ !': M NW — U a system of coordinates on M NW.

EXAMPLE. We show that the 2-sphere
S? = {(z,y,2) eR® | 2? +9? + 22 =1} C R?
is a smooth manifold of dimension 2. The subset
U = {(u,v) | u* +v* <1} C R?
and the subsets
Wit ={(z,y,2) |z >0} CR? Wi {(z,y,2) |z <0} CR?
W ={(z,y,2) [y >0} CR® Wy ={(zx,y,2) |y <0} CR’
Wit = {(z,y,2) | 2 > 0} C R? Wi ={(z,y,2) | 2<0} CR?

are all open and the maps
gf: U—»SzﬂWf[, g%(u,v)z(im,u,v),
gr: U — S2nwit, g5 (u,v) = (u, £v1 — u2 — v2,v),
g?:UHSQOWfﬂ ggt(u,v):(u,v,:lz 1—u?—v2),

are diffeomorphisms. Every point (z,y,z) € S? belongs to at least one of the
subsets S% N Wl-i. Indeed, at least one of x, y, and z is non-zero, and hence, either
positive or negative. This shows that S? is a smooth manifold of dimension 2.

We also discuss the more general notion of a smooth manifold with boundary. Let
H™ = {(z1,...,2m) € R™ | 2, >0}

be the closed halfspace with boundary the subset OH™ C H™ where x,, = 0.
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DEFINITION. A subset M C R* is a smooth m-manifold with boundary if, for every
a € M, there exists an open subset W C R* with a € W, an open subset U C R™,
and a diffeomorphism g: H"NU — M NW. The boundary M C M is the subset
of all points that correspond to OH™ under such a diffeomorphism.

If M is a smooth m-manifold with boundary, then M is a smooth (m—1)-manifold
and M ~ OM is a smooth m-manifold both without boundary.

EXAMPLE. Let x: [a,b] — R* be a smooth map, and suppose that the velocity
vector x/(t) is non-zero, for all ¢ € [a,b]. Then the image C C R¥ is a smooth
1-manifold with boundary. The boundary 0C consists of the points x(a) and x(b).



