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Introduction

The purpose of these notes is to give a comprehensive and self-contained treat-
ment big Witt vectors and the big de Rham-Witt complex.

We begin with an introduction to Witt vectors and cover both the classical p-
typical Witt vectors of Teichmiiller and Witt [13] and the generalized or big Witt
vectors of Cartier [3]. The latter associates to every ring A and every set S of
positive integers stable under division a ring Wg(A), and the former corresponds
to the case where all elements of S are powers of a single prime number p.

We continue with the definition of the big de Rham-Witt complex. It generalizes
the classical p-typical de Rham-Witt complex of Bloch, Deligne, and Illusie 8, 7, 1]
and was first defined by the author and Madsen [6]. For rings in which the prime
number 2 is not either invertible or zero, the original definitions of these complexes
are not quite correct. The correct definition of the 2-typical de Rham-Witt complex
was given by Costeanu [4] while the correct definition of the big de Rham-Witt
complex is given first in these notes. The big de Rham-Witt complex associates to
every ring A and every set S of integers stable under division an anti-symmetric
differential graded ring Wg2', together with maps

R3:: WsQh — WrQ% (restriction)

Fo: WsQf — Wy, Q% (Frobenius)

Vi Wg/n Q% — WsQf (Verschiebung)

A Wg(A) — WgQY

where R is a map of differential graded rings, F;, is a map of graded rings, V;, is a
map of graded abelian groups, and A is a map of rings. Here S/n denotes the set of
positive integers m such that mn € S. The maps R%, F,, V,, and X are required
to satisfy a number of additional relations listed in Def. 2.1 below. By definition,
the big de Rham-Witt complex is the initial example of this algebraic structure. It
is not difficult to show that the ring homomorphism A is an isomorphism. We also
prove in Cor. 5.7 below that the canonical map

is an isomorphism, but this requires quite a bit of preparation. Thus, the big
de Rham-Witt complex combines de Rham differentials and big Witt vectors. The
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p-typical de Rham-Witt complex is obtained by restricting to the subsets S that
consist of powers of a single prime number p.

Beyond the definition of the big de Rham-Witt complex, the topics treated are
as follows. We show, in Prop. 3.6, that for a Z,-algebra A, the big de Rham-
Witt groups decompose as products of p-typical de Rham-Witt groups. We then
give, in Thm. 4.6, an explicit formula for the p-typical de Rham-Witt complex
of the polynomial algebra A[X] over the Z,)-algebra A in terms of the p-typical
de Rham-Witt complex of A. Finally, in Thm 6.1, we prove that if f: A — B is an
étale morphism, then the induced map

Ws(B) ®Ws(A) WsQZ‘ — WsQ%

is an isomorphism.



1. Witt vectors

As promised, we begin these notes with a self-contained introduction to Witt
vectors. In the approach taken here, all necessary congruences are isolated in the
lemma of Dwork. A slightly different but very readable account may be found in
Bergman [11, Appendix]. We conclude with a brief treatment of special A-rings
and Adams operations and a recent theorem of Borger [2, Thm. A] on the ring of
Witt vectors and étale morphisms.

Let N be the set of positive integers, and let S C N be a subset with the property
that, if n € S, and if d is a divisor in n, then d € S. We then say that S is a
truncation set. The big Witt ring Wg(A) is defined to be the set A% equipped with
a ring structure such that the ghost map

w: Wg(A) — A
that takes the vector (a, | n € S) to the sequence (w,, | n € S), where
Wy, = Z daZ/ d,
d|n
is a natural transformation of functors from the category of rings to itself. Here,
on the right-hand side, A% is considered a ring with componentwise addition and

multiplication. To prove that there exists a unique ring structure on Wg(A) that
is characterized in this way, we first prove the following result.

LEMMA 1.1 (Dwork). Suppose that, for every prime number p, there exists a ring
homomorphism ¢,: A — A with the property that ¢,(a) = a? modulo pA. Then a
sequence (x, | n € S) is in the image of the ghost map

w: Wg(A) — A

if and only if xn, = ¢p(xy/p) modulo p’r(M A, for every prime number p, and for
every n € S with v,(n) > 1. Here vy(n) denotes the p-adic valuation of n.

PROOF. We first show that, if @ = b modulo pA, then a?’ = b*"  modulo
pUA. If we write a = b+ pe, then

v—1
= Z <p )bpvl_ipiei.
T
1<igpr—!

In general, the p-adic valuation of the binomial coefficient (m:")

number of carriers in the addition of m and n in base p. So

("))t
v <<pvi1>pi) =v—14i—v,(i) > 0.

This proves the claim. Now, since ¢, is a ring-homomorphism,
n/pd
Gplwnsp(@) = Y déylay™)
dl(n/p)

which is congruent to Zd|(n/p) das/d modulo p*»(™ A. If d divides n but not n/p,
then vy(d) = vp(n), and hence this sum is congruent to >, daz/d = wy,(a) modulo
3

is equal to the

and hence,



p"»(M A as stated. Conversely, if (z,, | n € S) is a sequence such that z, = ¢, ()

modulo p»(™ A, we find a vector a = (a,, | n € S) with w,(a) = z,, as follows. We
let a1 = x; and assume, inductively, that ag has been chosen, for all d that divides
n, such that wy(a) = x4. The calculation above shows that the difference

Ty — Z daZ/d

d|n,d#n

is congruent to zero modulo p*»(™ A. Hence, we can find a, € A such that na,, is
equal to this difference. ([

PROPOSITION 1.2. There exists a unique ring structure such that the ghost map
w: Wg(A) — A

is a natural transformation of functors from rings to rings.

PROOF. Let A be the polynomial ring Z[a,, by, | n € S]. Then the unique ring
homomorphism
op: A— A

that maps a,, to a? and b,, to b? satisfies that ¢, (f) = fP modulo pA. Let a and b
be the sequences (a, | n € S) and (b, | n € S). Since ¢, is a ring homomorphism,
Lemma 1.1 shows immediately that the sequences w(a) + w(b), w(a) - w(b), and
—w(a) are in the image of the ghost map. It follows that there are sequences of
polynomials s = (s, | n € S), p=(pn | n € 5), and ¢ = (1, | n € S) such that
w(s) = w(a) + w(b), w(p) = w(a) - w(b), and w(t) = —w(a). Moreover, since A is
torsion free, the ghost map is injective, and hence, these polynomials are unique.

Let now A’ be any ring, and let o’ = (a}, | n € S) and ¥/ = (b, | n € S) be
two vectors in Wg(A’). Then there is a unique ring homomorphism f: A — A’
such that Wg(f)(a) = ' and Wg(f)(b) = b'. We define o’ + 0 = Wg(f)(s),
a-b=Wgs(f)(p), and —a = Wg(f)(¢). It remains to prove that the ring axioms are
verified. Suppose first that A’ is torsion free. Then the ghost map is injective, and
hence, the ring axioms are satisfied in this case. In general, we choose a surjective
ring homomorphism g: A” — A’ from a torsion free ring A”. Then

Ws(g): We(A”") — Wg(A)
is again surjective, and since the ring axioms are satisfied on the left-hand side,
they are satisfied on the right-hand side. (|
If T C S are two truncation sets, then the forgetful map
Ri: Ws(A) — Wr(A)

is a natural ring homomorphism called the restriction from S to T'. If n € N, and
if S C N is a truncation set, then
S/n={deN|nde S}
is again a truncation set. We define the nth Verschiebung map
Vit Wen(A) — Wg(4)
by
Vi((aa | d € S/n))m = {ad, if m = nd,

0, otherwise.
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LEMMA 1.3. The Verschiebung map V,, is additive.

PrROOF. There is a commutative diagram

W/n(4) = A%"

Jvn lvﬁ“

Wg (A) 45
where the map V¥ is given by

nxgq, if m=nd,

Vo' ((xa [ d € S/n))m = {

0, otherwise.

Since the map V¥ is additive, so is the map V,,. Indeed, if A is torsion free, the
horizontal maps are both injective, and hence, V,, is additive in this case. In the
general case, we choose a surjective ring homomorphism ¢g: A’ — A and argue as
in the proof of Prop. 1.2 above. O

LEMMA 1.4. There exists a unique natural ring homomorphism
F,: Wg(4) — WS/H(A)
such the diagram

WS (A) w4> AS

IS

WS/n(A) w—> AS/n,
where FY((zm | m € 5))a = Tna, commutes.

Proor. We construct the Frobenius map F;, in a manner similar to the con-
struction of the ring operations on Wg(A) in Prop. 1.2. We let A be the polynomial
ring Zla,, | n € S|, and let a be the vector (a, | n € S). Then Lemma 1.1 shows
that the sequence F”(w(a)) € A3/ is the image of a (unique) element

Fn(a) = (fn,d | de S/n) S Ws/n(A)

by the ghost map. If A’ is any ring, and if a’ = (a/, | n € S) is a vector in Wg(A'),
then we define Fy,(a') = Wg/,,(9)(Fn(a)), where g: A — A’ is the unique ring ho-
momorphism that maps a to a’. Finally, since F is a ring homomorphism, an
argument similar to the proof of Lemma 1.3 shows that also F), is a ring homomor-
phism. [

The Teichmiiller representative is the map

[~]s: A— Wg(A4)

(i) = {a, ifn=1,

defined by

0, otherwise.
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It is a multiplicative map. Indeed, there is a commutative diagram

A:A

J[—]s l[]?

Wg(A) —— A5,
where ([a]¥), = a”, and [—]¥ is a multiplicative map.

LEMMA 1.5. The following relations holds.
() a = Snes Vallanlsyn):

(i) F,Vp(a) = na.

(#55) aVy(a') = Vo (Fr(a)a').

() F Vi = Vo By, if (m,n) = 1.

PROOF. One easily verifies that both sides of each equation have the same
image by the ghost map. This shows that the relations hold, if A is torsion free,
and hence, in general. O

PROPOSITION 1.6. The ring Ws(Z) of big Witt vectors in the ring of rational
integers is equal to the product

Ws(2) = [[ 2 Va([tls/n)
nes

with the multiplication given by

Vin((Us/m) - Va([ls/n) = ¢+ Va([1]s/a),

where ¢ = (m,n) and d = mn/(m,n) are the greatest common divisor and the least
common multiple of m and n.

PROOF. The formula for the multiplication follows from Lemma 1.5 (ii)-(iv).
Suppose first that S is finite. If S is empty, the statement is trivial, so assume
that S is non-empty. We let m € S be maximal, and let 7= S ~ {m}. Then the
sequence of abelian groups

S
0 - W1y (Z) L We(Z) -5 Wi (Z) — 0

is exact, and we wish to show that it is equal to the sequence

02 [ty 2 [[ 2 Va(Usm) 25 T2 Va(t]ajn) — 0.

nes neT

The latter sequence is a sub-sequence of the former sequence, and, inductively, the
left-hand terms (resp. the right-hand terms) of the two sequences are equal. Hence,
middle terms are equal, too. The statement for S finite follows. Finally, a general
truncation set .S is the union of the finite sub-truncation sets S, C S, and hence,

Ws(Z) = lim W, ().

This proves the stated formula in general. ([
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The action of the restriction, Frobenius, and Verschiebung operators on the
generators V,,([1]g/,) is easily derived from the relations Lemma 1.5 (ii)~(iv). To
give a formula for the Teichmiiller representative, we recall the Mobius inversion
formula. Let g: N — Z be a function, and let f: N — Z be the function given by

=> g(d)
d|n
Then the function g is given by f by means of the formula

Zu f(n/d),

where p: N — {—1,0,1} is the Mébius function. Here u(d) = (—1)", if d is a
product of » > 0 dlstlnct prime numbers, and p(d) = 0, otherwise.

ADDENDUM 1.7. Let m be an integer Then
[m] Z (> w@m™ ) Va([]s/m),
nES d|n
where p: N — {—=1,0,1} is the Mébius function.

PRrROOF. It suffices to prove that the formula holds in Wg(Z). We know from
Prop. 1.6 that there are unique integers rq4, d € S, such that

mls =Y raVa([l]s/a)-
des
Evaluating the nth ghost component of this equation, we get
-
d|n
and the stated formula now follows from the Md&bius inversion formula. O

LEMMA 1.8. Suppose that A is an Fp-algebra, and let o: A — A be the Frobenius
endomorphism. Then

F, = Rg/p oWs(p): Ws(A) — Wy, (A).

PRrROOF. We recall from the proof of Prop. 1.4 that
Fy(a) = (fp.ala) | d € S/p),

where f,, 4 are the integral polynomials defined by the equations
Zd it =" dal
dlpn
for all n € S. Let A = Zla,, | n € S]. We shall prove that for all n € S/p,
fon =ab
modulo pA. This is equivalent to the statement of the lemma. If n = 1, we have
fp1 = al +pa,, and we are done in this case. So let n > 1 and assume, inductively,

that the stated congruence has been proved for all proper divisors in n. Then, if d
is a proper divisor in n, f, ¢ = a!; modulo pA, so

dfn/d dagn/d
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modulo pU»("+1 A: compare the proof of Lemma 1.1. Rewriting the defining equa-

tions
STapit =3 "da + > daly

d|n d|n d|pn,din
and noting that if d | pn and d { n, then v,(d) = vp(n) + 1, we find

nfpn = nab

modulo p¥»(™+1 A, Since A is torsion free, we conclude that fpn = af, modulo pA
as desired. O

We consider the truncation set P = {1,p,p?, ...} C N that consists of all powers
of a fixed prime number p. The proper non-empty sub-truncation sets of P all are
of the form {1,p,...,p" !}, for some positive integer n. The rings

W(4) = Wp(A)

Wn(A) == W{l,p,...,pnfl}(A)
are called the ring of p-typical Witt vectors in A and p-typical Witt vectors of
length n in A, respectively. We shall now show that, if A is a Z,-algebra, the

rings of big Witt vectors Wg(A) decompose canonically as a product of rings of
p-typical Witt vectors. We begin with the following result.

LEMMA 1.9. Let m be an integer and suppose that m is invertible (resp. a non-
zero-divisor) in A. Then m is invertible (resp. a non-zero-divisor) in Wg(A).

PRrOOF. It suffices to prove the lemma, for S finite. Indeed, in general, Wg(A)
is the limit of Wp(A), where T ranges over the finite sub-truncation sets of S. So
assume that S is finite and non-empty. Let n € S be maximal, and let T = S~ {n}.
Then S/n = {1} and we have an exact sequence

S

0— A Y we(a) B2 wr(4) -0

from which the lemma follows by easy induction. (I

We next show that rings of big Witt vectors of a Z,)-algebra admit a natural
idempotent decomposition. In fact, we prove the following more precise result.

PROPOSITION 1.10. Let p be a prime number, S a truncation set, and I(S) the
set of k € S not divisible by p. Let A be a ring and assume that every k € I1(S) is
invertible in A. Then there is a natural idempotent decomposition

Ws(A) = J[ Ws(Aex
keI(S)
where
1 1
ek = H <Evk([1]3/k> - Hvkl([l]S/kl)) :
le1(S)~{1}
Moreover, the composite map

S/k

R NP
Ws(A)er — Ws(A4) 25 W (4) =225 Wy np(A)

is an isomorphism.



PRrOOF. We calculate

wm%wmbﬂn{

—_

, if ke SNEkN,
, otherwise,

=)

and hence,

(ex) 1, ifke SNkP,
wn(er) =
y 0, otherwise.

It follows that the elements ey, k € I(S), are orthogonal idempotents in Wg(A).
This proves the former part of the statement. To prove the latter part, we note
that multiplication by k defines a bijection

S/kNP=(SNkP)/k = SNkP

and that the following diagram commutes:

Ws (A)ek — Yy ASOkP

S/k .
JRS/kﬁPFk le

WS/kmk(A) s AS/ROP

We first assume that A is torsion free and has an endomorphism ¢,: A — A such
that ¢p(a) = a? modulo pA. Then the horizontal maps w are both injective.
Moreover, Lemma 1.1 identifies the image of the top horizontal map w with the set
of sequences (x4 | d € SN kP) such that x4 = ¢,(x4/,) modulo pU» (D A, Similarly,
the image of the lower horizontal map w is the set of sequences (yq | d € S/kN P)
such that y4 = ¢,(yq/p) modulo pUr(D A, Since the right-hand vertical map k*
induces an isomorphism of these subrings, the left-hand vertical map Rg;:m pFy is
an isomorphism in this case.

EXAMPLE 1.11. Let S = {1,2,...,n} such that Wg(A) is the ring W,,(A) of big
Witt vectors of length n in A. Then S/kN P = {1,p,...,p* "'} where s = s(n, k)
is the unique integer with p*~'k < n < p®k. Hence, if every integer 1 < k < n not
divisible by p is invertible in A, then Prop. 1.10 shows that

Wa(4) = T Wi(4)
where the product ranges over integers 1 < k& < mn not divisible by p and where

s = s(n, k) is given as above.

We now consider the ring W,,(A) of p-typical Witt vectors of length n in A in
more detail. The ghost map
w: W,(A4) — A"

takes the vector (ag,...,a,—1) to the sequence (wo, ..., w,—1) where

i i—1 .
w; =ah +pal  +--+pla.

If ¢: A — Ais a ring homomorphism with ¢(a) = a? modulo pA, then Lemma 1.1
identifies the image of the ghost map with the subring of sequences (xo, ... 2Tn—1)
such that x; = ¢(x;—1) modulo piA7 for alll <7< n—1. We write

[—]n: A— W,(A)



for the Teichmiiller representative and
F:W,(A) - W,_1(A)
V:Who1(A) — W,(A4)
for the pth Frobenius and pth Verschiebung.
LeEMMA 1.12. If A is an Fp-algebra, then VF = p.

PROOF. For any ring A, the composite V F' is given by multiplication by the
element V([1],—1). Suppose that A is an F,-algebra. The exact sequences

0— A" W) &w,_4) o0

show, inductively, that W,,(A) is annihilated by p™. Hence, V([1],,—1) is annihilated
by p"~!. We show by induction on n that V([1],—1) = p[1]n, the case n = 1 being
trivial. The formula from Addendum 1.7 gives that

1

o =plih+ > ()

0<s<n

Since [p], = 0, and since, inductively, V*([1],—s) = p* "1V ([1]n—1), for 0 < s < n,
we can rewrite this formula as

0 =p[l}n + (»* — DV ([tn-1).
But pnfl -1 2 n — 1’ SO we get p[l]n = V([l]n—l) as stated. O

n-1_q

We now suppose that A is a p-torsion free ring and that there exists a ring homo-
morphism ¢: A — A such that ¢(a) = o modulo pA. It follows from Lemma 1.1
that there is a unique ring homomorphism

s¢: A — W(A)
such that the composite
A2 W(A) L AN
maps a to (a,¢(a),d*(a),...). We then define
to: A— W(A/pA)

to be the composite of s4 and the map induced by the canonical projection of A onto
A/pA. We recall that the Fy-algebra A/pA is said to be perfect, if the Frobenius
endomorphism ¢: A/pA — A/pA is an automorphism.

PrOPOSITION 1.13. Let A be a p-torsion free ring, and let ¢: A — A be a ring
homomorphism such that ¢p(a) = a? modulo pA. Suppose that A/pA is a perfect
F,-algebra. Then the map ty induces an isomorphism

to: A/p"A =5 W, (A),

for alln > 1.

ProOF. The map t4 factors as in the statement since

VW (A/pA) = V"W (¢" (A/pA)) = V' F"W(A/pA) = p"W(A/pA).
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The proof is now completed by an induction argument based on the following
commutative diagram:

n—1

0 A/pA—L A/p"A——"— A/pr1A—— 0

-

0 y AfpA —L S Wi (A)pA) —Es W1 (A/pA) — 0.

The top horizontal sequence is exact, since A is p-torsion free, and the left-hand
vertical map is an isomorphism, since A/pA is perfect. The statement follows by
induction on n > 1. O

We return to the ring of big Witt vectors. We write (1 + tA[t])* for the multi-
plicative group of power series over A with constant term 1.

ProprosITION 1.14. There is a natural commutative diagram

W(A) —— (1 + tA[])*

Jw ltd'it log

AN — 1 A[]

where

~v(a,az,...) = H(l —ant™) 7!,

n>1
w _ n
Y (21, 2a,...) = E Tpt”,
nz=1

and the horizontal maps are isomorphisms of abelian groups.

PROOF. It is clear that v is an isomorphism of additive abelian groups. We
show that 7 is a bijection. We have

[T —ant™)™ =@ +bit + bt +...)7"
n>1

where the coefficient b,, is given by the sum

bn = Z(—l)Tail 7

that runs over all 1 < 41 < --- < % < n such that i1 + 2is + --- + 7, = n.
This formula shows that the coefficients a,,, n > 1, are determined uniquely by the
coefficients b,,, n > 1. Indeed, we have the recursive formula

Ay = bn — Z(fl)ra’il BRI 073

where the sum on the right-hand side ranges over 1 < 4; < -+ < %, < n such that

i1 + 2i9 + - -+ + ri, = n. To prove that the map v is a homomorphism from the

additive group W(A) to the multiplicative group (1 + tA[t])*, it suffices as usual

to consider the case where A is torsion free. In this case the vertical maps in the
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diagram of the statement are both injective, and hence, it suffices to show that the
diagram of the statement commutes. We calculate:

d a1 d J taqt?
t%log(H(l —agth) ™) = thalog(l —agth) =y ———

—gtd
d>1 d>1 a>1 1 —aaqt
— d d _ qiqd _ n/d
D) WFCTEED ) T O WY
d>1s20 d>1g¢21 n>1 dn
This completes the proof. (I

ADDENDUM 1.15. The map ~ induces an isomorphism of abelian groups
vs: Ws(A) = Ds(4)
where T's(A) is the quotient of the multiplicative group T'(A) = (1 + tA[t])* by the
subgroup Is(A) of all power series of the form ], ey (1 — ant™) ™t

PROOF. The kernel of the restriction map
RY: W(A) — Wg(A)
is equal to the subset of all vectors a = (a,, | n € N) such that a,, = 0, if n € S.
The image of this subset by the map ~ is the subset Ig(A) C T. O

EXAMPLE 1.16. If S = {1,2,...,m}, then Is(A) = (1 +t™TLA[t])*. Hence, in
this case, Addendum 1.15 gives an isomorphism of abelian groups
vs: W (A) = Tg(A) = (14 tA[t])* /(1 +t™ T A[t])*.
The structure of this group, for A a Z,-algebra, was examined in Example 1.11.

LEMMA 1.17. Let p be a prime number, and let A be any ring. Then the ring
homomorphism F,: W(A) — W(A) satisfies that F,(a) = a? modulo pW(A).

PROOF. We first let A = Z[a1,a9,...] and a = (a1, az,...). If suffices to show
that there exists b € W(A) such that Fj,(a) — a” = pb. By Lemma 1.9, the element
is necessarily unique; we use Lemma 1.1 to prove that it exists. We have

n/d n/d
wy (Fp(a) —aP) = Z dal; /d_ (Zdad/ )p
d|pn d|n
which is clearly congruent to zero modulo pA. So let = (z,, | n € N) with
1
Ty, = E(Fp(a) —aP).

We wish to show that z = w(b), for some b € W(A). The unique ring homomor-
phism ¢,: A — A that maps a,, to af, satisfies that ¢,(f) = f* modulo A, and
hence, Lemma 1.1 shows that x is in the image of the ghost map if and only if

In = ¢€ (an)
modulo £7¢(™ A, for all primes £ and all n € /N. This is equivalent to showing that

wn(Fp(a) = aP) = de(wn p(Fp(a) — a?))



modulo £v¢(™ A, if £ # p and n € ¢N, and modulo ¢?¢("+1 A if ¢ = p and n € /N. If
£ = p, the statement follows from Lemma 1.1, and if £ = p and n € /N, we calculate

wy(Fp(a) — a”) — gp(wyp(Fpla) — ap))
Z dap"/d Zdas/d Z da"/d
d|pn,difn d|n d|(n/p)

If d | pn and d 1 n, then v,(d) = v,(n) + 1, so the first summand is congruent to
zero modulo p*»(MF1A. Similarly, if d | n and d { (n/p), then v,(d) = v,(n), and

hence,
Z dan/d = Z dan/d

dln dl(n/p)
modulo p”»(") A. But then
Z dan/d = Z dan/d
d|(n/p)

modulo p?»(™*! A; compare the proof of Lemma 1.1. This completes the proof. [

Let e: W(A) — A be the ring homomorphism that takes a = (ay | n € N) to a.

PROPOSITION 1.18. There exists a unique natural ring homomorphism
A:W(A) — W(W(A))
such that wp(A(a)) = Fy(a), for all n € N. Moreover, the functor W(—) and the
ring homomorphisms A and € form a comonad on the category of rings.
PrROOF. By naturality, we may assume that A is torsion free. Then Lemma 1.9
shows that also W(A) is torsion free, and hence, the ghost map
w: W(W(A)) — W(AN

is injective. Lemma 1.17 and Lemma 1.1 show that the sequence (F,(a) | a € N) is
in the image of the ghost map. Hence, the natural ring homomorphism A exists.
The second part of the statement means that

W(Aa)oAa = AwayoAa: W(A) — W(W(W(A)))
and
W(ea)o Ag = ew(ayoAa: W(A) — W(A).
Both equalities are readily verified by evaluating the ghost coordinates. (Il
DEFINITION 1.19. A special A-ring is a ring A and a ring homomorphism
At A— W(A)
that makes A a coalgebra over the comonad (W(—), A, €).

Let (A,A: A — W(A)) be a special A-ring. Then the associated nth Adams
operation is the ring homomorphism defined to be the composition

P A W(A) A A
of the structure map and the nth ghost map.

The record the following theorem proved independently by Borger [2, Thm. A,
Cor. 9.5] and van der Kallen [12, Thm. 2.4]
13



THEOREM 1.20. Let f: A — B be an étale morphism, let S be a finite truncation
set, and let n be a positive integer. Then the morphism
Ws(f): Ws(A) — Wg(B)
is €tale and the diagram

Ws(f)
W (A) ————— Ws(B)

Ws/n(f)
Wge/n(A) 2 Wg/n(B)

18 cartesian. O

We remark that in loc. cit., the theorem above is stated only for those finite
truncation sets that consist of all divisors of a given positive integer. These trun-
cation sets, however, include all finite p-typical truncation sets, and therefore, the
general case follows immediately by applying Prop. 1.10.

14



2. The de Rham-Witt complex

In this section, we introduce the big de Rham-Witt complex. More precisely,
we fix a truncation set U and define a de Rham-Witt complex WYQY for every
sub-truncation set S C U. The big de Rham-Witt complex and the p-typical
de Rham-Witt complex correspond to the cases where U is the set of all positive
integers and the set of all powers of the single prime number p, respectively. We
prove in Cor. 5.7 below that, up to canonical isomorphism, WgQZ‘ depends only
on S and not on the truncation set U D S.

We recall that a truncation set is a subset S C N of the set of positive integers
with the property that if n € S, and if d € N divides n, then also d € S. The set J
of truncation sets is partially ordered under inclusion. We consider J as a category
with one morphism from 7 to S if T C S. Then, if A is a ring, the assignment
S +— Wg(A) defines a contravariant functor from the category J to the category
of rings, and this functor takes colimits in the category J to limits in the category
of rings. Moreover, the assignment S — S/n is an endo-functor on the category J,
and the ring homomorphism

Fo: Ws(A) — Wg/,(A)
and the abelian group homomorphism
Vit Wg/n(A) — Wg(A)
are natural transformations with respect to the variable S.

DEFINITION 2.1. Let U be a fixed truncation set. A U-Witt complex over A is
a contravariant functor

S— Ey

that to every sub-truncation set S C U assigns an anti-symmetric graded ring E
and that takes colimits to limits together with a natural ring homomorphism

A Wg(A) — EY
and natural maps of graded abelian groups

d: BY — B

F,: Eg — Eg/n
Vi Eg/n — El

such that the following (i)—(v) hold:
(i) Forallz € F, y € Eg/, and a € A,
d(z-y) =d(z) -y + (=1)%z - d(y)
d(d(z)) = dlog A([—1]s) - d(z)
dX([a]s) - dX([a]s) = dlog A([-1]s)A(lals)dA([a]s).

(ii) For all positive integers m and n,
=V, =id, FnFy = Fnn,  VaVie = Vinn,
E,V, =n-id, F,V,=V,F, if(m,n)=1.

F N =AF,, Vo\=A\V,,
15



(iii) For all positive integers n, the map F), is a ring homomorphism, and the
maps F,, and V,, satisfy the projection formula that for all z € EY and y € EY P

- Vo(y) = Va(Fa(2) - y).
(iv) For all positive integers n and all y € Eg/n,
FadViu(y) = d(y) + (n — 1)dlog A([=1]s/n) - y-
(v) For all positive integers n and all a € A,
FrdA([la]s) = Mlalg/, )dM([als/n)-
A map of U-Witt complexes is a natural map of graded rings
f: Es — Eg’

such that fA=XNf, fd=d'f, fF,=F.f, and fV, =V, f.

REMARK 2.2. We abbreviate dlog[—1]s = dlog A([—1]s). This element is not

always zero, but it is zero in many interesting cases. We mention the following:

(a) If 2 is invertible in A, then dlog[—1]s = 0. Indeed, since d is a derivation,
2dlog[—1]s = dlog[l]s = 0.

(b) If 2 =10 in A, then dlog[—1]s = dlog[l]s = 0.
(c) If all n € S are odd, then dlog[—1]s = 0. Indeed, in general,

[—1]s = —[1]s + Va([1]s/2)-

If dlog[—1]s is zero, then d is a differential and makes Ey an anti-symmetric dif-
ferential graded ring. We also note that every U-Witt functor is determined by its
value on finite sub-truncation sets S C U.

LEMMA 2.3. Let m and n be positive integers, let ¢ = (m,n) be the greatest
common divisor, and let k and l be any pair of integers such that km+1In = c. The
following relations hold in every U-Witt complex:

dF, =nF,d, V,d=ndV,,

FondViy = kdFy, 10V g + I Vi ed + (¢ — 1)d10g[—1]s/m - Frn Vi e
dlog[-1]s = 32,5, 2" 'dVar ([1]5/2r),

dlog[—1]g - dlog[-1]s =0, ddlog[—1]s =0,

F,(dlog[—1]s) = dlog[—1]g/n, Vn(dlog[—1]s/n) = Va([1]g/n)dlog[—1]s.

ProOOF. The calculation
dF,(z) = FdV, F(z) — (n — 1)dlog[—1] - Fi.(x)
= Rd(V (1)) - 2) — (n — dlog[~1] - Fa(2)
= F,(dV,([1]) -z + V,([1]) - dz) — (n — 1)dlog[—1] - F,,(x)
= F,dV,([1]) - Fn(z) + B Vi ([1]) - Frd(z) — (n — 1)dlog[—1] - F(x)
= (n—1)dlog[—1] - Fy(x) + nFpd(z) — (n — 1)dlog[—1] - F,,(x)
=nF,d(x)
16



verifies the first relation, and the second relation is verified similarly. Next,
F(dlog[~1ls) = Fu([~15"d[~1]s) = Fun((~1J5") Fnd([~1]5)
U5 1A gy = [ U5 d= Vs /m
= dlog[—1]s/m,

which shows the next to last formula, and the last formula then follows from the
projection formula. Using the four relations proved thus far, we find

FndVp (3) = Fyy o FodVeVy o)
= FpyedVyyye(x) + (¢ = 1)dlog[—1] - Fp, Vi e()
= (k(m/c) +1(n/c))Fy/cdVy e(r) + (¢ — 1)dlog[—1] - Frpy /e Vo)
= dem/CVn/C(QE) + lFm/CVn/Cd(.T) + (¢ — 1)dlog[—1] - Fm/CVn/C(:E).
To prove the formula for dlog[—1]s, we recall from Addendum 1.7 that
[—1ls = —[1s + Va([l]s/2)-
This is also easily verified by evaluating ghost coordinates. Hence,
dlog[—1]s = [-1]sd[-1]s = (—[1]s + Va([1]s/2)d(—[1]s + V2([1]s/2)
= —dV2([1]s/2) + Va(F2dVa([1]5/2))
= —dVa([l]s/2) + Va(dlog[—1]5/2)
= dVa([1]s/2) + Va(dlog[—1]s/2)
where the last equality uses that 2dV5([1]5/2) = Vd([1]g/2) = 0. The stated formula

now follows by easy induction. Using this formula, we find

dVadlog[—1] g2 = Y 2"ddVyrsr ([1]s2r+1)

r>1

= 2"dlog[~1]s - dVar1 ([1]5/2r+1)

r>1
which is zero, since 2dlog[—1]s = 0. The calculation
(dlog[-1]s)* = (d[-1]5)* = (dVa([1]s/2))®

= d(V2([1]s/2)dV2([1]s/2)) — Va([1]s/2)ddV2([1]s/2)

= dVadlog[—1]g/2 — Va([l]s/2)dVadlog[—1]s/2

= dVadlog[—1]g)s([1]s — Va([1]s/2))
then shows that (dlog[—1]g)? is zero as stated. This, in turn, shows that

ddlog[~1)s = d([~1]sd[~1]s) = d[—1]sd[~1]s + [~1]sdd[~1]5
= [-1]sdd[-1]s = [-1]sdlog[-1]sd[-1]s = d[-1]sd[-1]s = 0.

This completes the proof. O

COROLLARY 2.4. Let Ey be a U-Witt complex and define d: El — Egﬂ by

d(z) = d(x), if q is even,
= d(z) + dlog[—1]s -z, ifq is odd.

Then d is a differential and a derivation for the product on Ey.
17



PROOF. To see that d is a differential, we calculate:
d(d(x) + dlog[—1]s - ) = dd(x) — dlog[—1]g - d(z)
— d(x) - dlog[~1]s — dlog[1]s - d(z) =0,
d(d(z)) + dlog|—1]s - d(z) = dlog[—1]s - d(z) + dlog[—1]s - d(z) = 0,

where we have used that ddlog[—1]s = 0. We leave it to the reader to verify that
d is a derivation. g

We recall that a graded ring E" is said to be anti-symmetric if, for every pair of
homogeneous elements = and y,
Ty = (71)‘1“y‘y - T,
and alternating if, in addition, the square of every homogeneous element of odd

degree is equal to zero. The two notions agree, if 2 is invertible in E°. If A is a
ring and M an A-module, then the graded ring

Aa(M)=Ta(M))(zQy—yQa |2,y M)

is the free anti-symmetric graded A-algebra generated by M. We let d: A — QY be
the universal derivation from A to an A-module and consider the graded A-algebra

QA = /A\AQ}L‘
The derivation d: A — QY gives rise to a differential on €2, defined by
d(aodas . ..dag) = dapda; . ..dag,

where agday .. .dag denotes the class of apda; ® - -- ® dag in Q%. The differential d
makes Q;‘ an anti-symmetric differential graded ring. Suppose that E" is an anti-
symmetric differential graded ring and that A\: A — E° is a ring homomorphism.
Then there exists a unique map of differential graded rings

QA — B
that extends the given map A\: 4 — E°. We let Eg be a U-Witt complex over A

and consider g as an anti-symmetric differential graded ring with respect to the
differential d of Cor. 2.4. Then there is a unique map of differential rings

QWS (a) — Ey
that extends the given map A\: Wg(A) — E2.

Let U be a truncation set. We now prove that the category of U-Witt complexes
has an initial object WY€Q,. If U C U’ are two truncation sets, then for every
sub-truncation set S C U, there is a canonical map

WY, — WY,
We prove in Cor. 5.7 below that this map is an isomorphism, and thereafter, we

willl write W', instead of Wgﬂg.

PROPOSITION 2.5. Let U be a truncation set. Then the category WY of U-Witt
complexes over A has an initial object WgQA. Moreover, the canonical map

A U
QWS(A) — Wy
1S a surjection.

18



PROOF. We use Freyd’s adjoint functor theorem [10, Chap. V, §6, Thm. 1] to
show that #/{ has an initial object. Clearly, #/{ has all small limits, so we must
verify the solution set condition: There exists a set {E(a)y | o € &/} of objects in
#J, such that for every object E5 of #{, there exists a morphism in %

f: E(a)s — Eg,
for some o € &7, To this end, we show that the image I of the canonical map
Qwga) — Es
is a sub-U-Witt complex of Ej. Since the image is canonically isomorphic to a
quotient of QWS 4y and since there are only a set of such quotients, it will follow
that the solution set condition is verified. By definition, I C E} is a sub-differential
graded ring, and since dlog[—1]g € I}, the operator d: E% — E&™ restricts to an
operator d: I{ — Ig“. Moreover, the restriction R3: Ey — Ej restricts to a map
of graded rings R3: Iy — I;. Tt remains only to show that the Frobenius and
Verschiebung satisfy Fy,(Ig) C Iy, and Vin(Ig,,,) C Ig. Every element of Ig/m
can be written, non-uniquely, as a sum of elements of the form
w = Aag)dA(a1)...d\(ag),
where ag, . ..,a, € Wg/,(A). We have
Vin(Ma)dA(a')) = Vin(A(@) FrndVin(A(a)) = (m — 1)dlog[—1]s/mA(a’))
= AVin(a))dA(Vin(a')) — (m — 1)dlog[—1]sA(Vin(aa)).
Since dlog[—1]sdlog[—1]s = 0, this shows that
V(W) = A(Vin(@0))dA(Vin(a1)) . . . dA(Vin(aq))
+ (m = Ddlog[~1]s Y A(Vim(a0a:))dA(Vin(a1)) ... dA(Vin(as)) . .. dA(Vm(ay))
1<i<q
which is an element of Ig' as desired. Since F}, is multiplicative, it suffices to show
that it maps each factor on the right-hand side of the formula for w to an element
of Ig/m. We have F,(A(ag)) = A(Fm(ap)) which proves the statement for the first
factor. For the remaining factors, we write out a; € Wg(A) as a sum

a; =Y Vallain]s/m)-
nes
Let ¢ = (m,n) be the greatest common divisor of m and n. We then have
Fmd}‘(Vn([ai,n]S/n)) = Fm/chchVn/c)‘([ai,n]S/n))
= FrnyedViyeMN[ain]s/m) — dlogl—1]s/mA(F/eVise(lain]))-
The second summand in the lower line is in é m- Yo prove that this holds also for
the first summand, we choose k and [ such that km + In = ¢. Then

Fm/cdvn/c/\([ai,n]S/n> = (km/c + ln/C>Fm/chn/c/\([ai,n]s/n>
= kd\(Fr/eVayel[@inls/m)) + UFmyeVasedN([ain]s/n)-

The left-hand term on the bottom line is in é I and to see that the same is true
for the right-hand term, we write

lFm/cVn/cd)‘([ai,n]S/n) = an/CFm/cd)‘([al,n]S/n)

= Vo eM(ain] 5/ )N (@50 5/e)),
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where e = mn/c. Since Vn/c(lé/e) C Ié/m, we find that Fy, (I¢) C Ig/m as desired.
We conclude that #{ has an initial object WY, as stated.
Finally, the argument above shows that the image I of the canonical map
QWS(A) — W5y
is a sub-U-Witt complex of WY(,. Hence, there exists a map r: W4, — I of
U-Witt complexes over A. The composite map
wiay, 5 Iy — Wi,
is an endomorphism of the initial object of #4. But the only endomorphism of an

initial object is the identity map. It follows that the inclusion of Iy into WYQ, is
surjective, and hence, an isomorphism. Il

REMARK 2.6. Suppose that A is an algebra over a ring k. We define a U-
Witt complex over A relative to k to be U-Witt complex E over A such that the
derivation d: Ef — Egﬂ is Wg(k)-linear. The proof of Prop. 2.5 shows that the
category of U-Witt complexes over A relative to k£ has an initial object W’gQ;4 Ik
the relative de Rham-Witt complex. This complex was constructed and studied by
Langer and Zink [9], at least for p-typical U. There is a canonical surjection

Wy Q4 — wg Q% /k
from the absolute de Rham-Witt complex onto the relative de Rham-Witt complex.

In general, it is not an isomorphism for k& = Z; compare [5].

LEMMA 2.7. The map X\: Wg(A) — WYQY is an isomorphism.

PROOF. We may define a U-Witt complex with E¢ equal to Wg(A), for ¢ =0,
equal to zero, for ¢ > 0, and with \: Wg(A) — E2 the identity map. Hence, there
is a unique map of UWitt complexes Wng — E. The composite map

QgWS(A) - WgQi — B

is an isomorphism, for ¢ = 0, and the left-hand map is surjective. But then the
left-hand map is an isomorphism, for ¢ = 0, as desired. O

REMARK 2.8. If U = N or U = P, the axiom that
dX([a]s) - dA([a]s) = dlog A([=1]s)A([a]s)dA([a]s)

is a consequence of the remaining axioms. Indeed, given a sub-truncation set S C N,
we can find a sub-truncation set R C N such that S = R/2, and then

dX([a]s) - dX(lals) = d(A(lals)dA(lals)) — A(lals)ddA(la]s)
= dFyd)([a]r) — dlog A([—1]s)A([a]s)dA([a]s)
= 2Fydd)([a]r) — dlog A([—1]s)A([a]s)dA([a]s)
= dlog A([~1]s)A([a]s)dA([a]s)
since 2dlog A([—1]g) is zero. The case U = P is similar.

20



3. p-typical decomposition

We recall from Prop. 1.10 that the ring of big Witt vectors of a Z,)-algebra
decomposes as a product of rings of p-typical Witt vectors. We show in Prop. 3.6
that the big de Rham-Witt complex of a Z,)-algebra decomposes similarly. Let
again P = {1,p,p?, ...} be the set of all powers of the single prime number p.

Let A be a Z,)-algebra, and let i*: # — #J"" be the forgetful functor from
the category of U-Witt complexes over A to the category of U N P-Witt complexes
over A. We define a functor

(3.1) i w0 oyl

as follows. Let D be a U N P-Witt complex over A. We define

(D)% ]___[ DS/ka
keI(S)

with componentwise multiplication. Here, we recall, I(.S) denotes the set of k € S
such that p does not divide k. We define the ring homomorphism

A Ws(A) — H Ws/knp(A) — H Dg/kﬁP = (i!D)%
keI(S) keI(S)

to be the composition of the ring isomorphism of Prop. 1.10 and the product of the
given ring homomorphisms A\: Wg/,np(A4) — Ds/mp If S’ C S is a sub-truncation
set, then I(S’) C I(S), and we define the restriction map

R: (D). = ] D& rp — II D& rp — 11 DY, op = (0D,
keI(S) keI(S’) keI(S")

to be the composition of the canonical projection and the product of the given

restriction maps Rg/ /k,?mPP Dg kAP DS kAP We define the derivation
. q+1 q+1
F (D) = H DS/kﬂP - H DS/kﬂP (@D)s
kel(S kel (S

to be the product of the maps + Ld: Ds/mp — DqSJ/r,imP If n is a positive integer,

and if n = p®h with h prime to p, then we define the Frobenius operator
Fo: (iD)§ = H Dg/mp - H Dg‘/hlﬂP - H Dg'/pshlﬂP = (i!D)%/n
keI(S) hleI(S) leI(S/n)
to be the composition of the canonical projection and the product of the given

Frobenius maps Fjs: D S/minp D? We define the Verschiebung map

Vn5(“D) H DS/pshlmPH H DS/hmPH H DS/ka (D)%
1€I(S/n) RIEI(S) kEI(S)

S/p*hinP*

Dq

to be the composition of the product of the maps hV,:: DY S/hinP and

S/pshinP
the canonical inclusion.

LEMMA 3.2. Let A be a Z)-algebra. Then iy: WIP — U is a well-defined
functor and (i*,4)) forms an adjoint pair of functors.
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PROOF. We leave it to the reader to verify the first statement and prove the
second. Let E be a U-Witt complex over A, and let D be a U N P-Witt complex
over A. We define a the unit of the adjunction to be the map

n: By — (" E)g = H Eg/ka
keI(S)
whose kth component is Ri;:m p © I, and the counit to be the identity map
e: (i*iD)% = DY, — D1.

Now, let f:i*E — D be a map of U N P-Witt complexes over A. It follows
immediately from the definitions that the composition

B it B 2 0D S D
is equal to f as required. Finally, let g: £ — 4D be a map of U-Witt complexes

over A. Then the following diagram commutes.

q

9s
Ey ——— Iluercs) Péjanp

o l
gg/k
q q
Eg)y —— Hle](S/k) Dgpnp
S/k
RS;ka lpr

q

g

q S/kNP q
ES/ka - DS/ka'

The composition of the top horizontal map and the right-hand vertical maps is
the kth component of the map g: E — 4D, and the composition of the left-hand
vertical maps and the lower horizontal map is the kth component of the composition
B i'E XY 50D "% D,

Hence, the two maps are equal as required. ([

COROLLARY 3.3. Let A be a Z,)-algebra, and let U be a truncation set. Then
for every sub-truncation set T C U N P, the canonical map

winra, — wiaoy,

s an tsomorphism.

PROOF. The map of the statement is the unique map from the initial object
in the category # ™ to the image by the functor i* of the initial object in the
category #/Y. Since i* admits the right adjoint i, it preserves initial objects. [

We again assume that A is a Z,)-algebra and define a new functor
(34) i!: WAU — AUHP

as follows. Given a sub-truncation set T C UNP, we define [T'] C U to be the largest
sub-truncation set with the property that [T7N P =T. Let e; € Wi(A) be the
idempotent defined in the statement of Prop. 1.10 and recall that the composition

R7]
(6% 30 W[T] (A) s €1 — W[T] (A) L WT(A)
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is an isomorphism. Then, given a U-Witt complex F over A and a sub-truncation
set T'C U N P, we define

(i'E)} = Efpy - Mer) C Bl

and define the ring homomorphism
A: Wr(A) — Wiy (A) - er — Efpy - Mer) = (' B)g
to be the composition of the inverse of the isomorphism a7 and the map induced
from the given map A: Wz(A4) — E[OT]. The derivation d: EE?T] — E%l annihilates
A(e1), and hence, restricts to a derivation
d: (iI'BE)% — ('BE)&

The restriction map RH/? Bl — Efpy ), maps R%/p()\(el)) = A(e1), and hence,
defines a restriction map

Rg/p: (i'E) — (i E)T/p

Finally, the Frobenius map F},: Ej — Ejpy,, maps Fp(A(e1)) = A(e1), and hence,
F, and V,, define Frobenius and Verschiebung maps

E,: i'E)%L — (i'E)?
Vp: (z E),

T/p
T/p — (i'B)L.

LEMMA 3.5. Let A be a Zy-algebra. Then it WY — WP s a well-defined
functor and (iy,i') forms an adjoint pair of functors.

PROOF. Only the second statement needs proof. The composition
pr
@D =TI Diyjper) - Me) = [ Dlyjprp — D
keI([T]) keI([T7)

is an isomorphism, and we define the unit map n: D% — — (4" irD)%. to be the inverse
map. Let E be a big Witt complex over A, and let k: be a positive integer that is
not divisible by p. We claim that the map %Vk: E{ /e EY restricts to a map

%Vk: Eg‘/k . )\(61) — Eg . )\(ek).
Indeed, we have Vi (A(e1)) = A(ex), and therefore, that
#Vi(@A(er)) = £Vi(Fi(3 V() - Aer)) = 1 Vi(2) 1 Vi(Mer)) = £ Vi(z)Aer)-

We now define the counit e: (iyi' E)% — E% to be the composition

H ES/kﬁP (e1) H [S/kﬁP] Aler) H E§ -

keI(S eI(s keI(S)

of the product of the maps %Vk and the product of the maps R[gs/ ") One readily
verifies that this makes (i1,4') an adjoint pair. O

PROPOSITION 3.6. Let A be a Zy)-algebra, let S a truncation set, and let 1(S)
be the set of k € S with k not divisible by p. Then there is a canonical isomorphism

wgay =[] WEiaie;
keI(S)
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whose kth component is the composite map

S/k

F; S/kNP ~
U 4 k U q U q UunpP q
WS QA WS/k A ? WS/kﬁPQA ¢ WS/kﬁPQA'

PROOF. The map of the statement as the unique map from the initial object
in the category #{ to the image by i, of the initial object in the category #Y"F.
Since 4, admits the right adjoint functor i', it preserves initial objects. [

LEMMA 3.7. Let A be a ring, let U be a truncation set, and let p be prime number.
Then for every finite sub-truncation set S C U, the canonical map

(WSQ%) @2 Zgpy — Wz

is an isomorphism.

PROOF. The statement for ¢ = 0 is proved by an induction argument similar
to the proof of Lemma 1.9. It follows that the groups (WYQ%) ®z Z,) for S C U
finite define a big Witt complex over A ®z Z,). The resulting map

W§Qhg,z,,, = (Ws)) ®z Zg,)

is inverse to the map in the statement. (I

Let U C P be a p-typical truncation set, and let £ be a U-Witt complex. Every
finite sub-truncation set S C U is of the form S = {1,p,...,p" !} for some non-
negative integer n. In this case, we will often abbreviate Ef = Fl, R = Rg I
F =F,, and V =V,. In particular, we write

w4 =wgad
for the U-de Rham-Witt complex. The following result is very helpful in verifying

axiom (v) of Def. 2.1. The case where p is odd was proved by Langer-Zink [9, proof
of Prop. 1.3], and the case where p = 2 was proved by Costeanu [4, Lemma 3.6].

LEMMA 3.8. Let p be a prime number, let U C P be a p-typical truncation set,
and let S = {1,p,...,p" "1} be a finite sub-truncation set. Suppose that, in the
situation of Def. 2.1, the axioms (i)—(iv) hold in general and the aziom (v) holds
for all m < n. Then the difference

FdX([aln) = A([alh=1)dA([a]n-1)
is an additive function of a € A.

PROOF. We suppress the ring homomorphism A and use p-typical notation. It
suffices, by naturality, to consider A = Z[z, y] and show that

Fdlz + yln — Fd[z], — Fd[yln
= o+ ylh1dle + ylaor — (21 1dlelr = I 1dlyla-1
If we define 7 € W,,_1(Z[x, y]) by the equation
[+ yln = [2]n + [Y]n + VT,
then the left-hand side of the equality in question becomes

Fd[z + y], — Fdx], — Fd[y], = FdVT =dr + (p — 1)dlog[—1]—17.
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Applying F' and R, respectively, to the equation defining 7, we get

[z +ylh_y = [2lh_1 + oy +pr,
[:E + y]n—l - [ ]n—l + [ ]n—l + VTa
where 7 = Rt € W,,_2(Z|x,y]). Hence,
pr = ([2]n—1 + W1 + VTP =[]}y — [y]h 1
Since Wy,_1(Z[x,y]) is p-torsion free, and since
(V)P =pP~tV(7P),
we may divide this equation by p to obtain the following formula.
(-1 j - _ _
r= > b R ()
0<i,j,k<p
i+j+k=p

For the right-hand side of the equation in question, we calculate:

[z +yhid[z + yln-1 — [z]ﬁflld[fc]nfl — Whid[y]n—1
= ([zln-1+1y ]n L+ VAP ]y — (28 d[2]n-1
+ (B 4 Wt + VAP )1 — W2 dy]ns

+ ([#)n-1 + [Yln—1 + VTP 1AV T

(p—1)! ., . )
- Z ik [z]nfl[y]izfl(v’f')kd[z]nil
o<igk<p P
it+j+k=p—1
i#Fp—1

E : -1 j —\k
+ Z'j'k' [‘T]nfl[y]n—l(VT) d[y]"—l
0<4,5,k<p
i+j+k=p—1
Jj#p—1

(P—l)! i j - =
+ Z W[ﬂﬁ]n—ﬂy]z}q(vﬂkd‘/T
0<4,5,k<p
it+j+k=p—1
i#Ep—1
+ (v lavr

=dr + (VF)P~1dVF — pP2dV (7).

Hence, to complete the proof, it suffices to prove the formula
(VAP~1aVF — pP=2dV (7P) = (p — 1)dlog[—1],_1 7

We show that, in fact, this formula holds for every element 7 € W,,_1(A). Suppose
first that p > 2. Then, using the axioms (i)—(iv) only, we have

pP=2dV (7P) = pP PV d(7P) = pP 2V (7P~ Ldr)
=pP 2V (P 1)dVF = (VF)P~ladV,
where we have used that (p — 1)dlog[—1],—1 is zero. This completes the proof for

p > 2. So assume that p = 2. We must show that

V(7)dV (7) — dV (7*) = dlog[—1],_17.
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The proof is by induction on n and has three parts. We first show that the formula
holds if 7 = [a],,—1, a € A. We then assume the formula for n € W,,_2(A) and show
that it holds for 7 = V7. Finally, we show that if the formula holds for 7 and 7/, it
holds for 7+ 7'. So let a € A, and recall from the proof of Lemma 2.3 that

dlog[—1]n—1 = V([ln-2)dV ([1]n—2) — dV([1]n2).
Hence,
dlog[~1],-1[a]n—1 = V([a]; _2)dV ([1]n—2) — dV ([1]n—2)[a)n—1
= V(lals—2)dV ([Ln—2) — dV([al_5) + V([1]n-2)dlaln-1,
and the assumption that axiom (v) holds for m = n — 1 shows that
V([ln-2)dla]n-1 =V (Fdla]n-1) = V([a]n—2d[a]n—2)
= V(laln—2)dV ([a]n—2) = V([a]}_3)d log[-1]n—1
Hence, to complete the proof for 7 = [a],—1, it remains to show that
V ([l —5)dlog[1]n—1 = V([a];,_5)dV ([1]n—2).

But the formula for dlog[—1],,—1 that we recalled above shows that the difference
between the two sides is equal to

V([aln—2)V ([Un-2)dV ([Un-2) = 2V ([a];,_2)dV ([1)n—2 = V([a];, ) Vd([1]n-2)
which is zero as desired. Next, let n € W,,_2(A) and assume, inductively, that
V(@)dV (i) — dV (7*) = dlog[~1],,—2.
We claim that by applying the Verschiebung to this equation, we get
VE(@)dv?() — dV ((Vi)?) = dlog[~1]n—1V (1)
as desired. Indeed,
V(V(7)dV (7)) = V(V(7)dV () + V (7)*dlog[~1]n—2)
= V(V()FdV?(7)) = VZ(7)dV?(7),
V(aV (7)) = 2dVZ(*) = dV*(7F7) = dV ((V)?),
V(dlog[—1]n—2n) = dlog[-1]n—1V ().
Finally, suppose that 7,7 € W,,_1(A) both satisfy the formula in question. Then
V(T +7)dV (T +7') = V(7)dVT + V(7)dV7 + V(%)de’ +V(7)avr,
dV((7 +7)%) = dV(7?) + dV (7'?) + 2dV (77
=dV(7%) +dV(7?) + d(V(7)V (’ )
=dV(7%) +dV(F?) + V(F)aV7 + V(7)dV 7,
dlog[—1],—1(7 + 7') = dlog[—1],,—17 + dlog[—1]
It follows that
V(FE+7)avV(r+7)—dV(F+ 7)) =dlog[—1]n_1(7 + 7')
as desired. This completes the proof of the induction step. (I

an

We apply Lemma 3.8 to evaluate the de Rham-Witt complex of the ring of
integers. It turns out that, up to canonical isomorphism, the groups Wgﬂ% are
independent of the truncation set U, so we omit this in the statement.
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PROPOSITION 3.9. The big de Rham-Witt complex of 7 is given as follows:

WsQ) = [ Z- VaAd((Us/m),
nes

WsQp = [[ Z/nZ- dVu([1ls/n),
nes

and the groups in degrees q > 2 are zero. The multiplication is given by

VinA([Us/m) - VaA([s/n) = ¢+ VeA([1]s/e)
VinA([Us/m) - dVaA([s/n) = km - dVeA([1]s.)
+(e—1)> 2 e dVareA([1] g 20e),

where ¢ = (m,n) is the greatest common divisor of m and n, e = mn/c is the least
common multiple of m and n, and k and | are any integers such that km + In = c.
The Frobenius and Verschiebung operators are given by

Fmvﬂ/\([l]s/n) =cC- Vn/c)‘([l]S/e)a
FdenA([l]S/n) =k- an/c)‘([l]S/e)
+(c= 1)) (27 'n/c) - dVarnseA([Ls/2re);
Vm(VnA([l]S/mn)) = an/\([l]S/mn)a
Vi (dVaX[1]s/mn)) = m - dVin A1 5 /mn)-

PrROOF. We may assume that S C U is finite. We will also omit the map A
from the notation. The statement for ¢ = 0 follows from Lemma 2.7 and Prop. 1.6.
We first show that Wgﬂ is a quotient of the stated group and that WUQZ is zero.
By Prop. 2.5, the group WY}, is generated by the elements V;,,([1 1s/m)dVan (1] s/n)
with m,n € S, and to show that the elements dV,,([1]s/,) with n € S suffice as
generators, we verify the stated formula for the multiplication. To this end, we first
verify the stated formula for the Frobenius. By Lemma 2.3,

FrndVio([Us/m) = kdFr cViye([Us/n) + dlogl=1]s/m - FinjeVase(ls/m)
= kdVyc([s/e) + dlog[—1]s/mVanse((1]s)e)
= den/c([l]S/e) + Vn/c(dlog[_l]S/e)'

and since

dlog S/m Z 2" d‘/QT S/QTm)

r>1
we obtain the stated formula. Now, since

Vm([l]S/m)an([l]S/n) = Vm(Fden([l]S/n))

and since V,,d = mdV,,,, we obtain the stated formula for the multiplication. Hence,
the elements dV;,([1]s/,) with n € S generate the group WgQ}. It follows that this
group is a quotient of the stated group. Indeed,

ndVo([]s/n) = Vad([lls/m) = 0

since d is a derivation. To show that WgQ% is zero, it will suffice to show that
ddV,,([1]g/n) is zero for all n € S. Indeed, by the formula for the multiplication,
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this implies that also dV;,([1]s/m) - dVi([1]s/n) is zero for all m,n € S. Now,
ddVi([1s/n) = dlog([=1]s) - dVi([1]s/n) = d(dlog([~1]5) - Va([1]s/n))
= AV (dlog([~1]s/n)) = D 2" dVadVar ([1]5/27n)
= nddVYQn([l]S/Qn)a r21
and since S is finite, we conclude that ddV;,([1]s/n) is zero by easy induction. This
shows that WgQ% is zero for ¢ > 2 as stated.
It remains to prove that the canonical quotient map
11 z/mz - avi([1]s/n) — W55
nes
is the identity map. Since the groups in question are finite, it will suffice to show
that, for every prime number p, the p-primary subgroups of the two groups have

the same order. Now, by Cor. 3.6 and Lemma 3.7, the induced map of p-primary
subgroups takes the form

H Z[p°L - dVper([1]s/per) — H Wg?kﬁPQ%-
keI(S)pseS/kNP keI(S)
Therefore, it will suffice to prove the stated formula for the group Wgﬂk in the case

where U C P is a p-typical truncation set. So we assume that U C P is p-typical
and proceed to show that there exists a U-Witt complex E over Z with

Ey= 1] z-v*(a-s)

0<s<n
Ey= 1] z/p°zZ-av (1],
1<s<n

and with £ = 0 for ¢ > 2. Here, and in the rest of the proof, we use p-typical
notation. As we have seen above, the multiplication and the Frobenius and Ver-
schiebung operators must necessarily be given by the stated formulas. Conversely,
one readily verifies that the multiplication and Frobenius and Verschiebung opera-
tors so defined satisfy the axioms (i)—(iv) of Def. 2.1. Hence, to show that F is a
U-Witt complex over Z, it remains only to prove axiom (v): For all integers a and
all positive integers n such that p™ € U,

Fdla], =[]y~ d[a]n-1.

By Lemma 3.8, it suffice to consider @ = 1, and since d is a derivation, both sides
are zero. This completes the proof. (]

REMARK 3.10. We invite the reader to attempt to prove the equality
Frd\([a]s) = A([a]g™")dA([a]s)

directly from the formula for [a]s given in Addendum 1.7 and the formulas for the
multiplication and the Frobenius given in statement of Prop. 3.9.
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4. The de Rham-Witt complex of a polynomial algebra

Let U be a truncation set, and let f: A — A’ be a ring homomorphism. Given a
U-Witt complex E over A’, we may view E as a Witt complex over A by replacing
the natural transformation A by the composition A o Wg(f). This defines a direct
image functor f,: #% — #Y. One may show, as in the proof of Prop. 2.5, that f.
has a left adjoint inverse image functor f*: #Y — #5, and since the left adjoint
functor preserves colimits, the canonical map

WY, — FFWEQ,
is an isomorphism. In this section, we let U be a p-typical truncation set, let A

be a Z,)-algebra, and derive a formula for the inverse image functor f* associated
with the map f: A — A[X] that includes the constant polynomials.

We fix a prime number p and a p-typical truncation set U. Let
n: Ef — [ fTE}
be the unit of the adjunction (f*, fi). We consider the maps of abelian groups
e(s,j,€): En_s — (fof"E)} = (f"E)},

that takes to £ to the basic Witt differential e(s, j, €)(§) of one of the following four
types (I)-(IV). Let I, be the set of positive integers not divisible by p.

(I) For s =10, j € Ng, and € =0,
e(s, 7,€)(&) = n(&)[X]3,.
(IT) For s=0,j € N, and e = 1,
e(s, 5, €)(€) = n(©) X}, d[X]n.
(II) For 1 < s <mn, j € I, and € = 0,
e(s,4,9)(€) =V (n(E)IXT,).
(IV) For1<s<mn,jely ande=1,
e(s, j,€)(€) = dV*(n(€)[X]7,_,).
The basic Witt differentials define a map of abelian groups
e: P(E), =P EIZ — (f"E)}

where the indices s, j, and e for the direct sum vary as in (I)~(IV) above. We
proceed to show that this map is an isomorphism.

The requirement that the map e be a natural map of U-Witt complexes over A[X]
leaves but one way to define the structure of U-Witt complex on the collection of
groups P(E)%. We record the definition and begin with the product

(4.1) p: P(E)! @ P(E) — P(E)I9 .
We write (p: A-B) to indicate the product of basic Witt differentials of type (A) and
type (B). We omit the unit n and the subscript on the Teichmiiller representatives
from the notation. We also recall that, for p odd, the class dlog[—1] is zero.
(u: I-1). If 4,/ € No, then
EXY XY =g/ [XPH
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(u: I-II). If j € Ny and j' € N, then
XY - IXP T IX] = g [XPH X,
(p: HII). If 1 < s’ < n, j € Ny, and j' € I, then
§XV v X)) = v (F O IXPT).
(p: I-IV). If 1 < ¢’ < n, j € Ny, and j' € I, then

iU ey — (el d s s\ el [ 1P i+
EXY - dVE(E[X]) = (-1) ps/j+j,dV (F*(&)E'[X] )

DS S e x4 (1)lEl S S0 (e[ P T
(—1)EVE(Fd(€)e'[X] )+ (1) i (d(F*(£)¢")[X] ).

(w: II-IT). If 4,4’ € N, then
EXPHIX] - XY T AIX] = dlog[-1]¢¢ [XP T d[X].
(p: II-IID). If 1 < s < n, j € N, and j' € I, then
XPX] - vEE X)) = (—1 |5|7/p5/ ave (R (e)¢ [ X+
X d[X] (5[])()psj+j, (F*(9¢'[X] )

e Y s s ey e i
(=1 ps/j+j,V (d(F*(§)E)[X] )-

(p:II-IV). If 1 < ¢ < m, j € N, and j' € I, then

J=1 gty v (e Ty — (el L s s’ N xpt i+
EIXPTdIX]-dVe (E'[X) ) = (-1) ps/j+j,dV (F*(&)d(&)[X] )
1

s s’ ’ 5/‘+‘/ v s’ . s’ , 5/,+4/
r/jﬂ,V (F¥d(€)d(EN[X]P 7Y + jV¥ (dlog[—1])F* (€)de' [X P IH")

_ (,1>|€|

(p: III-IIT). If 1 < s < s’ < n and j,j’ € I, then
VEEXP) - VIEXY) = p VEI(F @ XTI,
ifl<s=¢<mn,jj €l, and v=1v,(j +j') <s, then
VHEXP) VIEXY) = p V(v IXp )
ifl<s=¢<mn,jj €l, and v=uv,(j+j') > s, then
VEEXP) - VIEXP) = pve g ut.
(p: TI-IV): If 1 < s < ' <mand j,j" € I, then

s N U U — (el P S ps—s o\ el [ 1P G
VEEX)) - ave (X)) = (-1) ps,,strj,dV (F*~2(€)¢'[X] )

— (CDEV O X)) 4 v (gl -] P (@ (XTI
D v A T O X))

IR
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if1<s <s<mnandjj €I, then

5 . (¢! iy = (—1)lél ij/ s s—s' (¢l j+p5*3/j’
VAEXP) v EIXY) = (1) Py )

+ Vs(é-sts'd(é-/)[X]j+psfs/j’) Ly (dlog[*l]fF57S/(§/)[X]j+p575/j/)

— ()M v aer )X

if1<s=s <mn,jj €l, and v=1,(j+j) < s, then
VAT - av (X)) = (-1 L gy el o)
£ VIV (Edg X OH0) VT (VY (dlogl-1ig€ ) XU
- VBT e gl o),
ifl<s=¢<mn,jj €l andv=uv,(j+j) > s, then
VEELXP) - V(€ (X)) = (1) Ve XU
VI (EdsXP ) + v (dlog[-1Jeg )X )0,
(u: IV-IV). If 1 < s < 8’ <n and 4, € I, then
AV (EXY) - av X = —(-1) v (P g X))
+ AV (dlog[ 1P (O [XPT )

_ |5|4stldFsl_s ! Xpslfsj-l-j'
+(=1) P (d( (©)¢)[X] )

+ V¥ (dlog[-1]F* ~*d(€)¢’ [X]psusj“/)
+ 3V (dlog[-d(F~*(©€)X]" )
if1<s=s"<n,j,j’ €1, and v =1,(j + ') < s, then
AV (E[X)7) - dVE (X)) = dver (VP (gde) [ XU
+dVET (VO (dlog[—1]e€) [X P UH)
_ (,WEI%dvs vV (eg )X )
+ VSTV (dlog—1)¢de!) [ XU+
+ pP VoY (dV? (dlog[—1]€€") [ X )P U+,
if 1 <s=s"<n,jj' €l andv=1y(j+7') > s, then
AV (E[X)) - ave (€1X)P) = (—DIEave e[ x P 01X
(=) EHE s (g VS (edeh) (X 0H1gx]
+dVe(€de)[XIP 0D + ave (dlog[-1]e¢) [X]P T+

+V*(dlog[-1]¢")[X]P U1 [X] + V*(dlog[-1]¢dg ) (X ] U
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We next define the Frobenius operator

(4.2) F: P(E)! — P(E)!_,
and write (F': A) to indicate the definition of the Frobenius of the basic Witt
differential of type (A).

(F:1). If j € Ny, then

(F:1II). If j € N, then
F([X)P~1dIX]) = F(&)IX]P1d[X].
(F:III) If 1 < s <n and j € I, then
F(V2(E[X))) = pV*~H (E[XD).
(F:1V). If j € I, then
F(aV (X)) = d©[X) + (-1 [XP 7 d[X] + dlog[-1]¢[X};
if2<s<nandje I, then
F(av*(E[X]7)) = dVmH(E[X]) + Vo (dlog[-1JE[X ).

We define the Verschiebung operator

(4.3) Vi P(E),_, — P(E)!

and write (V': A) to indicate the definition of the Verschiebung of the basic Witt
differential of type (A).

(V:1). If j € Ny, then

(V:1I). If j € pN, then
V(EXP1IX]) = VEIXP/P d[X;
if j € I, then
V(E[XPd[X]) = (*U‘ﬂgd‘/(é[ﬂj) - (*1)'5'%V(d(§)[X]j)-
(V:III). If 1 <s<n—1and j € I, then
V (VX)) = Vo (g[XT).
(V:IV). If 1< s<n—1and j € I, then
V(v (§[X}7)) = pdV* (€[X]).

We define the derivation
(1.4) d: P(EY;, — P(E)H
and write (d:A) to indicate the definition of the derivation of the basic Witt differ-
ential of type (A).

(d: ). If j = 0, then

if j € N, then



(d: ). If j € N, then
d(¢[XP~1d[X]) = d(€)[X] ™ d[X] + jdlog[-1]§[X ]~ d[ X].
(d:III). If 1 < s < n and j € I, then
d(V*(E[X]7)) = dV*(¢[X]).
(d:IV). If 1 < s <nand j € I, then
d(dV*(¢[X]")) = dV*(dlog[-1J¢[X ).

Finally, we define the ring homomorphism
(4.5) A W, (A[X]) — P(E)S.
To this end, we recall from [7, Lemma 4.1.1] that every element of W, (A[X]) may be

written uniquely as a (finite) sum of elements of the form £[X]?, where £ € W,,(A)
and j € Ng, and V*(£[X]?), where £ € W,,_s(A4), 1 < s <n, and j € I,. We write
(A: I) and (A: III) to indicate the definition of the map A on these two types of
elements.

(A:1). If j € Ng and € € W,,(A), then
AEXP) = AEXY.
(MID.IE1<s<n,jel, and £ € W,,_s(A), then
AVE(EX))) = VX)),
The following result is [7, Thm. B] (p odd) and [4, Thm. 4.3] (p = 2).
THEOREM 4.6. Let p be a prime number, let U C P be a p-typical truncation set,
and let E be a U-Witt complex over a Z,)-algebra A. Then the collection of abelian

groups P(E)Y together with the operators defined by the formulas (4.1)—(4.5) form
a U-Witt complex over A[X]. Moreover, the map U-Witt complezes

e: P(E)— f*FE
defined by the basic Witt differentials is an isomorphism.

PROOF. We first show that P(FE) is a U-Witt complex over A[X]. We must
show that P(FE);, is an anti-commutative graded ring and verify the axioms (i)—(v)
of Def. 2.1. This is largely a tedious task most of which we leave to the reader. How-
ever, we illustrate the verification of the associativity of the product in a particular
case and verify the axiom (v).

We verify the associativity identity

(E[X) - ¢1X)7 X)) - ave (€ (X)) = XY - (¢ [XP X)) - aveE (e X)),
By definition, the left-hand side is

(E[XY - ¢ [XP X)) - dv (€ [XP) = €8 IXPH X - dve (e [XPT)

1 s s (et " S”( i+5')+5"

eV e )

e b

=1 p (G435 + 5"

+ G+ )WV (dlog[-1]F*"(€€)d(e") [ X P T+,
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and using that F' is multiplicative and d a derivation, we may rewrite the second
summand as

1
p"(j+35")+ 5"

— (=1 IS'I;VS” F(VFS d(eNd(eM I XTP GHID+"y
(D eV (PO (e i) )

By definition, the right-hand side of the associativity identity in question is

— (—1)le+e] V(P d(e) P (¢)d(e") [ x P i+

1"

(XY - (€ [X) 1dlx] - dve (€7 (X))
XV (e
XY - ((-1) P
e
( ) ps”j’-i-j”
+ 3V (dlog[-1]F*"(¢")d(&")[X]P" I+"))

_ (1yleiHel L Py + "
P+ G+ 5+ 5

’ 1 " " 7 s .11
— (—1)lele ‘WVS (Fd(&)F*(&)d(&")[X]P" UHDHT)

’ 1 _7 " N s 11
+ (=1)l&I+IE] _ S — VS (d(F*® NA(EM) [ x1P° G+i)+3

’ 1 7" " " sy 11

_(—1)l¢ |,,7VS FS F aeNde I x e’ G+i+i

(—1) P (F* (§)F® d(&)d(&")[X] )
+ 5V (dlog[-1]F*(66))d(€") [X P G+,

We see that the first summand of the left-side is equal to the first summand of the

right-hand side. Moreover, by using that F'is multiplicative, that d is a derivation,

and that dd(—) is equal to dlog[—1]d(—), we rewrite the sum of the second, third,
and fourth summands of the right-hand side as

1
ps”j/ + j//

4V (P (€ )d(e X))

VI E e X

AV (F(¢€)d(e") (X" G++")

_ (_1)|§|+\£'\ VS”(FSHCZ(E)FS”({)d(§”) [X]PSN(J'H')H”)

’ 1 ps//j " " N s 11
+ (=1)l&I+IE] _ ! - VS (FS QO FS(€Nd(e")) [ X Ui+
(D e eV (P P (€ (e ) X )

s

’ 1 ps”j " " 7"
—1 |§ | — — VS FS FS d ! d 1" X P

+ 3V (dlog[ 1] F* (€€ (€)X 0+,
B
¥+
which by elementary arithmetic becomes
1
PG+ 3"+ 35"

1 " " 1" s .
—  VI(FT(EFT )X Gt
G T (£ () F* d(&)d(&")[X] )

+ 3V (dlog[1]F*" (€€ d(e")[ X 04",
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This proves the associativity identity in question. With the exception of axiom (v)
of Def. 2.1, the remaining identities are verified in a similar manner.

Finally, we verify axiom (v). By Lemma 3.8, it suffices to consider monomials
aX’ € A[X]. Now, since the maps d, F, and \ defined by (4.4), (4.2), (4.5) are
a derivation, a ring homomorphism, and a ring homomorphism, respectively, and
since axiom (v) holds for E, we have

Fd\([aX]) = Fd(\([a])[X}) = F(dA([a]) - [X} + A([a]) - j[XP~d[X])
= A([a)P~ dA([a]) - [X]" + A([a])” - j[X]P~d[X]
= AP~ [X]P7 7 (dA(la]) - [XT + A([a]) - 5[XT~Hd[X])

— A(aX])y A (aX7]).
This proves that P(E) is a U-Witt complex over A[X] as stated.
Finally, let ': E — f.P(F) be the map of U-Witt complexes over A defined by
1'(€) = €[X)°.
Then, given a map «: E — f,E' of U-Witt complexes over A, there is a unique
map o : P(E) — E’ of U-Witt complexes over A[X] such that
aza/on/: E— f.E
This shows that P(—) is left adjoint to f. with n’ the unit of the adjunction. O
REMARK 4.7. In the case of the de Rham-Witt complex WY 4, one may alter-
natively prove that P(WUYQ,) is a U-Witt complex over A[X] by comparison with
the topologically defined U-Witt complex TRy (A;p). We refer to [7, Sects. 2-3]
for the definition of the latter and for the proof that the canonical map
. U n .
)\. Wn Q%(p) — TRq (Z(p),p)
is injective, and the map given by the basic Witt differentials
e: P(TR(A;p))3 — TRy (A[X]: p)

an isomorphism, for every Z,)-algebra A. Since the map e is an isomorphism, it
follows, in particular, that P(TR(A;p)) is a U-Witt complex over A[X] for every
Zp)-algebra A. Now, suppose that A is a polynomial algebra on m > 0 variables
over Z,). Then we conclude by induction on m that

PWYQy4) — P(TR(4;p))

is injective and that P(WUYQ,) is a U-Witt complex over A[X]. But this implies
that for every Z,-algebra A, P(WYQ,) is a U-Witt complex over A[X]. Indeed,
each of the identities that must be verified in order to prove this statement involve
only finitely many elements of A, and these finitely many elements are contained in
the homorphic image of a polynomial algebra on finitely many variables over Z ).
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5. V-pro-complexes

The construction of Deligne and Illusie [8] of the p-typical de Rham-Witt complex
for Fp-algebras proceeds in two steps. First, a de Rham-Witt complex without a
Frobenius operator is constructed, and second, a Frobenius operator is constructed
on this complex. In this section, we show, using the polynomial formula of Thm. 4.6,
that the p-typical de Rham-Witt complex may be constructed in this manner for all
Zp)-algebras. As a consequence, we finally prove that, up to canonical isomorphism,
the groups WY QY are independent of U. Following [8, Def. 1.1.1], we introduce the
auxiliary notion of a V-pro-complex.

DEFINITION 5.1. Let p be a prime number, let U C P be a p-typical truncation
set, and let A be a ring. A U-V-pro-complex over A is a contravariant functor

S— Eyg

that to a sub-truncation set S C U assigns an anti-symmetric graded ring Ey and
that takes colimits to limits together with a natural ring homomorphism

A\ Wg(A) — EY
and natural maps of graded abelian groups
d: B — BE
V:E{ o= El
such that VA = AV and such that the following (i)—(iii) hold:
(i) For allz € FL, y € qu, and a € A,

d(z-y) =d(x) -y + (=1)%x - d(y)
d(d(z)) = dlog A([~1]s) - d(x)
d\([a]s) - d\([a]s) = dlog A([—1]s)A([a]s)dA([a]s)-

(ii) For all z € Eg/p and y € Eg/p,
V(zdy) = V(z)dV (y) + dlog A([-1]s)V (zy).
(iii) For all z € Eg/p, and all a € A4,
V(z)dA(lals) = V(zA([al§),))dV Mlals/p)) + dlog A([=1]s)V (@A ([a]f,)-
A map of U-V-pro-complexes is a natural map of graded rings
such that fA=Nf, fd=d'f, and fV =V'f.
We remark that for a V-pro-complex F, the map d: El — Egﬂ defined by

iy Jd(@) if ¢ is even
= {d(@ +dlog \([—1]s) <= if q is odd

is a derivation and a differential. For p odd, the class dlog A([—1]g) is zero.
36



A U-Witt complex determines a U-V-pro-complex by forgetting the Frobenius
operator ' = Fj,. Indeed, this follows from the calculation

V(z)dV(y) = V(zFdV(y)) = V(xdy) + V(dlog A([~1]s/p)zy)
= V(zdy) + dlog A([~1]s)V (zy)
V()dA([a]s) = V(@FdA([a]s)) = V(zA([al%,) )dA([a]s/p))-
Hence, we have a forgetful functor
u: WY — WNAU
from the category of U-Witt complexes over A to the category of U-V-pro-complexes

over A. We prove in Thm. 5.6 below that the functor u preserves initial objects.

PROPOSITION 5.2. Let p be a prime number, let U C P be a p-typical truncation
set, and let A be a ring.

i) There exists an initial object WY, in the category .
CRLY\ A
(i) The canonical map Q%WS(A) — WYQY is surjective for all S C U.
(iii) The canonical map Wgﬂ’i — Wgﬂ’i is an isomorphism for all S C U.

PrOOF. It suffices to consider finite sub-truncation sets S C U. In this case,
we inductively define anti-symmetric graded rings WYQ', along with maps

R:WYQ4 — WY, 0%, V:WY Q4 Wi, d: Was — wiodt
such that the axioms of Def. 5.1 are satisfied and such that the canonical maps

— WY09

q
Qs (a)

are surjective, beginning with W@UQ;‘ which we define to be the zero graded ring.
So we let S C U be a finite sub-truncation set and assume, inductively, that for all
proper sub-truncation sets T' C S, the anti-symmetric graded ring W%Q;‘ and the
maps R, V, d, and X\ have been defined and satisfy the axioms of Def. 5.1 and that
the canonical map ngvT ) — WYQY is surjective. We then define

WS = Qg (a)/Ns
where N is the differential graded ideal generated by the elements

D AV (20)dAV (Y1.0) - - - dAV (yg,0)

+dlog M([~1s) Y S AV(@ayia)d\V (y1.0) .- dAV (yia) - - - dAV (yg.0),

a 1<i<q

for all 2o, yi,a € Wg/n(A) such that the class of the sum

Z AMxa)dA(Y1,0) -+ AN (Yg,a)

is zero in Wg/pQ?m and by the elements
AV (z)dX\([a]s) — )\V(x[a]fq?pl)d)\‘/([a]s/p) +dlog A([—l]S)AV(ac[a]g/p)
dX([a]s)dA([a]s) — dlog A([—1]s)A([a]s)dA([als)
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for all x € Wg/,(A) and all @ € A. We define the ring homomorphism
A We(A4) - WZQY

to be the canonical projection. It is an isomorphism, since N2 is zero. The unique
map of differential graded rings

Qi) = W2
that extends AR factors through a map of differential graded rings
R: WY, — WY,

and satisfies AR = RA. If d denotes the differential of the differential graded ring
W, then we define the derivation

d: WgQd — wyaqH
by the formula
00 =50 togateys oo
Finally, the additive map
V:W§, 04 — Wgaq
defined by
V(M@)dA(y1) - - dA(yq)) = AV (2)dAV (y1) - - - dAV (yq)
+ 37 dlog A([~1]s)AV (agi)dAV (1) - dAV () - dAV (1)

1<i<q

is well-defined and satisfies VA = AV along with axioms (ii)—(iii) of Def. 5.1. This
completes the recursive definition of the V-pro-complex WYQ,. It clearly is an
initial object of the category #/!. It is also clear that the canonical map

WY — whad
is the identity map for all S C U. O

Since the group Wgﬂ% is independent, up to canonical isomorphism, of the
p-typical truncation set U, we will denote it by WgQ¥,.

LEMMA 5.3. The following relations hold in WgQ4:

(i) For alla € WS(A) and € € Ws/pﬂ’i, Ma)V(E) = V(MF(a))§).
(ii) For all & € WS/pQZw V(§)dlog M([—1]s) = V(&dlog M([—1]s/p))-
(iil) For all & € Wg,,Q%, Vd(§) = pdV (§).
(iv) For p odd, dlog A([—1]g) is zero, and for p =2,

dlog([—1]s) = Y 2" dV"A([1] 5/2-).

r>1
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PrOOF. To prove (i), we may assume that & = A(z)dA(y1) - - - d\(yq). Then
Aa)V(§) = MaV (2))dAV (y1) - - - dAV (yq)
+ D dlogM([=Us)A@V () )NV (y) -+ dAV (3:) -+ AV ()

1<i<q

= AV (F(a)x)dAV (y1) - - - dAV (yq)
+ D7 dlog M= Us)AV (F(a)ay)dAV (yr) -~ ANV (52) -~ ANV (5,)

= V(A(F(a))§)
as stated. We next prove (ii). If p is odd, both sides are zero, and if p = 2, we find
V(§)dlog A([-1]) = V(O A([=1]))dA([—1]) = V(EAF ([-1])))dA([-1])
= V(§)dA([-1]) = V(EA([=1])dA([-1])) = V(§dlog A([-1])).
Next, the calculation
Vd(§) = V(A([1])dS) = VA([1])dV (§) + dlog A([-1])V(£)

= dAV([)V(£)) — dVA([L)V(E) + dlog A([-1])V (€)

= dVA(FV([1]))§) = V(FAVA([1])§) + dlog A([=1])V(£)

= pdV (§) = V(dlog A([-1])§) + dlog A([-1])V(£)
shows that (ii) implies (iii). Finally, using the relations (i)—(iii), one proves (iv) as

in Lemma 2.3. O

We remark that, by constrast with Lemma 2.3, Lemma 5.3 is not valid for a
general V-pro-complex.

LEMMA 5.4. Let p be a prime number. Then the canonical map
WsQ? — WsQd
is an isomorphism for every p-typical truncation set S.
PROOF. In the following composition of canonical maps, the left-hand map and
the composite map are both isomorphisms for ¢ = 0, and surjections for ¢ > 1.
ngs(Z) — WgQl — WgQd

Hence, the right-hand map is an isomorphism for ¢ = 0, and a surjection for ¢ > 1.
To prove that the right-hand map is also injective for ¢ > 1, we may assume that
S={1,p,...,p" '} is finite. Now, Prop. 3.9 shows that

Wsp = [[ Z/p'Z-dvx(i]n-.)
1<s<n

and that WgQ?2 is zero. Therefore, it suffices to show that the elements dV*\([1],,—s)
with 1 < s < n generate the group WgQZ, that dVSA([1],,—s) is annihilated by p®,
and that the group WgQ?2 is zero. Lemma 5.3 shows that for p odd,

s ¢ | pravin([1]) ifs<t
VEX[1)aVEA([L]) = {o fo>t
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that for p = 2,

2AVA([L]) + o, 27 1AVIA(L) if s <t

VS)\([l])thA([l]) = {Z 27‘—1dV7‘)\([1]) ifs>t

and that for any prime number p, p*dV*A([1],,—s) = 0. To show that WSQ% is zero,
we must prove that ddV*A([1],—s) = 0 for all 1 < s < n. For p odd, this is clear.
For p = 2, we use the relations of Lemma 5.3 to show, as in the proof of Lemma 2.3,
that ddlog A\([—1]) = 0, and hence, that

ddVeA([1]) = dlog A([—1]) - dAVEA([1]) = d(dlog A([-1]) - VEA([1])
=dV*(dlog\([-1])) = > 27t tddvre((u)).
1<r<n—s
But this is zero, since 7 + s — 1 > 1. This completes the proof. (]
LEMMA 5.5. Let p be a prime number and let U C P be a p-typical truncation
set. Let A be a Z,)-algebra and assume that the canonical map
WsQ4 — WYY

is an isomorphism for all sub-truncation sets S C U. Then the same holds for the
polynomial algebra A[X].

PRrROOF. We consider the commutative diagram of abelian groups

Wl ) —— W QY x

| I
P(W Q4)1 — P(WUQ,)E

where the vertical maps are given by the basic Witt differentials and where the
horizontal maps are the canonical maps. The assumption on the Z,)-algebra A
implies that the lower horizontal map is an isomorphism for all n and g. Moreover,
we proved in Thm. 4.6 that the right-hand vertical map is an isomorphism. In
particular, the left-hand vertical map is a map of V-pro-complexes over A[X].
Since the target of this map is the initial V-pro-complex over A[X], it is necessarily
surjective, and therefore, an isomorphism. This shows that the upper horizontal
map is an isomorphism as stated. (]

The following result was proved in [7, Thm. B] for p odd.

THEOREM 5.6. Let p be a prime number, let U C P be a p-typical truncation
set, and let A be a Zy)-algebra. Then the canonical map

WsQY — WY0Y
is an isomorphism for all sub-truncation sets S C U.
ProoF. First, an induction argument based on Lemmas 5.4 and 5.5 shows

that the theorem holds if A is a polynomial algebra over Z,) on a finite number of
variables. In the general case, we define a Frobenius operator

F: WnQi — Nn_lQi
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and show that this defines on the V-pro-complex VNVHQ?4 the structure of a U-Witt
complex over A. Here, and throughout the proof, we use p-typical notation.

Let F*Wn_lﬂi, denote Wn_lﬂi‘ considered as a W, (A)-module via the Frobe-
nius F': W, (A) — W,,_1(A). We first consider the map

§: Wi(A) — FW, Q4
that to the Witt vector a = [ao], + V ([a1]n-1) + -+ + V" Y([an—1]1) assigns
5(a) = Mao]” )M (ol 1) + dA(arl 1) + -+ dV"Alan 1]1)
+dlog A([~1]n-1) (A([a1]n-1) + VA(laz]n—2) + - + V" X([an-1]1))-

We note that § is defined so that the following diagram commutes.

\ l

W, (4) —E2 WU 0l

We claim that ¢ is a derivation. To prove this, it will suffice to consider the case
where A is a polynomial algebra over Z,) in finitely many variables. For any finite
number of elements of W, (A) are contained in the homomorphic image of the map
of rings of Witt vectors induced by a ring homomorphism from a polynomial algebra
over Zy in finitely many variables. But in this case, the right-hand vertical map
in the diagram above is an isomorphism, and since F'd\ is a derivation, so is §. It
follows that there exists a unique map of graded W, (A)-algebras
F': QWH(A) — F*anlQA

such that Fd\ = 6. We claim that the map F annihilates the kernel N;, of the
canonical surjection €2y, (4~ Wy,,. Indeed, by definition, /' maps the sum

Z AV (20)dAV (y1,0) - - - dAV (Yg.a)

+dlog M([~1s) Y. S AV(@ayia)d\V (y1.0) .- dAV (yia) - - - dAV (yg.0),

a 1<i<q

to the sum
p Z A(xa)dA(yl,oJ T dA(yq,a)

and the elements

AV (z)dX([a]n) = AV (z[a]21)dAV ([a]n-1) — dlog A([=1]n) AV (a[al},_,)

dA(laln)dA([aln) — dlog A([=1]n)A([a]n)dA([a]n)
to the elements

PA@)(6([an-1) = AlalhZ1)dA([a]n-1))

A([a]252) (@A ([al-1)dA([a}—1) — d1og M([~1]-1)A([aln—1)dA([a]n-1)).
We conclude that the map F induces a map of graded rings

F: W,y — Wyl 1Qy.



Moreover, the definition of the map F implies that the following diagram, where
the horizontal maps are the canonical maps, commutes.

W04 —— WV

s
W1 Q4 —— WY, Q9

The horizontal maps in this diagram are isomorphisms, if A is a polynomial algebra
over Z) in finitely many variables. Hence, in this case, the map F defines on the
V-pro-complex W, QY% the structure of a U-Witt complex over A. But then the
same is true for every Z,)-algebra A. Indeed, every relation in the definition of
U-Witt complex involves only finitely many elements of W, Q%. Therefore, these
elements are contained in the homomorphic image of the map induced by a ring
homomorphism from a polynomial algebra over Z,) on a finite number of variables.
It follows that we have maps

W04 —— wVay

where the top map is the unique map from the initial V-pro-complex over A and
where the bottom map is the unique map from the initial U-Witt complex over
A. The two compositions are selfmaps of initial objects, and therefore, are identity
maps. This completes the proof. (I

COROLLARY 5.7. Let U C U’ be arbitrary truncation sets, and let A be a ring.
Then for every sub-truncation set S C U, the canonical map

WYL — WY 04
s an tsomorphism.
PROOF. It suffices to prove that for every prime number p, the map
U U’
W@y @z Zp) — W ) @z L)

induced by the map of the statement is an isomorphism. Therefore, by Prop. 3.6
and Lemma 3.7, we may assume that U and U’ are p-typical and that A is a
Zp)-algebra. But in this case, the statement follows from Thm. 5.6. (]

Since the group WYQ% is independent, up to canonical isomorphism, of the
truncation set U, we will denote it by WgQ.
REMARK 5.8. It follows, in particular, from Cor. 5.7 that the canonical map
_ it
Q= W'{l}ﬂ?4 — Wi, Q%

is an isomorphism.
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6. Etale morphisms

The functor that to the ring A associates the Wg(A)-module WgQ% defines a
presheaf of Wg(&)-modules on the category of affine schemes. In this section, we
show that for .S finite, this presheaf is a quasi-coherent sheaf of Wg(&)-modules
for the étale topology. In other words, we prove the following result.

THEOREM 6.1. Let S be a finite truncation set and let f: A — B be an étale
map. Then the canonical map

Ws(B) @ws(a) Wslly — Wl
is an isomorphism.
ProoF. By Cor. 5.7, it suffices to prove the following statement: For every
finite truncation set U and every sub-truncation set S C U, the canonical map
a: Wg(B) @uwga) WEQ, — WEQL

is an isomorphism. We prove the statement by induction on U, beginning with the
trivial case U = ). So we let U be a finite truncation set and assume that the
statement has been proved for all proper sub-truncation sets of U. To prove the
induction step, we define the structure of a U-Witt complex over B on the domains
of the canonical map a. By Thm. 1.20, the map

Ws(f): Ws(A) = Wg(B)
is étale. Therefore, we may define a derivation
d: Ws(B) ©vwg(a) WY — Ws(B) Quga) WEQ5
which uniquely extends the derivation d: W4Q9% — Wngqfl by
db®z) = (db)x +b® dx
where db is the image of b by the composition
Ws(B) % Qyy(s) < W (B) Ows(a) Qg a) — Ws(B) @wa(a) WE R

Here the middle map and the right-hand map are the canonical isomorphism and
the canonical projection, respectively. We further define R% = R% ® R? and
F, = F, ® F,,. To define the map

Vi: Wen(B) @ws,,(a) W, 0% —: Ws(B) @wga) W%
we use that, by Thm. 1.20, the following square of rings is cocartesian.

Ws(f)
Ws(A) 54) Ws(B)

W/n(f)
Ws/n(A) 7 Ws/n(B)
It follows that the map
F, ®@id: Ws(B) @wg(a) Ws/nQh — We/n(B) @wy,, (4) Ws/n2

is an isomorphism, and we then define V,, to be the composition of the inverse of
this isomorphism and the map
id®V,: WS(B) ®W5(A) WS/nQ?q — Ws(B) ®WS(A) WsQi
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Finally, we define the map A to be the composition

Ws(B) — Ws(B) @wgay Ws(A) M, we(B ) @wg(a) WeQY

of the canonical isomorphism and the map id ® A. We proceed to show that this
defines a U-Witt complex over B. The axioms (i)—(iii) of Def. 2.1 follow immediately
from the definitions. For example, the identity dd(x) = dlog A([—1]s)d(z) holds
because the two sides are derivations which agree on W4Q%. It remains to prove
the axioms (iv)—(v) of Def. 2.1.

To prove axiom (iv), we first show that for all b € Wg,,,(B),
FndVy,(b) + (n — 1)dlog[—1]g/y, - b = d(b).
The right-hand side is the unique extension to Wg/,,(B) of the derivation
d: We/p(A) — W, Q.

The left-hand side, D,,(b), is also an extension of this map since WY Q 4 is a U-Witt
complex over A. Hence, it will suffice to show that D,, is a derivation. Moreover,
since D, is an additive function of b, and since the square of rings in Thm. 1.20,

which we recalled above, is cocartesion, it is enough to consider elements of the
form F,(b)a with a € Wg,,(A) and b € Wg(B). Now,

Do (Fu(b)aFo(t)a) = Do(Fo (b))

Fod(bb'Vi(ad')) + (n — 1)dlog|—1]Fu(bY )ad’

= F,d(bb")F,,V,,(ad’) + F,,(bb')F,,dV,, (ad’) + (n — 1)dlog[—1] F,,(bb")aa’

Fod(b)pad’ + Fy (b8')d(ad’)

— (Fod(b)Fu (V) + Fo(b)Fnd(®))pad’ + Fo(bb)(d(a)d + ad(a'))

— (Fpd(b)pa + Fo(b)d(a))Fa(b)a’ + Fo(b)a(Fad(¥)pa + Fo(b)d(a'))
Do (En(b)a)Fa(V)d! + Ey(b)aDn(Fa (b))

which shows that D, is a derivation, and hence, equal to the derivation d. We note
that the special case of axiom (iv) proved thus far implies that

dF, = nFod: Ws(B) — W/, (B) @w,,, 4y W/, Q.
To prove axiom (iv) in general, we must show that
FrdV,(b® ) 4+ (n — 1)dlog[—1]g/,, - b®@ x = d(b® x)

for all b € Wg,,,(B) and z € Wg/nﬂ'i. As before, this follows once we prove that
the left-hand side, D, (b ® z), is a derivation. Moreover, since D,, is additive and
since the square of rings in Thm. 1.20 is cocartesian, it will suffice to consider
elements of the form F, (b)) ® z with b € Wg(B) and z € Ws/n . Finally, to prove
that D, is a derivation on elements of this form, it suffices to show that

D (F(b) ® ) = Do (Fp (b)) + Fo(b) @ Dn(x).



Now, by the definition of V;, and by the case of axiom (iv) proved above, we find
D, (F,(b) = F,dV,(F,(b) ® z) + (n — 1)dlog[—1] - F,,(b) @ x

=F,dbeV, ( )+ (n—1)dlog[-1]- F,(b) ® =

= Fod(b) - F,Vyo(z) + Fr(b) @ FrdVy () + (n — 1)dlog[—1] - F),(b) ® x

nFnd(b) - x + F,(b) ® Dyp(z) = dF,,(b) - © + F,,(b) ® Dy (x)

= Dy, (Fr(b)) -z + Fr(b) ® Dy (2)

as desired. This completes the proof of axiom (iv).

b
b

To prove axiom (v), we must show that for every sub-truncation set S C U and
every positive integer n, the derivation

FrdX: Ws(B) = Wg/n(B) ®w,,, (a) We/, 24
maps [b]s to )\([b]g/nl)d)\([b]s/n). To this end, we consider the following diagram
where the unmarked arrows are the canonical maps.

FodA
Wg(B) = Wsn(B) ®wsg,, a) W, 24 «—— W, (B) OWs,,(A) stan

o |

S/n
Ws(B) ————— W, Q5 W/mQk

The right-hand horizontal maps are isomorphisms by Cor. 5.7, and the right-hand
vertical map is an isomorphism by the inductive hypothesis. Therefore, also the
middle vertical map is an isomorphism. But the lower left-hand horizontal map
takes [b]s to )\([b]g/nl)d)\([b]s/n), since WYQp is a U-Witt complex over B, and
hence, so does the upper left-hand horizontal map. This proves axiom (v).

We have proved that the domains of the canonical map « at the beginning of
the proof form a U-Witt complex over B. Therefore, there exists a unique map

B: WgQ% — Ws(B) Qwg(a) WY
of U-Witt complexes over B. The composition a o 3 is a selfmap of the initial
object WZQ%, and therefore, is the identity map. The composition 3 o « is a map

of U-Witt complexes over B. In particular, it is a map of Wg(B)-modules, and
therefore, is determined by the composition with the map

L WgQY — Ws(B) Qg (a) WG
that takes x to [1]s ® . But ¢ and [ o a o+ both are maps of U-Witt complexes
over A with domain the initial U-Witt complex over A. Therefore, the two maps

are equal, and hence, also 8 o « is the identity map. This completes the proof of
the induction step and the theorem. (I
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7. Frobenius invariants

In this section, we consider the invariants of Frobenius operators the de Rham-
Witt complex. We note that the definition of the ring of Witt vectors Wg(A) makes
perfect sense also if A does not have a unit element.

LEMMA 7.1. Let S be a truncation set, let A be a ring, and let I C A be an ideal.
Then Wg(I) C Ws(A) is an ideal and the following sequence is exact.

0——>Wgs(I) —— Wg(A) —— Wg(A/I) ——0

PROOF. We may assume that S is finite. The proof, for S finite, is by induction
starting from the case S = ) which is trivial. In the induction step, we let S be non-
empty and assume that the statement has been proved for all proper sub-truncation
sets of S. We let m € S be maximal and let 7= S ~\ {m}. Then the induction
step is proved by using the following natural exact sequence.

RS
00— A" Wg(A) — s Wo(A) — 0

This completes the proof. ([

The canonical projection from A onto A/I7 induces a canonical surjection

WsQd — WSQA/U

from the de Rham-Witt complex of A onto that of A/I7. We define
Fil] WsQ% € WY
to be the kernel of this map.

LEMMA 7.2. Let S be a truncation set, let A be a ring, and let I C A be an ideal.
Let x € I’ and suppose that 1 + x is a unit in A. Then

dlog[l + z|s = ZdV T|s/n)
nes

modulo Fil3? WsQl.

PRrROOF. We may assume that S is finite and that j = 1. We claim that
[L+als— s =Y Vallals/n)
nes
modulo Wg(I?). Tt will suffice to consider A = Z[z] and I = (x). We write

[1+2)s — [Us = > Val[an]s/n)
nes

and must show that a,, = 2 modulo I2. We proceed by induction on S beginning
with the trivial S = (). So let S be non-empty and assume that the claim has been
proved for all sub-truncation sets T C S. We let m € S be maximal and consider
the mth ghost coordinate of the equation in question.

1+x)™ —ledam/d

dlm
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The left-hand side is congruent to mz modulo (22) and, by the inductive hypothesis,
the right-hand side is congruent to ma,, module (z?). Since Z[z] is torsion-free,
the claim follows.

We return to the general case and differentiate to find that
d([1+2]s) =Y dVa([]s)
nes

modulo Fil WgQY. By the assumption that 1 + z is a unit in A, dlog[l + z]s is
defined and belongs to Fil} WsQY. But [1 + z]s — [1]s belongs to Ws(I), so

(11 + 2]s — [1]s)d1og[1 + 2]s = d([1 + 2] ) — dlog[1 + 2]
belongs to Fil% WsQY. This completes the proof. O
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