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Lars Hesselholt

Introduction

The big de Rham-Witt complex was introduced by the author and Madsen in [12] with
the purpose of giving an algebraic description of the equivariant homotopy groups in
low degrees of Bokstedt’s topological Hochschild spectrum of a commutative ring.
This functorial algebraic description, in turn, is essential for understading algebraic
K-theory by means of the cyclotomic trace map of Bokstedt-Hsiang-Madsen [2];
compare [13,11,8]. The original construction, which relied on the adjoint functor
theorem, was very indirect and a direct construction has been lacking. In this paper,
we give a new and explicit construction of the big de Rham-Witt complex and we
also correct the 2-torsion which was not quite correct in the original construction.
The new construction is based on a theory, which is developed first, of modules and
derivations over a A-ring. The main result of this first part of the paper is that the
universal derivation of a A-ring is given by the universal derivation of the underlying
ring together with an additional structure that depends directly on the A-ring structure
in question. In the case of the universal A-ring, which is given by the ring of big
Witt vectors, this additional structure consists in divided Frobenius operators on the
module of Kihler differentials. It is the existence of these divided Frobenius operators
that makes possible the new direct construction of the big de Rham-Witt complex.
This is carried out in the second part of the paper, where we also show that the big
de Rham-Witt complex behaves well with respect to étale morphisms. Finally, we
explicitly evaluate the big de Rham-Witt complex of the ring of integers.

In more detail, let A be a ring, always assumed to be commutative and unital.
The ring W(A) of big Witt vectors in A is equipped with a natural action by the
multiplicative monoid N of positive integers with the action by n € N given by the
nth Frobenius map

Fo: W(A) — W(A).

Lars Hesselholt
Nagoya University, Nagoya, Japan
E-mail: larsh@math.nagoya-u.ac.jp



The Frobenius maps give rise to a natural ring homomorphism
A: W(A) - W(W(A))
whose Witt components A, : W(A) — W(A) are characterized by the formula

Fy(a) = ‘ZeAe(a)"/e.

The triple (W(—),A,€) is a comonad on the category of rings and a A-ring in the
sense of Grothendieck [9] is precisely a coalgebra (A, A4) over this comonad.

Recently, Borger [5] has proposed that a A-ring structure A4: A — W(A) on the
ring A be considered as descent data for the extension of Z over a deeper base ;. This
begs the question as to the natural notions of modules and derivations over (A, A4).
We show that the general approach of Quillen [20] leads to the following answer.
Recall that if (A,44) is a A-ring, then the ring A is equipped with an N-action with
the action by n € N given by the nth associated Adams operation

YAn: A—A
that is defined by the formula
Van(a) = Z el e (a)”/e

eln

where A4 ,: A — A is the eth Witt component of A4: A — W(A). Now, the category
of (A, A4)-modules is identified with the category of left modules over the twisted
monoid algebra AY[N] whose product is defined by the formula

n-a=wyyu,(a)-n.

Hence, an (A, 44)-module is a pair (M, Ay) that consists of an A-module M and an
N-indexed family of maps Aar,,: M — M such that Ay, is Yu ,-linear, Ay = idyy,
and Apg mAr.n = At mn- Moreover, we identify the derivations

D: (A, M) — (M, Ay)
with the derivations D: A — M that satisfy

Mrn(Da) =Y Aa (@)™ DAy ().
eln

It is now easy to show that there is a universal derivation
d: (A,A,A) — (Q(A’;LA),)UQ(AAA)).

We prove the following result.

Theorem A. For every A-ring (A, As), the canonical map
Q1= Quy)

is an isomorphism of A-modules.



It follows that for a A-ring (A, A4), the A-module of differentials Q4 carries the
richer structure of an (A, A4)-module. In the case of (W(A),A4), this implies that
there are natural F,,-linear maps Fy,: Qyy(q) — Qyy(4) defined by

Fy(da) =Y Ac(a)"/97'dA,(a)

eln

such that F| = id, F,F, = Fy, dF,(a) = nF,(da), and F,(d[a]) = [a]"~'d[a]. The
p-typical analog of F), was also constructed by Borger and Wieland in [6, 12.8].

The construction of the de Rham-Witt complex begins with the following variant
of the de Rham complex. The ring W(Z) contains exactly the four units £[+1] all of
which are square roots of [1] and the 2-torsion element

dlog[~1] = [~1]"'d[~1] = [-1]d[~1] € Qua)
plays a special role. We define the graded W(A)-algebra
Qiyay = TowayQwia) /I

to be the quotient of the tensor algebra of the W(A)-module Qyy A) by the graded
ideal J° generated by all elements of the form

da®da—dlog[—1]® Fyda

with a € W(A). It is an anti-symmetric graded ring which carries a unique graded
derivation d that extends d: W(A) — Qyy(4) and satisfies

ddo = dlog[—1]-do.

Moreover, the maps F,: W(A) — W(A) and F,;: Quy(a) — Qyy(a) extend uniquely
to a map of graded rings F,: .QW( A~ _QW( n which satisfies dF,, = nF,d. Next, we
show that the maps d and F;, both descend to the further quotient

Qi) = Qi /K
by the graded ideal generated by all elements of the form
F,dV,(a) —da—(p—1)dlog[—1]-a
with p a prime number and a € W(A). We now recall the Verschiebung maps
Vi: W(A) - W(A)
which are additive and satisfy the projection formula
aV, (b) = Vy(Fu(a)b).

These maps, however, do not extend to f)w( Ay and the de Rham-Witt complex is
roughly speaking the largest quotient

n: Qi) — W,



such that the Verschiebung maps extend to W €2, and such that the extended maps
F, and V,, satisfy the projection formula. The precise definition given in Section 4
below is by recursion with respect to the quotients Wg(A) of W(A) where S ranges
over the finite subsets S C N that are stable under division. We further prove the
following result to the effect that the de Rham-Witt complex may be characterized
as the universal example of an algebraic structure called a Witt complex, the precise
definition of which is given in Definition 4.1.

Theorem B. There exists an initial Witt complex S — Ws&, over the ring A. In
addition, the canonical maps

Ns: Q&/S(A) — WS-QX

are surjective, and the diagrams

X q Ns Xq Ns X Ns
Qyyony — Wsf Qi) — > Ws{ Q) —— WsQf
JR:} JRST' Jd ld J{Fm JFm
oY/ nr X q+1 ns x Ns/m
vy a) » Wr 2} -Q\xqws(A) — WsQf"! ngs/m(A) — W/

commute.

If A is an F-algebra and S = {1,p,...,p" '}, then WsQ, agrees with the origi-
nal p-typical de Rham-Witt complex W, 2, of Bloch-Deligne-Illusie [16]. More gen-
erally, if A is a Z,)-algebra and § = {1,p,...,p"" '}, then Ws£2, agrees with the
p-typical de Rham-Witt complex W, €2, constructed by the author and Madsen [14]
for p odd and by Costeanu [7] for p = 2. Finally, if 2 is either invertible or zero in A
and S is arbitrary, then Wg€2, agrees with the big de Rham-Witt complex introduced
by the author and Madsen [12]. We also note that if f: R — A is a map of Z,)-
algebras and S = {1,p,..., p" "'}, then the relative p-typical de Rham-Witt complex
W, /R of Langer-Zink [18] agrees with the quotient of W€, by the differential
graded ideal generated by the image of Wsﬂé — WsQ f{.

We recall that van der Kallen [22, Theorem 2.4] and Borger [3, Theorem B] have
proved independently that for every étale morphism f: A — B and every finite subset
S C N stable under division, the induced morphism

Ws(f): Ws(A) — Ws(B)

again is étale. Based on this theorem, we prove the following result.

Theorem C. Let f: A — B be an étale map and let S C N be a finite subset stable
under division. Then the induced map

W (B) Xwe(A) WS-QX — WS.Qg

is an isomorphism.



To prove Theorem C, we verify that the left-hand terms form a Witt complex over
the ring B and use Theorem B to obtain the inverse of the map in the statement. The
verification of the Witt complex axioms, in turn, is significantly simplified by the
existence of the divided Frobenius on £y 4) as follows from Theorem A.

Finally, we evaluate the de Rham-Witt complex of Z. The result is that WQ% is
non-zero for g < 1 only. Moreover, we may consider W £2, as the quotient

Qyy(z) — WLy

of the de Rham complex of W(Z) by a differential graded ideal generated by elements
of degree 1. Hence, following Borger [5], we may interpret W £, as the complex of
differentials along the leaves of a foliation of Spec(Z) considered as an FF-space.
Moreover, this foliation is compatible with the canonical action of the multiplicative
monoid N on the [F;-space Spec(Z).

As mentioned earlier, the big de Rham-Witt complex was introduced in [12] with
the purpose of giving an algebraic description of the equivariant homotopy groups

TR} (A) = [STA(T/C;) 1, T(A)]r

of the topological Hochschild T-spectrum T (A) of the ring A. Here T = R/Z is the
circle group, C, C T is the subgroup of order r, and [—, —|r is the abelian group of
maps in the homotopy category of orthogonal T-spectra. We proved in [10, Section 1]
that the groups TR} (A) give rise to a Witt complex over the ring A in the sense of
Definition 4.1 below. Therefore, by Theorem B, there is a unique map

Wi .QZ — TR; (A)

of Witt complexes over A, where (r) denotes the set of divisors of r. We will show
elsewhere that this map is an isomorphism for all » and all g < 1.

1 Witt vectors

We begin with a brief review of Witt vectors and A-rings. In the approach taken here,
all necessary congruences are isolated in Dwork’s lemma. The reader is also referred
to the very readable account by Bergman [19, Appendix] and to the more modern and
general exposition by Borger [3].

Let N be the set of positive integers. We say that S C N is a truncation set if
whenever n € S and d is a divisor in n, then d € S. The big Witt ring Wg(A) is defined
to be the set AS equipped with a ring structure such that the ghost map

w: W(A) — AS
that takes the vector (a, | n € S) to the sequence (w, | n € S) with
W, = Zdaz/ d
dln

is a natural transformation of functors from the category of rings to itself. Here the
target AS is considered a ring with componentwise addition and multiplication. To
prove that there exists a unique ring structure on Wg(A) characterized in this way, we
first prove the following result. We write v, (n) for the p-adic valuation of n.



Lemma 1.1 (Dwork). Suppose that for every prime number p, there exists a ring
homomorphism ¢,: A — A with the property that ¢,(a) = a” modulo pA. Then the
sequence (x, | n € S) is in the image of the ghost map

w: Wg(A) — AS

if and only if x, = ¢,,(xn/p) modulo p*r™ A for every prime number p every n € §
with v, (n) > 1.

Proof. We first show that if a = b modulo pA, then a?”' = """ modulo p'A. If we
write a = b+ pg, then

v—1 v—1 pv_l v=l_;
a’  =b"  + Z o |eP p'e.
1<i<pt N

m+n

In general, the p-adic valuation of the binomial coefficient ( N

ber of carrys in the addition of m and n in base p. So

v <(pl’l> i)—v—l—i—i—v (i) =v
P ; p|= p\l) =

which proves the claim. Now, since ¢, is a ring-homomorphism,

) is equal to the num-

Op(wasp(@) = Y dop(a/™)

d|(n/p)

which is congruent to } (/) daz/  modulo pVP(”)A. If d divides n but not n/p, then
vp(d) = v,(n) and hence this sum is congruent to ¥, da; =, (a) modulo p*r™A
as stated. Conversely, if (x, | n € S) is a sequence such that x, = ¢,(x,/,) modulo

p?™A, we find a vector a = (a, | n € S) with w,,(a) = x, as follows. We let a; = x,
and assume, inductively, that a; has been chosen, for all d that divides n, such that
wg(a) = x4. The calculation above shows that the difference

Xy — Z daz/d
din,d#n

is congruent to zero modulo pr<">A, Hence, we can find a,, € A such that na, is equal
to this difference. O]

Proposition 1.2. There exists a unique ring structure such that the ghost map
w: W(A) — AS

is a natural transformation of functors from rings to rings.



Proof. Let A be the polynomial ring Z[ay, b, | n € S]. The unique ring homomorphism
Pp:A—A

that maps a, to a, and b, to b} satisfies ¢,(f) = fP modulo pA. Let a and b be
the vectors (a, | n € S) and (b, | n € S). Then Lemma 1.1 shows that the sequences
w(a)+w(b), w(a) -w(b), and —w(a) are in the image of the ghost map. Hence, there
are sequences of polynomials s = (s, |[n € S), p=(p,|n€S),and 1 = (1, | n € )
such that w(s) = w(a) +w(b), w(p) = w(a) - w(b), and w(1) = —w(a). Moreover, as
A is torsion free, the ghost map is injective, so these polynomials are unique.

Let now A’ be any ring, and let ' = (a), | n € S) and b’ = (b, | n € S) be two
vectors in Wg(A’). Then there is a unique ring homomorphism f: A — A’ such that
Ws(f)(a) =d and Ws(f)(b) =b'. We define a’ +b' = Ws(f)(s), a-b=Wg(f)(p),
and —a = Wg(f)(1). It remains to prove that the ring axioms are verified. Suppose
first that A’ is torsion free. Then the ghost map is injective, and hence, the ring ax-
ioms are satisfied in this case. In general, we choose a surjective ring homomorphism
g: A” — A’ from a torsion free ring A”. Then

Ws(g): Ws(4”) — Wy(A")

is again surjective, and since the ring axioms are satisfied on the left-hand side, they
are satisfied on the right-hand side. O

If T C S are two truncation sets, then the forgetful map
R} : Ws(A) — Wr(A)

is a natural ring homomorphism called the restriction from Sto 7. If n € Nand S C N
is a truncation set, then S/n = {d € N | nd € S} again is a truncation set.

Lemma 1.3. The nth Verschiebung map V,,: W ,,(A) — Wg(A), whose mth compo-
nent is aq, if m = nd, and 0, otherwise, is an additive map.

Proof. The following diagram, where V" takes the sequence (x; | d € S/n) to the
sequence whose mth component is nx,, if m = nd, and 0, otherwise, commutes.

W /n(A) —2s A5/

J(Vn lVJ”

Ws(A) —2— AS

Since V,)" is additive, so is V,,. Indeed, if A is torsion free, the horizontal maps are both
injective, and hence V,, is additive in this case. In general, we choose a surjective ring
homomorphism g: A’ — A and argue as in the proof of Proposition 1.2. O



Lemma 1.4. There exists a unique natural ring homomorphism
Fp: Wg(A) — WS/V!(A)

called the nth Frobenius that makes the following diagram, where the map F," takes
the sequence (x,, | m € S) to the sequence whose dth component is xnq, commute.

Wy (A) —Y A8

an lF nw

WS/n(A) L) AS/n

Proof. The construction of the map F,, is similar to the proof of Proposition 1.2. We
let A =Z[a, | n € §] and let a be the vector (a, | n € S). Then Lemma 1.1 shows that
the sequence F" (w(a)) € AS/" is the image of a (unique) vector

Faa) = (fua | d €S/n) € Wy, (A)

by the ghost map. If A’ is any ring and @’ = (@), | n € S) a vector in Wg(A’), then we
define F,(da') = Wy, (g)(F,(a)) where g: A — A’ is the unique ring homomorphism
that maps a to &'. Finally, since F," is a ring homomorphism, an argument similar to
the proof of Lemma 1.3 shows that also F;, is a ring homomorphism. O

The Teichmiiller representative is the map
[—}Si A— WS(A)

whose nth component is a for n = 1, and 0 for n > 1. It is a multiplicative map.
Indeed, the following diagram, where [a]{ is the sequence with nth component a”,
commutes, and [—]¢ is a multiplicative map.

Lemma 1.5. The following relations holds.
()a= ZnESVn([a”]S/n)~
(ii) F,V,(a) = na.
(i) aVy (a') = Vi (Fy(a)d').
@iv) F,V, = VuFy  if (myn) = 1.
() Fu([als) = [a"]s/n-
Proof. One easily verifies that both sides of each equation have the same image by

the ghost map. This shows that the relations hold, if A is torsion free, and hence, in
general. O



Proposition 1.6. The ring of Witt vectors in 7 is equal to the product

HZ Va([(U]s/n)

and the product given by Vy,([1 }S/m) ~V ([ ]5/,[) = c-Ve([l]s/e) with ¢ = (m,n) the
greatest common divisor and e = [m,n] the least common multiple.

Proof. The formula for the product follows from Lemma 1.5 (ii)-(iv). For finite S,
we prove the statement by induction beginning from the case S = @ which is trivial.
So suppose that S is non-empty, let m € S be maximal, and let 7 = S~ {m}. The
sequence of abelian groups

S
0 — Wi3y(Z) 2 Wy(Z) 2L Wi (Z) — 0

is exact, and we wish to show that it is equal to the sequence

0—Z- (1] —>HZ Va([1s/n) &, HZ Va([1l7/2) — 0.
nes neT
The latter sequence is a sub-sequence of the former, and by induction, the right-hand
terms of the two sequences are equal. Since also the left-hand terms are equal, so are
the middle terms. This completes the proof for § finite. Finally, every truncation set S
is the union of its finite sub-truncation sets S C S and Wg(Z) = limg Ws, (Z). O

The values of the restriction, Frobenius, and Verschiebung maps on the generators
Vu([1]s/,) are readily evaluated by using Lemma 1.5 (ii)—(iv). To give a formula for
the Teichmiiller representative, we recall the Mobius inversion formula. Let g: N — Z
be a function and define the function f: N — Zby f(n) = ¥4, &(d). Then the original
function is given by g(n) = Y4, u(d) f(n/d), where pt: N — {—1,0, 1} is the Mbius
function defined by u(d) = (—1)", if d is a product of r > 0 distinct prime numbers,
and p(d) = 0, otherwise.

Addendum 1.7. Let m be an integer. Then
Z (X w(@)m" ) Va([1sym)-
nes dln

If m = q is a prime power, the coefficient of V,([1]s/,) is equal to the number of monic
irreducible polynomials of degree n over the finite field I¥,,.

Proof. 1t suffices to prove that the formula holds in Wg(Z). By Proposition 1.6, there
are unique integers ry, d € S such that

mls =Y raVa([]s/a)-
des

Evaluating the nth ghost component of this equation, we find that

m" = Zdrd.

din

The Mobius inversion formula completes the proof. O
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Lemma 1.8. IfA is an IF y-algebra, then

Fp=Rg, 0 Ws(@): Ws(A) — W, (A),

where ¢ : A — A is the Frobenius endomorphism.

Proof. We let A =Z][a, | n € S] and recall from the proof of Lemma 1.4 the family of
polynomials f, , € A, n € S, defined by the following system of equations.

Ydfii =Y dai"

din d|pn

The lemma is equivalent to the statement that for all n € S/p, fp, = a’ modulo pA.
We proceed by induction on n € S. Since fp1 = a‘f + pa,, the statement holds for
n=1.So let n > 1 and assume that for all proper divisors d of n, f, s = aZ modulo
pA. As in the proof of Lemma 1.1, it follows that d f;’éld = dasn/ 4 modulo p'»(M+14,
We now rewrite the defining system of equations as

Yl =Yda" + ¥ da

din dn d|pn.din

and note that if d | pn and d { n, then v, (d) = v, (n) + 1. Therefore, we may conclude
that nf,, , = nal, modulo p'»(M+1A But A is torsion free, so fpn = al modulo pA as
desired. This completes the proof. O

Lemma 1.9. Suppose that the integer m is invertible (resp. a non-zero-divisor) in A.
Then m is invertible (resp. a non-zero-divisor) in Wg(A).

Proof. As in the proof of Proposition 1.6, we may assume that S is finite. We proceed
by induction on S beginning from the trivial case S = 0. So let S be non-empty and
assume the statement for all proper sub-truncation sets of S. We let n € S be maximal,
and let T = S\ {n}. Then we have the exact sequence

RS
0 — Wy (4) 25 Wy(4) =L Wr(A) — 0
from which the induction step readily follows. O

We consider the truncation set P = {1, p, P,.. .} C N that consists of all powers
of a fixed prime number p. The proper non-empty sub-truncation sets of P all are of
the form {1, p,...,p" '}, for some positive integer n. The rings

W(A) = Wp(A), Wald) =Wy, 1y (A)

are called the ring of p-typical Witt vectors in A and the ring of p-typical Witt vectors
of length n in A, respectively. We have the following p-typical decomposition.
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Proposition 1.10. Let p be a prime number, S a truncation set, and 1(S) the set of
k € S not divisible by p. If A is a ring in which every k € I(S) is invertible, then the
ring of Witt vectors Wg(A) admits the idempotent decomposition

1

ws) = T] WsWer, e = (il — gvasm) ).

keI(S) 1eI($)~{1} (

Moreover, the composite map
R/
S/knP

A
Ws(A)er — Ws(A) = Wy (A) —— Wy irp(A)
is an isomorphism of rings.

Proof. We first show that e, k € I(S), are orthogonal idempotents in Wg(A). It suf-
fices to consider A = Z[I(S)~!], and since the ghost map is injective in this case, it
further suffices to show that w(ey), k € I(S), are orthogonal idempotents in AS. This,
in turn, follows immediately from the calculation that

(e0) 1 ifneSNkP
wy(eg) =
ok 0 otherwise.

Finally, to prove the second part of the statement, we consider the composite map

ly
Wi knp(A) = Wep(A) 25 Ws(a) B Ws(A)ey,

S/k

where o is any set theoretic section of RS?ka and pr the canonical projection. We

claim that this map is the inverse of the map in the statement. Indeed, this is readily
verified by evaluating the induced map in ghost coordinates. O

Example 1.11. If S = {1,2,...,n}, then S/kNP = {1,p,...,p* "'} where s = s(n,k)
is the unique integer with ps_lk < n < p’k. Hence, if every integer 1 < k < n not
divisible by p is invertible in A, then Proposition 1.10 shows that

Wi,y (4) = [[Ws(4)

where the product ranges over integers | < k < n not divisible by p and s = s(n,k).

We consider the rings W,,(A) in more detail. The p-typical ghost map
w: W,(A) — A"
takes the vector (ag, ...,a,—1) to the sequence (wy,...,w,_1) with
w; = agi +pa’1’i71 +--+pla.

If A is equipped with a ring endomorphism ¢: A — A with ¢(a) = a” modulo pA,
then Lemma 1.1 identifies the image of the ghost map with the subring of sequences
(x0,...x,—1) such that x; = ¢(x;_1) modulo p'A, for all 1 <i<n— 1. We write

[]n: A— W,(A)
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for the Teichmiiller representative and

F: Wn(A) - nfl(A)
V:W,—1(A) — W, (A)

for the pth Frobenius and pth Verschiebung.

Lemma 1.12. IfA is an IF ,-algebra, then VF = p-id.

Proof. By Lemma 1.5 (iii), VF = V([1],— ) - id. We show by induction on n that for
an F-algebra A, V([1],—1) = p-[1],; the case n = 1 is trivial. The exact sequences

n—1
0—— A~ Wp(A) 25 W, 1(A) ——0

furnish an induction argument which shows that W,,(A) is annihilated by p”. In par-
ticular, V([1],_1) is annihilated by p"~!. Now, Addendum 1.7 shows that

[pla=plla+ Y, %Vf([l]”,x).
0<s<n p

Here [p], = 0 since A is an F ,-algebra, and V*([1],—s) = p*V ([1],—1) by the inductive
hypothesis. Therefore, the formula becomes

n—1_
0=p[],+ (" ' =DV([1],1).
But p”‘1 — 1 > n—1, so the induction step follows. O

Let A be a p-torsion free ring equipped with a ring homomorphism ¢ : A — A such
that ¢ (a) = a” modulo pA. By Lemma 1.1, there is a unique ring homomorphism

At A— W(A)

whose nth ghost component is ¢". We define 7y : A — W(A/pA) to be the composite
of Ay and the map induced by the canonical projection of A onto A/pA. We recall that
A/pA is said to be perfect, if the Frobenius ¢: A/pA — A/pA is an automorphism.

Proposition 1.13. Let A be a p-torsion free ring equipped with a ring homomorphism
¢: A — A such that ¢(a) = a” modulo pA, and suppose that A/ pA is perfect. Then
for every positive integer n, the map Ty induces an isomorphism

T A/P"A > WA/ pA).
Proof. The map 7y induces a map as stated since

VIW(A/pA) = V'W(¢"(A/pA)) = V'F"W(A/pA) = p"W(A/ pA);
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compare Lemmas 1.8 and 1.12. The proof is completed by an induction argument
based on the following commutative diagram.

n—1
0——A/pA L A/p"A —2 s A/p1A ———0

J‘Pﬂ] J'% J{‘L'(D
n—1
0——A/pA L W,(A/pA) —2— W,_1(A/pA) — 0.

Here the top horizontal sequence is exact, since A is p-torsion free, and the left-hand
vertical map is an isomorphism, since A/pA is perfect. O

We return to the ring of big Witt vectors. We write (1+¢A[#]])* for the multiplica-
tive group of power series over A with constant term 1.

Proposition 1.14. There is a natural commutative diagram

W(A) —— (1+1A[1])*

lw J{té][ log

AN T s [1]

where the horizontal maps are defined by

Y(ai,az,...) = H(l —a,t")7!, Yxi,x,...) = ant”.

n>1 n>1

The maps 7y and Y are isomorphisms of abelian groups.

Proof. Ttis clear that y" is an isomorphism of abelian groups. We show that the map
Y is a bijection. To this end, we write

[TO—aw™) ™ = +bit+bor*+...)7"

n>1

where the coefficient b, is given by the sum

bn = Z(—l)rail . .air

that ranges over all 1 <i; < --- < i, < nsuch that i; +2ip + - - - + ri, = n. It follows
that the coefficients a, are determined recursively by the coefficients b,, and hence,
that 7 is a bijection. It remains to prove that y is a homomorphism from the additive
group W(A) to the multiplicative group (1 +¢A[z])*. We may assume that A is torsion
free. Then the vertical maps in the diagram of the statement are both injective, and it
suffices to show that this diagram commutes. The calculation

i _ dy—1y _ i . dy dadtd
tdt log(};ll(l agt®)”) = d;tdt log(1 —ayt )—dg,l 1= ag
=Y Ydag'-ay = Y ¥ dafp = Y (Y ddy )"

d>1s5>0 d>1g>1 nzl djn

completes the proof. O
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Addendum 1.15. The map vy induces an isomorphism of abelian groups
¥s: Ws(A) = I5(A)

where Ig(A) is the quotient of the multiplicative group I'(A) = (1 +tA[[f])* by the
subgroup Is(A) of all power series of the form [Tpen-s(1 — ant™) ™.

Proof. The kernel of the restriction map Ry : W(A) — Wg(A) is equal to the subset
of all vectors a = (a, | n € N) such that a, = 0, if n € S. The image of this subset by
the map v is the subset Ig(A) C I'. O

Example 1.16. If S={1,2,...,n}, then Is(A) = (1+¢""'A[t]))*. Hence, in this case,
Addendum 1.15 gives an isomorphism of abelian groups

¥s: Wiia, . (A) = (1+A[r])* /(1 4+ A

For A a Z,,)-algebra, the structure of this group was examined in Example 1.11.

Lemma 1.17. Let p be a prime number, and let A be any ring. Then the ring homo-
morphism F,: W(A) — W(A) satisfies that F,,(a) = a” modulo pW (A).

Proof. WefirstletA =Z[ay,az,...] anda = (ay,a,...). If suffices to show that there
exists b € W(A) such that F,,(a) —a” = pb. By Lemma 1.9, the element is necessarily
unique; we use Lemma 1.1 to prove that it exists. We have

Wwn(Fp(a) —af) = Z daf;n/d - (Zdaz/d)p
d|pn din

which is clearly congruent to zero modulo pA. So let x = (x, | n € N) with

xn = —(Fp(a) —aP).

1
p
We wish to show that x = w(b), for some b € W(A). The unique ring homomor-

phism ¢;: A — A that maps a, to a’, satisfies that ¢¢(f) = f* modulo ¢A, and hence,
Lemma 1.1 shows that x is in the image of the ghost map if and only if

Xn = @y (xn/é)
modulo £*¢( A, for all primes ¢ and all n € ¢N. This is equivalent to showing that
wa(Fp(a) —a”) = de(w, (Fp(a) —a”))

modulo 6"/(")A, if £ # p and n € ¢N, and modulo KW(")HA, if {=pand n € ¢(N. If
£ # p, the statement follows from Lemma 1.1, and if £ = p and n € /N, we calculate

wa(Fp(@) —a’) = @p(wyp(Fp(a) —a”))

= Y da)"'—(Ldaj")"+( ¥ da]’)".

d|pn,din din d|(n/p)
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If d | pnand d { n, then v,(d) = v, (n) + 1, so the first summand is congruent to zero
modulo p*?"W*+1A. Similarly, if d | n and d { (n/p), then v, (d) = v,(n), and hence,

Zdag/dz Z daz/d
din d|(n/p)

modulo pvp(”)A. But then

(Ldd")"=( Y dd/")"

dln d|(n/p)
modulo p*»(W+1A; compare the proof of Lemma 1.1. This completes the proof. [

We write € = €4: W(A) — A for the natural ring homomorphism w; : W(A) — A.

Proposition 1.18. There exists a unique natural ring homomorphism
A=Ay W(A) - W(W(A))

such that w,(A(a)) = F,(a) for all positive integers n. Moreover, the diagrams

W) < wewa) L wia)y  wwwa)) X wiw(a))
\ TAA/ TW(AA) ) TAA
W(A) W(W(A)) 2 W(a)

commute.

Proof. By naturality, we may assume that A is torsion free. Lemma 1.9 shows that
also W(A) is torsion free such that the ghost map

w: W(W(A)) — V\V(A)N

is injective. Lemma 1.17 and Lemma 1.1 show that the sequence (F,(a) | a € N) is
in the image of the ghost map. Hence, the natural ring homomorphism A exists. The
commutativity of the diagrams is readily verified by evaluating the corresponding
maps in ghost coordinates. O

Remark 1.19. The map A, : W(A) — W(A) given by the nth Witt component of the
map A is generally not a ring homomorphism. For example, for a prime number p,
the map A, is the unique natural solution to the equation F,(a) = a” + pAp(a).

The definition of a A-ring due to Grothendieck [9] may be stated as follows.

Definition 1.20. A A-ring is a pair (A,A4) of a ring A and a ring homomorphism
Aa: A — W(A) that the following diagrams commute.

A wW(a) W(W(A)) <2 W(A)

ER
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A morphism of A-rings f: (A,A4) — (B, Ap) is aring homomorphism f: A — B with
the property that Ago f = W(f) o A4.
Remark 1.21. The commutative diagrams in Proposition 1.18 and Definition 1.20

express that (W(—), A, €) is a comonad on the category of rings and that (A,A4) is a
coalgebra over this comonad, respectively. The composite ring homomorphism

is called the nth associated Adams operation. We write Wy ,: A — A for this map.
We further write A4 ,: A — A for the nth component of the map A4: A — W(A). It is
related to the traditional A-operation A} : A — A [1, Exposé V] by the formula

[T =2, (@)™ =1+ Y (—=1)"Af(a)r".
n>1 : n>1
We note that 4, ,: A — A and A]: A — A are generally not ring homomorphisms.
Finally, we recall the following general theorem which was proved independently

by Borger [3, Theorem B], [4, Corollary 15.4] and van der Kallen [22, Theorem 2.4].

Theorem 1.22. Let f: A — B be an étale morphism, let S be a finite truncation set,
and let n be a positive integer. Then the morphism

Ws(f): Ws(A) — Ws(B)
is étale and the diagram

ws(/)
Wi(A) ——————— Ws(B)

J{Fn JF n
WS/ n (f )

We/n(A) ————— W/u(B)

is cartesian. O

We remark that in loc. cit., the theorem above is stated only for those finite trun-
cation sets that consist of all divisors of a given positive integer. These truncation
sets, however, include all finite p-typical truncation sets, and therefore, the general
case follows immediately by applying Proposition 1.10. Indeed, since S is finite, the
canonical maps Wg(A,)) — Ws(A(,))(p) < Ws(A),) are isomorphisms.

2 Modules and derivations over A-rings

In general, given a category ¢ in which finite limits exist and an object X of ¥,
Quillen [20] defines the category of X-modules to be the category (¢’ /X ),p of abelian
group objects in the category over X. Quillen further defines the set of derivations
from X to the X-module (Y /X, +y,0y,—y) to be the set of morphisms

Der(X, (Y/X,+y,0y,—y)) = Hom x (X /X,Y /X)
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in the category %’ /X. This set inherits an abelian group structure from the abelian
group object structure on Y /X. In this section, we identify and study these notions in
the case of the category <) of A-rings.

To begin, we first recall the case of the category <7 of rings, which we always
assume to be commutative and unital. Let A be a ring and let .#(A) be the usual
category of A-modules. We define an equivalence of categories

(o /Ay é (A

as follows. Let f: B — A be an object of <7 /A, and let

Bx,B——B A—>B B——B
| ) Lol

be abelian group object structure maps. Then the functor F associates to the abelian
group object (f,+,0,—) the A-module M defined by the kernel of the ring homo-
morphism f with the A-module structure map given by a-x = 0(a)x. Conversely, the
functor G associates to the A-module M the abelian group object (f,+,0,—) where
f:A@®&M — A is the canonical projection from the ring given by the direct sum
equipped with the multiplication (a,x) - (a',x') = (ad’,ax’ 4+ d'x) together with the
abelian group object structure maps

AOM X, AOM —— AM A—2sAeM AGM ——A®M
J I Pl

defined by (a,x) + (a,x') = (a,x+x'), 0(a) = (a,0), and —(a,x) = (a, —x). We claim
that the natural transformations 17: id = FG and €: GF = id given by
n(x) = (0,x)
€(a,x) =0(a) +x

are well-defined and isomorphisms. This is clear for the map 1. It is also clear that
the map €: A@® M — B is an isomorphism of abelian groups; we must show that it is
a ring homomorphism and a map of abelian group objects. Since +p: B x4 B — B is
a ring homomorphism, the compositions +p and + on M are mutually distributive.
They further have the common unit 0 = 0(0), and hence, agree. Therefore,

€(a,x) +p€(a,x') = (0(a) +x) +5 (0(a) +x')

= (0(a) +50(a)) + (x+px) =0(a) + (x +x') = e(a,x+x).
It remains to prove that € is multiplicative, or equivalently, that M C B is a square-zero
ideal. Since +p: B X4 B — B is a ring homomorphism, we have

S(Q,X)S(b,y) +B 8(a7xl)£(b7yl) = (8(61,}() +5 E(a’x/))(g(b’yl) +B E(b,y/))
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which, by the formula just proved, becomes

0(ab) +0(a)y +0(b)x +xy+0(a)y’ +0(b)x' +x'y'
= 0(ab) +0(a) (y+Y) +0(b) (¥ +x') + (x+x) (y +¥).

This shows that £: A® M — B is a ring homomorphism as desired.

We next consider the ring of Witt vectors in the ring A & M. We note that the
polynomials s,, p,, and 1, that defined the sum, product, and opposite in the ring of
Witt vectors have zero constant terms. Therefore, the ring of Witt vectors is defined
also for non-unital rings. Since M has zero multiplication, it follows that W (M) has
zero multiplication and that the addition is componentwise addition.

Lemma 2.1. The canonical inclusions induce a ring isomorphism
ing, +ing.: W(A) @ W(M) = W(A® M)

where, on the left-hand side, the ring structure is induced from the W(A)-module
structure on W (M) defined by (ax), = wy(a)x,.

Proof. In the following diagram of rings and ring homomorphisms, the sequence of
map directed from left to right is an exact sequence of additive abelian groups.

: inl
0——M—sAOME—SA——0
pry
It induces a diagram of rings and ring homomorphisms where again the sequence of
maps directed from left to right is an exact sequence of abelian groups.

i ing,
0—— W(M) 25 WABM) & W(A) — 0
Pri,

Hence, the map inj. +iny, is an isomorphism of abelian groups. Moreover, since
W (M) has zero multiplication, this map is a ring isomorphism for the ring structure
on the domain induced from the W(A)-module structure on W (M) defined by the
formula iny, (ax) = inj,(a)iny.(x). Finally, we wish to show that ax is equal to the
Witt vector y with nth component w,,(a)x,. Since every ring admits a surjective ring
homomorphism from a torsion free ring, we may further assume that A and M are
both torsion free. Since the ghost map is injective in this case, it will suffice to show
that w,(ax) = wy(y), or equivalently, that iny(wy,(ax)) = inz(w,(y)), for all n > 1.
Now, since wy, is a natural ring homomorphism, we find that for all n > 1,

ing (wy,(ax)) = wy(ing,(ax)) = wy(ing«(a) ing. (x)) = wy(in1«(a) )wy, (ing. (x))
=in; (wy(a))ing(wy(x)) = inp(wy(a)wn(x)) = ing (nwy,(a)x,)
= inp(ny,) = ing(wa(y))
as desired. Here the fifth equality follows from the definition of the multiplication on

the direct sum ring A G M. O

We give an explicit recursive formula for the ring isomorphism inj, 4 inp,.



Lemma 2.2. Let b =iny.(a) 4 iny.(x) and write by, = (ay,yn). Then for alln > 1,

=,

din

Proof. As before, we may assume that A and M are torsion free. We now calculate
wy (D) in two different ways. First, since wy, is a natural ring homomorphism, we have

wn(b) = Wn(inl*(a)) + Wn(inz*( )) = ing(wa(a)) +inz(wn(x))
= (wu(a Zda"/d nxy).
din

Second, by the definition of the multiplication in A ® M, we have

njd _ n/d n/d (n)d)—
d
= Yt = Y d(ag,ya) = (L dd*, ¥ na
dln dln dln dln

The stated formula follows as M was assumed to be torsion free. O

Example 2.3. Let p be a prime number. Then y, = x, — a’l’_lxl.

We proceed to identify the category (), /(A,A4))ab Of abelian group objects in
the category of A-rings over (A, A4). By category theory, there is an adjunction

Ml(jﬂ

with the left adjoint functor defined by u(A, A4) = A and with the right adjoint functor
defined by R(A) = (W(A), A4). The unit and counit of the adjunction are defined to be
the maps A4 : (A,44) — (W(A),As) and €4: W(A) — A, respectively. Since W(—)
preserves limits, u creates limits. In particular, the category <7, has all small limits.
It follows, that for (A, A4) an object of <7 , there is an adjoint pair of functors

H(A2y)
'Q{l/(A7}’A) (R— ‘d/A
(A24)

where the left adjoint functor u, ;,) maps f: (B,Az) — (A,A) to f: B — A, and
where the right adjoint functor R4 3,) maps f: B — A to pry: (C,Ac) — (A, 44)
defined by the following pull-back diagram.

(C,Ac) =~ (W(B),Ap)

lprz J{W(f )

(A, Aa) 2 (W(A), An)

The unit and counit maps are defined to be the maps (Ag, f), and €g opr, respectively.
If M is an A-module, we view W(M) as a W(A)-module as in Lemma 2.1. We
now make the following definition of the category .# (A, A4) of (A, A4)-modules.
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Definition 2.4. Let (A,A4) be a A-ring. An (A, A4)-module is a pair (M, Ay) of an
A-module M and a A4-linear map

Ap: M — W(M)

with the property that the diagrams

MM W(M) W(W(M)) <2 W(Mm)
\ PM Twam PM
M WM) My

commute. A morphism h: (M, Ayr) — (N, Ay) of (A, A4)-modules is an A-linear map
h: M — N such that Ay o h = W(h) o Ay

Remark 2.5. Let (A,A4) be a A-ring, M an A-module, and Ay : M — W(M) a map.
Then (M, Ay) is an (A, A4)-module if and only if the components Ay ,: M — M of
the map Ay satisfy the following conditions: The map Ay, is linear with respect to
the nth Adams operation Wy, = w;, 0 A4; the map Ay is the identity map; and the
composite map Ay, © Ay, is equal to the map Az s

Example 2.6. Let (A,24) be a A-ring. The functor that to an (A, A4 )-module (M, Ay)
assigns the underlying set of M has a left adjoint functor that to the set S assigns the
free (A, A4)-module (F(S), Ax(s)) defined as follows. The A-module F(S) is defined
to be the free A-module generated by the symbols Az ) ,(s), where s € Sand n € N,
and Ap(g): F(S) — W(F(S)) is defined to be the map with mth component

A’F(S),m (Z aS,nﬂ'F(S),n (s)) = Z I//A.,m(as?rz)7LF(S),mn ().

It follows from Remark 2.5 that the pair (F(S), A¢(s)) is an (A, 44 )-module. The unit
of the adjunction maps s € S to Ap(s) (s) € F(S), and the counit of the adjunction
maps Y. ax nAp(m)(x) € F(M) to Y axnAun(x) € M.

Example 2.7. Let (A, A4) be a A-ring. Then (A, A4) is not an (A, A4 )-module except in
trivial cases. However, the Adams operations Wy ,: A — A define an (A, 14 )-module
structure on A considered as an A-module. The (A, A4 )-module defined in this way is
not a free module except in trivial cases.

Example 2.8. Let A be a ring, unital and commutative as usual, and let K, (A) be
the graded ring given by the Quillen K-groups. Then the ring Ko(A) has a canonical
A-ring structure defined by Grothendieck [9], and for all g > 1, the group K,(A)
has a canonical structure of a module over this A-ring defined by Kratzer [17] and
Quillen [15]. The (Ko(A), Ak, (a))-module structure maps are determined by the maps

M(lq(A): Ky(A) — Ky4(A)

defined in [17, Théoreme 5.1]. We remark that the corresponding Adams operation is

given by Y, (a) . = (=) nAg (a)> compare Remark 1.21.
] q
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We show that the categories .# (A, A4) and (%, /(A,24))ap are equivalent. First
note that since the adjoint functors u4 ;) and R4 ;) considered earlier both preserve
limits, they give rise to the following adjoint pair of functors.

ab
UA2g)
([ (A, A4))ab <7> (o /A)ab
(A A4)
Next, we define a pair of functors
£

(@2./ (A, An))ab ?///(A,AA)

as follows. If f: (B,Ag) — (A,A4) is an object of <7 /(A,A4) and if

(B AB) X 42, (B, Ag) —— (B, Ap)

| Jf

(A, My) ————— (A, A1)
(A, 1) —2— (B, Ap) (B,Ag) — (B, Ap)
[ A
(A, M) =—— (A, 1) (A, A1) (A, A1)

are abelian group object structure maps, then the functor F A associates to the abelian
group object (f,+,0,—) the (A, A4)-module (M, Ay), where M = ker(f) considered
as an A-module via 0: A — B, and where Ay : M — W(M) is the induced map of
kernels of the vertical maps in the following diagram.

A
B—=-W(B)

Jf Jw(f )
A

A—— W(A)

Conversely, if (M, Ay) is an (A, A4)-module, then G* (M, Ay) is the unique abelian
group object such that u?z‘ ) (G*(M, Ay)) = G(M) and such that the A-ring structure
on the ring A ® M is given by the map Aqys defined by the composition

inyy +ing,

Ap DA
AeM —2 L wA) o W(M) W(A®M).

Finally, it follows from what was proved earlier that there are well-defined natural
isomorphisms 1]7L :id= FAG* and e*: G*F* = id given by
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This shows that the categories (27 /(A,24))ap and .# (A, A4) are equivalent.

We summarize with the following diagram of categories and functors, where the
horizontal pairs of functors are equivalences of categories, and where the vertical
pairs of functors are adjoint pairs of functors.

(o JA)ey = M (A)

G
u‘(‘B.AA)TlRE‘Z,AA) ”,TlRl
Fl

(A /(A Aa))ab " A (A, Dn)
G?L

The right-hand adjunction is defined as follows. The left adjoint functor «’ takes the
(A, A4)-module (M, Ay) to the A-module M, and the right adjoint functor R’ takes
the A-module N to the (A,A4)-module (A;W(N),Ay), where A;W(N) denotes the
W(A)-module W(N) considered as an A-module via A4: A — W(A). The unit and
counit of the adjunction are given by the maps Ay : (M, Ay) — (A ;W (M), Ay) and
ev: A;W(N) — N, respectively.

Proposition 2.9. The category .4 (A,A4) of modules over the A-ring (A,A4) is an
abelian category. Moreover, the forgetful functor u': M (A, Ax) — A (A) creates all
small limits and colimits.

Proof. We may identify .# (A, A4) with the category .# (AY[N]) of left modules over
the twisted monoid algebra AY [N] with multiplication given by n-a = yy ,(a)-n. 0O

Remark 2.10. A map of A-rings f: (B,Ag) — (A,A4) gives rise to a functor
5o M (A Aa) — A (B, Ag)

defined by viewing an (A, A4 )-module (N, Ay) as a (B, Az)-module f*(N,Ay) via the
map f. The functor f* has a left adjoint functor that to the (B, Ag)-module (M, Ay)
associates the (A, A4 )-module defined by

(A, 24) ®Bay) (M, Av) = (AR M, Az pm)
where A4q 0 is given by the composition of A4 ®,, Ay and the map
W(A) @yy(p) W(M) — W(A®pM)

that to a ® x associates the vector whose nth Witt component is w,(a) ® x;,.

Using Lemma 2.2, one similarly verifies that Quillen’s notion of a derivation of
the A-ring (A, A4) into the (A, A4 )-module may be characterized as follows.

Definition 2.11. Let (A,A4) be a A-ring and let (M,Ay) be an (A, A4)-module. A
derivation from (A, Ay) to (M, Ay) is a map

D: (A, M) — (M, Ay)

such that the following (1)—(3) hold.
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(1) Foralla,b € A, D(a+b) = D(a)+D(b).
(2) Forall a,b € A, D(ab) = bD(a) + aD(b).
(3) Foralla € Aandn € N, Ay n(D(a)) = Lop Ane(@) 971D (g o (a)).

The set of derivations from (A, A4) to (M, Ayr) is denoted by Der((A,A4), (M, Ay)).

Lemma 2.12. Let (A, As) be a A-ring. There exists a derivation
d: (A, ) = (Qa24) A2y ,,)
with the property that for every (A, A4)-module (M, Ay), the map
0: Hom(A,lA) ((Q(A,}LA)ﬂ;{'Q(A‘AA) )7 (Mv )‘M)) - Der((A, )‘A)ﬂ (Mv )“M))
defined by 8(f)(a) = f(d(a)) is a bijection.

Proof. We define the target of the map d to be the quotient of the free (A, A4 )-module
(F,Ar) generated by {d(a) | a € A} by the sub-(A, A4 )-module (R, Ag) C (F,Ar) gen-
erated by d(a+b) —d(a) —d(b) with a,b € a; by d(ab) —bd(a) —ad(b) with a,b € A;
and by Ap,(da) — Ze‘n/'LA7e(a)(”/e)’1d(7LA,e(a)) with a € A and n € N. The map d
takes a € A to the class of d(a) in (4 3,). By construction, the map d is a derivation
and the map & is a bijection. O

The inclusion of Der((A,A4), (M, Ap)) in Der(A, M) in general is strict. It is rep-
resented by a map of A-modules 24 — (4 »,) that we call the canonical map. We

now prove Theorem A which states that this map is an isomorphism.

Proof of Theorem A. We consider the following diagram of adjunctions.

(7)ab F
o [A : (A [A)ab ) M (A)
u(A-lA)TlR(AlA) (i M?E’AAJ\LR?E‘AA) M’TJ/R’
“Jab F)v
),/ (A, 2a) — (./ (A, A4))ab — M (A, 20)
i G

Here the functors i and i* are the forgetful functors that forget the abelian group
object structure maps, and the functors (— ), and (—)ﬁ”b are the respective left adjoint
functors which we now define. It suffices to define the left adjoint functors F o (=)
and F* o (—)a’lb of the composite functors io G and i* o G*. The functor i o G takes the
A-module M to the canonical projection f: A@ M — A, and the left adjoint functor
F o(—)ap takes f: B — A to the A-module

F((f5 B "A)ab) =AQ®pQp.

The unit and counit maps of the adjunction are defined by n(b) = (f(b),1 ®b)
and £(1 ®d(a,x)) = x, respectively. Similarly, the functor i* o G* takes the (A, A4 )-
module (M,24) to the canonical projection f: (A ®M,Auan) — (A, A4). Here, we
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recall, Apgy is defined to be the composite map (inj. +inp.) o (A4 @ Ayr). The left
adjoint functor F* o (—)A takes f: (B,Az) — (A, A4) to the (A, A4)-module

FA((f: (B, Ag) — (A,24))ab) = (A, Aa) @(8.25) L 2p)

and the unit and counit of the adjunction are defined by n(b) = (f(b),1 ® db) and
e(1® lgwjg),n(d(a,x))) = Ay (x), respectively.

Now, in the diagram of adjunctions above, the diagram of right adjoint functors
commutes up to natural isomorphism. Therefore, the diagram of left adjoint functors
commutes up to natural isomorphisms. It follows that the natural transformation

A®pQp — ' ((A,24) @(8.25) QB.Ag))
is an isomorphism. Taking (B, A5) = (A, A4), the theorem follows. O

Theorem 2.13. There are natural F,-linear maps F,: Qyya) — L2y (a) defined by

=Y Ane(@) ™) dA o(a).

eln
Moreover, the following (1)—(3) hold.

(1) Forallm,n €N, F,F,, = F,,;,, and F; = id.
(2) Foralln e Nanda € W(A), dF,(a) = nF,(da).
(3) Foralln € Nanda € A, Fyd[a] = [a]""'d]a].

Proof. The canonical map Qyy4) — £2(y(a),4,) is an isomorphism by Theorem A,
and the codomain is a (W(A), A4)-module. We define

Fn = Ay apn L20w(a),80) = Lwia).an)

to be the nth Witt component of the (W(A),A4)-module structure map. It follows
from Remark 2.5 that it is an F, = w, 0 Aj-linear map and from Definition 2.11 (3)
that it is given by the stated formula. Properties (1) and (2) follow immediately from
the definition of a (W(A), A4)-module and from the calculation

= d(ZeAA,e )e) ZnAA';/: dAA7e(a) = nF,(da).

eln eln

Finally, to prove property (3), it suffices to show that A4 .([a]) is equal to [a] and O,
respectively, as e = 1 and e > 1, or equivalently, that A ([a]) = [[a]]. We may assume
that A = Z[a]. In this case, the ghost map is injective, and the calculation

wa(A([a])) = Fa([a]) = [a]" = wa([[al])

shows that A([a]) and [[a]] have the same image by the ghost map. O
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3 The anti-symmetric graded algebras QW( n and QW( A)

We next introduce the anti- symmetrlc graded algebra .QW 4y Which agrees with the
alternating algebra .QW n = Aw) ) if the element dlog[—1] € .Ql W(A) is zero
but which is different in general

Definition 3.1. Let A be a ring. The graded W(A)-algebra
A . 1 .
Qi) = Tonia)yLway/J

is defined to be the quotient of the tensor algebra of the W(A)-module Q{W n by the
graded ideal generated by all elements of the form

da®da—dlog|—1]® Frda
with a € W(A).

We remark that the defining relation da-da = dlog[—1] - Foda is analogous to the
relation {a,a} = {—1,a} in Milnor K-theory.

Lemma 3.2. The graded W(A)-algebra QW< 4) is anti-symmetric.

Proof. 1t suffices to show that the sum da-db+db-da € Q%’V( A) is equal to zero for
all a,b € W(A). Now, on the one hand, we have

d(a+Db)-d(a+Db) =dlog[—1]-Fad(a+b) =dlog[—1] - Fada+dlog[—1] - F2db,
since F>d is additive, and on the other hand, we have

d(a+b)-d(a+b)=da-da+da-db+db-da+db-db
=dlog[—1]-Fda+da-db+db-da+dlog|—1]- F>db

This shows that da - db+db - da is zero as desired. O
Proposition 3.3. There exists a unique graded derivation
d: QW<A) — QW(A)
that extends the derivation d: W(A) — 'QWI/V( n and satisfies the formula
ddw =dlog[—1]-do
forall ® € QW(A). Moreover, the element dlog[—1] is a cycle.

Proof. The relation dd® = dlog[—1] - dw implies that dlog[—1] is a cycle for the
desired derivation d. Indeed,
d(dlog[-1]) = d([-1]d[-1]) = d[-1] -d[-1] +[-1] -dd[-1]
= dlog[—1]- Fd[~1]+[~1]dlog[—1] -d[~1]
= dlog[1] [~ 1Jd]1] + dlog[~1]- [~ 1}d[- 1]



26

which is zero by Lemma 3.2. This proves that the desired derivation d is unique and
given by the formula

d(aoday ...day) = daoda; - --day + qdlog[—1] - apda .. .da,

where ag,ai,...,a; € W(A). To complete the proof, it remains to prove that the map
d given by this formula is (a) well defined, (b) a graded derivation, and (c) satisfies
ddw = dlog[—1] - dw. First, we have
d(aoda1 .. ‘da,, 'b()dbl .. .dbq) = d(aoboda1 .. .dapdbl .. .dbq)
=d(aobo)da; ...daydb; ...dby+ (p+q)dlog|—1]-apboday ...daydb; ...db,
= daoda1 .. .dap . bodbl .. .dbq +pdlog[—1] -aoda1 .. .dap -bodb1 .. .dbq
+ (—1)P(a0da1 .. .dap -dbodb1 .. .dbq +a0da1 .. .dclp . dlog[—l] -bodbl .. .dbq)
=d(apday .. .da,,) bodb ...db,+ (=1)?apda; .. .dap -d(bodb; .. .dbq)
which proves (b). Next, using that 2 divides q2 + g, we find
dd(aopda ...day) = d(daoday ...dag+ qdlog[—1] -apda; ...dagy)
= (q+1)dlog[—1]-dapda; ...da, — qdlog[—1] -dapda ...da,
—qdlog|—1]-qdlog[—1]-apday ...da,
=dlog[—1]- (daoday ...da,+ qdlog|—1]-aopday ...day)
=dlog[—1]-d(apday ...day)

which proves (c). Finally, to prove (a), we must show that for all a,b € W(A), the
following two types of elements of “QW( 4) are zero.

d(d(ab) — bda — adb)
d(dada — dlog|—1] - Fada)
First, using Lemma 3.2 together with (b) and (c), we find that
d(d(ab) —bda — adb) = dd(ab) — dbda — bdda — dadb — addb
=dlog[—1]-d(ab) — dlog[—1]-bda — dlog[—1] - adb
=dlog[—1]- (d(ab) — bda — adb)

which is zero, since d: W(A) — Q%lw ) is a derivation. This shows that the first type
of elements are zero. Next, (b) and (c) show that

d(dada) = 2dlog|—1]-dada
which is zero as is
d(dlog[—1]- Foda) = dlog[—1]-dFxda
=dlog[—1]-d(ada+dAy(a))
=dlog[—1] - (dada+dlog|—1]- Fxda)

by the definition of Q@V( A Hence also the second type of elements are zero. This
completes the proof of (a) and hence of the proposition. O
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Remark 3.4. In general, there is no W(A)-algebra map f: QW(A> — Q) that is
compatible with the derivations.

Proposition 3.5. Let A be a ring and let n be a positive integer. There is a unique
homomorphism of graded rings

F,: QW(A> - QW(A)
that is given by the maps F,: W(A) — W(A) and F,,: Q{MA) — Q\;V(A) in degrees 0
and 1, respectively. In addition, the following formula holds.
dF, = nF,d
Proof. The uniqueness statement is clear: The map F;, is necessarily given by
Fy(aoday ...dag) = F,(ao)F,(day) ... Fy(dag)

where ag, ...,a, € W(A). We show that this formula gives a well-defined map. To
prove this, we must show that for every a € W(A),

F,(da)F,(da) = F,(dlog[—1))F,(Fda).
It will suffice to let n = p be a prime number. In this case, we find that
Fy(da)F,(da) = (a""'da+dA,(a))- (e’ 'da+dA,(a))
= (a"")da-da+dAp(a)-dA,(a) = dlog[—1]- ((a"~ ') Fada+ FrdA,(a))
=dlog[—1]- (R (a’""Rda+ FdA,(a)) = dlog[—1]- F;F,da
= Fy(dlog[—1]- F>da)
where we have used that F>(a) is congruent to a> modulo 2W(A). This shows that
the map F,, is well-defined. It is a graded ring homomorphism by definition.

We next prove the formula dF, = nF,d. Again, we may assume that n = p is a
prime number. We already know from the definition of F, : .Q‘iw 4= .Q‘iw 4 that for

alla € W(A), dFy,(a) = pF,(a). Now, for all a € W(A),
dF,(da) = d(a"'da+dA,(a)) = (p— 1)a?"*dada+dlog[—1] - F,da

which is equal to zero for p = 2, and equal to dlog[—1] - F,da for p odd. Hence, for
every prime p and every a € W(A), we have

dF,(da) = pdlog[—1]- F,da = pF,(dlog[—1]-da) = pF,d(da)
as desired. Now, let ay, ...,a, € W(A). We find
dFy,(aoday ...dag) = d(F,(ao)Fpday ... Fyday)
=dF,(ao)Fpday ... Fydag+ Y (—1)"'Fy(ao)Fpday ...dFyda;. .. Fydag

1<i<q

= p(FpdaoFyda, ... Fydag+ Y, (—1)"'Fy(ao)Fydai ... Fydda; ... Fyday,)

I<i<q
= pFyd(aoday ...da,)

as stated. This completes the proof. O
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We next define the quotient graded algebra f)w 4y of the graded algebra QW( )
and show that the Frobenius F; and derivation d descend to this quotient.

Definition 3.6. Let A be a ring. The graded W(A)-algebra
Qi) = Qi /K
is defined to be the quotient by the graded ideal K generated by the elements
F,dV,(a) —da—(p—1)dlog[—1]-a
where p ranges over all prime numbers and a over all elements of W(A).

We remark that if the prime number p is invertible in A and hence in W(A), then
the element F,dV,(a) —da — (p — 1)dlog[—1] - a already is zero in .QQIW(A).

A

Lemma 3.7. The Frobenius F, : QW( A QW( ) induces a map of graded algebras

Proof. Tt will suffice to show let n = ¢ be a prime number and show that for all prime
numbers p and all a € W(A), the element

Fy(FydVy(a) —da—(p—1)dlog[~1]-a) € Qs
maps to zero in .(AZK;V( A Suppose first that p = £. For p odd, we find
Fy(FpdVy(a) —da) = Fy(p" 2V, (a” )V, (a) — p"2dV, (a?))
= pP~'a""'E,av,(a) — pP*F,dV,(a")

whose image in QQXV(A) is zero since F,dV, =d: W(A) — .(VEQW(A) and the common
map is a derivation. Similarly, for p = 2, we find

B> (FydVs(a) — da —dlog[—1]-a) = F>(Va(a)dVs(a) — dVs(a?) — dlog[—1] - a)
= 2aFydVs(a) — FdVs(a®) — dlog[—1] - F>(a)
whose image in Q‘iV( a) 18
2ada— d(a®) — dlog[—1] - (d® + F>(a))

which is zero since d is a derivation and since a” + F>(a) divisible by 2. Suppose next
that p # £. In this case, we recall, FyF), = F,,F; and ¢ divides p[_1 — 1. Now, if both p
and /¢ are different from 2, we find

Fy(FpdVy(a) —da) = F,(FydV,(a)) — Fyda

= F,(Vp(a)''dV,(a) +d(w)) g d(%ﬁ‘%)
:FP<P“Vp<a“>dvp<a>+dvp<w>>—af lda_dff‘“)[”[)
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. . A1 .
whose image in QW( NE

(pi—l _ l)af—lda _
which is zero since d is a derivation. Similarly, if p =2 and ¢ # p, we find

Fy(F,dVs(a) —da—dlog|—1]-a) = Fy(F,dVa(a)) — Fyda — dlog[—1] - Fy(a)
FVa(a) —Va(a)'

= K (Va(a)"™'dVa(a) +d( 7 )
—af_lda—d(w) —dlog|—1]-Fy(a)

i E _2[*1 0
21 BV (a) + Fadvy (P =2 —)

—d"da— d(W) —dlog|—1]-Fy(a)

whose image in QWIV(A) is
2011

Fg(a) —ot-1gt

2" —1)a""'da— 7

d(a") +dlog[—1]-(

—Fy(a))

which is zero since d is a derivation and since ¢ is congruent to 1 modulo 2. Finally,
if /=2 and p # ¢, we find

F>(FydVy(a) —da) = F,(FdVy(a)) — Foda

= RV, (a)+a( D) g PO
= paF,dVp(a) + devp(w) —ada — d(w)
whose image in .(VZWIV(A) is
(p1)ada~ " La(a?)
which is zero since d is a derivation. 0

Lemma 3.8. For all positive integers n and a € W(A), the relation
F,dV,(a) =da+ (n—1)dlog[—1]-a

holds in _(VZWIV(A).
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Proof. We argue by induction on the number r of prime factors in n that the stated
relation holds for all a € W(A). The case r = 1 follows from Definition 3.6. So we let
n be a positive integer with > 1 prime factors and assume that the relation has been
proved for all positive integers with less than r prime factors. We write n = pm with
p a prime number. Then

F,dVy,(a) = F,F,dV,,Vy(a) = F,(dVy(a) — (m— 1)dlog[—1] -V, (a))
— FydVy(a) — (m— 1)dlog[~1]- FyVy(a)
=da—(p—1)dlog|—1]-a— p(m—1)dlog[—1]-a
=da—(n—1)dlog[—1]-a

which proves the induction step. O
Lemma 3.9. The graded derivation d : QW( VR QW< ) induces a graded derivation
d: .QW(A) — QW(A).

Proof. We must show that for all prime numbers p and a € W(A), the element
d(FpdV,(a) —da— (p—1)dlog[—1]-a) € Q)
maps to zero in Q%W( A First, for p =2, we have

d(FdVy(a) —da—dlog[—1]-a) = dF,dVs(a) —dda+dlog|—1] -da
= dede(a) = 2F2ddV2(a) = 2d10g[—1] -deVg(a)

which is even zero in Q%W( A For p odd, we find
d(F,dVy(a) —da) = d(V,(a)P~'dV,(a) +dA,(a)) — dda
= (p—1)V,(a)"2dV,(a)dV,(a) +dlog[—1] - F,dV,(a) — dlog[—1] -da
=(p-— l)Vp(a)”’zdlog[—l] -F>dVy(a)+dlog[—1] - (F,dVy(a) —da)
=dlog[—1]- (F,dV,(a) —da)

which maps to zero in fz@w 4) 88 desired. Here we have used that p — 1 iseven. [

Definition 3.10. Let A be aring, let S C N be a truncation set, and let Is(A) C W(A)
be the kernel of the restriction map Ry : W(A) — Wg(A). The maps

N. 5

are defined to be the quotient maps that annihilate the respective graded ideals gener-
ated by Ig(A) and dIg(A).
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v

Remark 3.11. The kernel K of the canonical projection QWS( A QWS( ) is equal
to the graded ideal generated by the elements

Vp(Rg/p(a)p_l)deRg/p(a) - pp_de,,Rg/p(ap) —(p—1)dlog[—1]s-a

with p a prime number and a € Wg(A).

Remark 3.12. Let p be a prime number and let S be a p-typical truncation set. Then
the ideal V,Wy,,(A) C Ws(A) has a canonical divided power structure defined by

Suppose, in addition, that the prime number p is odd and that A is a Z,)-algebra.
Then d: Wg(A) — Q%lws (a) 1s a divided power derivation in the sense that

d(Vp(@)") = Vy (@) av,(a)
and it is universal with this property; see [18, Lemma 1.2].

Lemma 3.13. The derivation, restriction, and Frobenius induce maps

d: QWS<A) — QWS<A) (resp. d: QWS(A> — QWS(A))
Ry Qi) = Qi) (resp. Rr: Qi) = Qi ()
Fn: Quyoa) = Ly, (a) (resp. Fut L0y = Ly, ()

Proof. To prove the statement for d, we note that as d is a derivation, it suffices to
show that RY(ddIs(A)) C Q%WS(A) is zero. But if x € I5(A), then

R (ddx) = R (dlog[—1] - dx) = RY (dlog[—1]) - RY (dx)

which is zero as desired. It follows that R} (dIs(A)) = dRY (Is(A). Hence, also the
statement for R§. follows as RY(I(A) is trivially zero. Finally, to prove the statement
for F,, we show that both Rﬁ/n(Fn(IS(A))) and RE/H(Fn(dIS(A))) are zero. For the
former, this follows immediately from Lemma 1.4, and for the latter, it will suffice to
show that for divisors e of n, A,(Is(A)) C Is/.(A). Moreover, to prove this, we may
assume that A is torsion free. So let e be a divisor of n and assume that for all proper

divisors d of e, Ay (Is(A)) C Is/q(A). Since F(Is(A)) C I5/.(A), the formula

Fo(a) =Y dAq(a)*/?
dle

shows that eA,(Is(A)) C Is/.(A). The lemma follows. O

Lemma 3.14. For every ring A, the differential graded algebras QA and Q) are
equal and the canonical projection 2, — £ is an isomorphism.

Proof. Since dlog[—1]{y, is zero, QA = £, as stated. Moreover, Remark 3.11 shows
that the kernel Kyy) of the canonical projection €2, — £2; is zero. O
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4 The big de Rham-Witt complex

In this section, we construct the big de Rham-Witt complex. The set J of truncation
sets is partially ordered under inclusion. We consider J as a category with one mor-
phism from T to S if T C S. If A is a ring, the assignment S — Wg(A) defines a
contravariant functor from the category J to the category of rings, and this functor
takes colimits in the category J to limits in the category of rings. Moreover, the as-
signment S — S/n is an endo-functor on the category J, and the ring homomorphism

Fy: Ws(A) — Wy, (A)
and the abelian group homomorphism
\ % WS/H<A) - WS(A)

are natural transformations with respect to the variable S.

We proceed to define the notion of a Witt complex over A. The original definition
given in [12, Definition 1.1.1] is not quite correct unless the prime 2 is either invertible
or zero in A. The correct definition of a 2-typical Witt complex was given first by
Costeanu [7, Definition 1.1]. The definition given below was also inspired by [21].

Definition 4.1. A Witt complex over A is a contravariant functor
S— Eg

that to every truncation set S C N assigns an anti-symmetric graded ring E¢ and that
takes colimits to limits together with a natural ring homomorphism

Ns: Ws(4) — Eg
and natural maps of graded abelian groups

d: E! — EI"
F,: E{ —>Eg/n (neN)
Vi E;’/n —E! (neN)
such that the following (i)—(v) hold.
(i) Forallx € E{ andx’' € Egl,
dx-x)=d(x)- X'+ (=1)x-d(x'),
d(d(x)) = dlogns([—1]s) -d(x).
(i1) For all positive integers m and n,
F1=V1:id, FuFy = Fans  VaVin = Vi,
FV,=n-id, F,V,=V,F, if(mn)=1,
Fns = nS/nan NsVa :VnnS/n'
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(iii) For all positive integers n, the map F, is a ring homomorphism and the maps F;,

and V,, satisfy the projection formula that for all x € E{ and y € E{ S/n

x-Va(y) = Va(Fa(x)y).

(iv) For all positive integers n and all y € EY S/n

Fnan(y) = d(y) + (I’l - l)dlog nS/n([fl]S/n) Y

(v) For all positive integers n and a € A,
Fudns(lals) = ns/u(lal§;, )dnsa([a]s)n)-
A map of Witt complexes is a natural map of graded rings
f:Es—Eg

such that fn = n'f, fd = d'f, fF, = F.f, and fV, = V'f.

Remark 4.2. (a) For T C S a pair of truncation sets, we write R}.: Ey — Ej for the
map of graded rings that is part of the structure of a Witt complex.

(b) Every Witt functor is determined, up to canonical isomorphism, by its value on
finite truncation sets.

(c) The element dlogns([—1]s) is annihilated by 2. Indeed, since d is a derivation,

2dlogns([—1]s) = dlogns([1]s) = 0.

Therefore, dlogns([—1]s) is zero if 2 is invertible in A and hence in Wg(A). It is also
zero if 2 = 0 in A since, in this case, [—1]g = [1]s. Finally, the general formula

[—1]s = —[l]s +Va([1]5/2)
shows that dlog ns([—1]s) is zero if every n € S is odd.

Lemma 4.3. Let m and n be positive integers, let ¢ = (m,n) be the greatest common
divisor, and let i and j be any pair of integers such that mi+nj = c. The following
relations hold in every Witt complex.

dF, =nF,d, V,d=ndV,,

FoudVy = idFp Voo + ) Vaged + (€ = 1)d 10205 (= Vs ) - Fon/eVa/es
dlogns([—1]s) = L,=12"'dVarng or ([1]s)2r),

dlogns([—1]s) - dlogns([—1]s) =0, ddlogns([—1]s) =0,
Fy(dlogns([—1]s)) = dlogNg/n([—1]s/n),
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Proof. The following calculation verifies the first two relations.

an(x):Fnan n( ) (n 1)d10gn[_1]'Fn(x)
= Fd(Van([1]) -x) = (n—1)dlogn([-1]) - Fu(x)
= Fu(dVan([1]) - x+Van ([1]) - dx) — (n = 1)dlogn ([-1]) - F(x)
= FudVun([1]) - Fa(x) + EVan ([1]) - Fad (x) — (= 1)dlogn([—1]) - F (x)
— (n—1)dlogn([~1])- Fu(x) + nFad(x) — (n— 1)dlogn ([~1]) - Fy(x
= nF,d(x)

Vad (x) = Vi (FydVy (x) — (n = 1)dlogn ([-1]) - x)

= Van([1))dVu(x) — (n— 1)V (dlogn([—1]) -x)
=d(Van([1))Va(x)) = dVan ([1))Va(x) — (n = 1)V,(dlogn ([-1]) - x)
= dVu(FVan ([1])x) = Va(FadVan ([1])x) — (n = 1)V, (dlogn ([-1]) - x)
= ndVy(x) — 2V, (dlogn ([-1]) -x)
= ndV,(x)

Next, the last formula follows from the calculation
Fu(dlogn([—1]s)) = Fx(n((=1]""dn([~1])) = Fan([~1]" ) Fadn([-1])
=n([~1]"")n([~1)""Han([-1])
=n([~1]"")dn([~1]) = dlogn([~1)).

Using the three relations proved thus far together with the projection formula, we find
FudVy(x) = Fyy FedVoV, o(x)
= FpuycdVyy e(x) + (¢ = D)dlogn ([—1]) - B e Viye (%)
= ((m/c)i+(n/c)j)EnjcdV,ye(x) + (c = D)dlogn ([=1]) - Fy/cViye (x)
= idEy )V e(X) + jFp/cVayed(x) + (¢ = 1)dlogn ([ 1]) - Fyy e Vie (x)-

To prove the formula for dlogn([—1]s), we use the formula

[—1]s = —[1]s+Va([1]s/2)

which is easily verified by evaluating ghost coordinates. We find

dlogn([—1]s) = n([—1ls)dn([-1]s) = n(=[l]s + Va([l]s/2)dn (—[1]s + V2([1]5/2)
= —dVan((l]s2) + V2 (F2dVan([1]s/2))
= —dVan([1]s2) +Va(dlogn([—1]s/2))
=dVan([1]s/2) +Va(dlogn([—1]s/2))

where the last equality uses that 2dVan([1]g/2) = Vdn([1]s/2) = 0. The stated for-
mula follows by easy induction. Using this formula, we find

dVadlogn ([—1]s2) = Y 2" ddVyim([1 Js/2r1)

r=1

= Z 2"dlogn([—1]s) - dVorsin([1g/pr+1)

r=1
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which is zero, since 2dlogn([—1]s) = 0. The calculation

(dlogn([—1]5))* = (dn([~1]s))* = (@Van([1]s;2))?
=d(Van([1]ss2)dvan([l]ss2)) —Van([1]s/2)ddVan([1]s/2)
= dVadlogn([—1]s/2) —Van([l]s/2)dVadlogn([—1]s/2)
= dVadlogn([—1]s;2)n([1]s = Va([l]s/2))

then shows that (dlogn([—1]s))? is zero as stated. This, in turn, shows that

This completes the proof. O
Proposition 4.4. For every Witt complex and every positive integer m, the following
diagram, where the horizontal maps take apda, to M(ap)dn(ay), commutes.
1 ns
Qyyga) — Eg

Fin Fin

Proof. We may assume that m = p is a prime number and that § = N. Moreover, by
Lemma 1.5 (i), it will suffice to show that for every n € Nand a € A,

FpdVynn([aln) = nnFpdVy([aln).

To ease notation, we suppress the subscript N. We first suppose n is prime to p and
setk=(1—nP"')/pand ¢ =nP=2. Since kp + ¢n = 1, Lemma 4.3 shows that

FpdVan([a]) = k- aVuFpn([al) + €V, Fpdn ([a])

=k-avin([a)’) +¢-Va(n([a)"~ " dn([a)))
=k-avin([a)’) +¢-Vum([a]"~" d[a])

Moreover, by Theorem 2.13 and Remark 1.19, we have
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where the last equality uses that n7~2(n — 1)dlogn([—1]) is zero. This proves that
the desired equality holds if p does not divide n. Suppose next that p divides n and
write n = pr. We consider the cases p = 2 and p odd separately. First, for p odd,

FpdVim(la]) = avin(la])
nF,dV,([la]) = n(Va((a])"~ ' dVa(la)) +aV,(la]) — p"~ 2P~ aV,([a]”))
=Vun([a))"~'aVum([a]) +aVin ([a]) — p"2r" " aVa(n ((a])")
and the desired equality follows from the calculation
pr 2 avu(n([a)?) = pP 3 ad(n([a])?)
=p" 2V, (la]) dn ([a)))
=n"" 2V, (n([a))?~")aVan ([a])
= Van((a])"~aVun ([a]).
Finally, if p = 2, then
FdVin([a]) = aVin([al) +dlogn([-1]) - V,n([a])
)av,

NFdV,(la]) = ( w([a])aVa(la]) +aVi([a]) - ran(H))
i (la])aVan ([a]) +aV;n([a]) — rdVa(n ([a])?)

and must show that
dlogn([~1])-Vin([a]) = Vi ([a))aVan ([a]) — rdVa(n([a])?).
Suppose first that r = 1. Since [—1] = —[1] 4+ V2([1]), we have

dlogn([—1]) = Van([1])avan([1]) —aVan([1)),

and hence,

1])
)
]

dlogn ([~1])-n([a]) = Va(n(la])*)aVan([1]) = n([a))dV2n (]
=V2(n([a]*)FR2aVan([1])) —dVa(n([a))*) +dn([a]) - Van([1]
=V2(n(la])*dlogn ([~1])) —dVa(n([a])*) +Va(n([a])dn [a

= —dVa(n([a])?) +V2(n([al))dV2n ([a])

as desired. In general, we apply V, to the equation just proved. This gives

dlogn([-1))-Vin(la]) = —raV,(n([a])?) + V,(Van([a])dVan ([a]))
= —rdVy(1([a))*) + Va(n([a]) F2dVan ([a]))

= —rdVy(n([a))*) + Va(n([a)) F.aV,un ([a]))

= —rdV,(n([a])*) + Van([a])dV,n ([a])

[a

[a

)

where F>dV, = F,dV, since n is even. This completes the proof. [
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Remark 4.5. For every Witt complex over the ring A, Ef is a (W(A),A)-module in
the sense of Definition 2.4 with structure maps Ag , = F,: E&I — EI{T. Now, Proposi-
tion 4.4 states that d is a derivation in the sense of Definition 2.11

d: (W(A),Ay) — (EL, Ag).

Moreover, in Definition 4.1, we may substitute this statement for axiom (v).
Corollary 4.6. Let Eg be a Witt complex over the ring A. There is a unique natural
homomorphism of graded rings

ns: Quya) = Es

that extends the natural ring homomorphism 1Mg: Wg(A) — Eg and commutes with
the derivations. In addition, for every positive integer m, the diagram

X Ns .
Qo) — Es

Fy Fin

Ns/m

WS/m(A> E;

S/m
commautes.
Proof. The map ng necessarily is given by

ns(aoda; ...dag) = ns(ag)dns(ar) ...dns(ay).

We show that this formula gives a well-defined map. First, from Proposition 4.4, we
find that for all a € W(A),

Fdnn(a) = NwFd(a) = ny(ada+d Ay (a)) = NMw(a)dny(a) +dNndz(a).
Applying d to this equation, the left-hand and right-hand sides becomes
dFydny(a) = 2Fddny(a) =0

and
dnw(a)dny(a) +dlognn([—1])n - (Mn(a)dnn(a) +dnnAz(a))
= dnn(a)dnn(a) +dlognn([—1])n - Fadnn(a),

respectively. This shows that the formula above gives a well-defined map of graded
rings from QWS (a) 0 Eg, and by axiom (iv) in Definition 4.1, this map factors through
the projection onto .QWS( ) Finally, Proposition 4.4 shows that the diagram in the
statement commutes. O
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Proof of Theorem B. We define quotient maps of graded rings
TIS: QWS(A) — WSQA

together with maps R‘; and F, of graded rings and a graded derivation d that make
the diagrams of the statement commute and a map of graded abelian groups

Vii: W2 — W2,

that make the following diagrams commute.

n /n . Vn .

We/n(A) ", W, Qf Ws/n2) —— W5,
Jv,, lvn lRi//’; JR;
Ws(A) — 2 W) Wy —s WrQ,

W © Wy 250 Wy, 0, 0 We, 229 w0, @ W,

I I

. Va .
We/n 2 W@,

It will suffice to define the above structure for finite truncation sets S. We proceed
recursively starting from Wy, that we define to be the zero graded ring. So let
S # 0 be a finite truncation set and assume, inductively, that the maps 17, R[T], E,,
d, and V,, have been defined for all proper truncation sets 7' C S, all truncation sets
U C T, and all positive integers n such that the diagrams in the statement and the
diagrams above commute. We then define

TIS: QWs(A) — WSQA
to be the quotient map that annihilates the graded ideal Ny generated by all sums

ZVn(xa)dyLa cdyga
o

d(ZVn(Xa)dy1,a cdyga)

for which the Witt vectors xo € W/, (A) and y1 g, - ., Yq,a € Ws(A) and the integers
n > 2 and g > 1 satisfy that the sum

nS/n(ZxaFnd)’l.a .. ~FndYq,oc)
o
is zero in Wy /,,.Qz. For every positive integer n, we now define
Vi Wy, Q) — Wy
to be the map of graded abelian groups given by

VnnS/n(XFnd)’] .. ~Ezd)’q) = nS(Vn (x)d}’l .- -d)’q)-
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Here we use that every element of Wy /,,Qz can be written as a sum of elements of
the form 7/, (xF,dy1 ... Fydy,) with x € W/, (A) and y1,...,y, € Wg(A). Indeed,

dx = FydVa(x) — (n— 1)dTog[~1]g)u - x = FadVa(x) — (n— 1)xFd ([~ 1]5).
By definition, the map V) is the identity map, and that

Vi = VinVn: Ws/anZ — WsQl
for all integers m,n > 2 and g > 0 follows from the calculation

Viun 1S fmn (XEund 1 - . . FyndYq) = N5 (Vinn (X)dy1 ... dyq)
=Ns(Vin(Va(x))dy1 ... dyg) = ans/m(vn(x)Fmd)’I oo Fdyy)
= Vi (Va (N jmn (X)) Eind M5 i1 - - - Find M/ m¥q)

= VirVans mn (XFsundy1 - . . Fyndyyg)

where the last equality uses the inductive hypothesis.

We proceed to construct the right-hand vertical maps in the square diagrams in the
statement. To this end, it will suffice to show that the left-hand vertical maps in these
diagrams satisfy RS.(Nd) C Ni, d(N?) € NI, and F,(N{) € N{, | respectively. We
therefore fix a positive integer n and an element

S/n

0= ZVn(xoc)d}’l,a - dyga € 'égvs(/*)
[0

such that
Ns/n(Y XaFadyia - .- Fadyga) € W/, Q2
o

is zero and show that n7R5.(®), Ns(dd®), Ns/mFm(®), and g, Fn(d®) are all zero.
First, in order to show that

nTRg( =MNr ZV RT/n xa)dRL;()’l,a%~-dR§(Yq,a))
is zero, it suffices by the definition of the ideal N; to show that
(L Ry () Fud R (51.0) - FodR: ()
is zero. But this element is equal to
Ry (Y XaFady1 a - Fadyg.o)
a
which, by the inductive hypothesis, is equal to

R (L iy )
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which we assumed to be zero. Similarly, we have

Ns(ddw) = ns(dlogns([—1]s) - d®) = nsd(dlogns([—1]s) - ®)
= nsd(ZVn(xa[f1]§/n)d[71]5dy17a .. ~d)7q,a)7

and by the definition of N, this is zero since
Ms/n (Y *aNs/n([—115/,) Fads([=1]s) Fadyi,o - - FadYga)
04

= dlognS/n([*l]S/n) : T’S/n(ZthFndyl,a .. -Fndyq.,a)
[0

is zero. Next, to prove that 1/, F,(®) and 7, F(d®) are zero, it suffices to con-
sider the three cases n = km, m = kn, and (m,n) = 1. First, if n = km, then

N5 jmFn(©) = N5 /(Y FnVi(Xet) Fndy1.a - - - Fndyg.a)
o
=mng/m (Z Vie(xa ) Fndyi,a - - - Fndyg.a)
o

= kanS/n(ZxaFndYI,a .. -Fndyq,oc)
o

which is zero as desired. Here the last equality uses the inductive hypothesis. Simi-
larly, using Proposition 3.3, we find

nS/mFm(da’) = nS/mFm(Zan(xa)dyl,a e dyga)
a

+qdlog nS/m([_l]S/m) ) nS/mFm(w)'

The second summand on the right-hand side is zero, by what was just proved, and by
Lemma 3.8, we may rewrite the first summand as the sum

nS/m(Zde(xa)Fmdyl,a .- -Fmdyq,a)
a

+ (m—1)d10g N/ ([ Usjm) - Ns/m (Y Vi (Xet) Fndy1.ac - - - Fndyg.a0)
o

where again the second summand is zero by what was proved above. We further
rewrite the first summand as

Ns/md (Y. Vi(Xe) Fndy1a - - Fndyg.a)
o

—qdlog nS/m([*l]S/m) : nS/m(ZVk(th)Fmdyl,a = -Fmdyq,a)
o

where the second summand is zero as before. Finally, using the inductive hypothesis,
we rewrite the first summand as

dns/m(ZVk(.xd)Fmdyla .. .Fmdyq,a) = denS/n(Z.xaFndyLa .. .Fndyq’a)
a o
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which is zero as desired. Next, suppose that m = kn. Then

nS/mFm(w) = nnS/ka(ZxaFndyl.a . ~F;1dyq.,ot)
a

= annS/n (ZxoandYI,oc .. 'Fnd)’q,oc)
o

which is zero as desired. Here the last equality uses the inductive hypothesis. Using
that 1/, Fu (@) is zero, we further find that
Ms/nfin(4©) = s Fin(L AV (3a) A1+ dYo.c)
= ns/ka(deaFndyl_a o Fudyga)
o
= NsymFrd (Y xaFndyo - .. Fadyq.a)
a
= nS/kadnS/n(gxaFndJ’l,a o Fdyga)

which is zero as desired. Here, again, the last equality uses the inductive hypothesis.
Finally, we consider the case where m and n are relatively prime. We have

nS/mFm(w) = nS/m(ZVnFm(xa>Endyl7a .- ~Fmdyq.,06)
o
= ZVnanS/n(xa)Fmdnsyl,a .. ~Fmdn5yq,a
o
= ZVn(anS/n(xa)FnFmdnSyl,a cee FnFmdnSyq,a)
o

= Vnans/n(Z.xaFndyLa SN Fndyqa>
a

which is zero. Here the second and third equality uses the inductive hypothesis. To
prove that also ng/,,Fnd @ is zero, it will suffice to show that both mnyg,,F/nd® and
nMs/nFnd® are zero. First, since Mg/, Fu(®) is zero, so is

Mg/ Fnd @ = Ng/dFip® = dNg )y (©).
We next use the equality

ndVy(x) = dVoF, Vi (x) = d(Va([Usn) - Va(x))
= Vn(x)dvn([l]S/n) +Vn([l]5/n)dvn (x)
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together with the fact that 7/, F, (@) is zero to see that

s jmFn(d®) = nS/mFm(g, ndV,(xa)dy1,q - . dyga)

= M /mEm ZVH xa)dVu((Us/n)dyra - - dyg.a)
+Ns/mbm ZVn ls/n)dVa(xa)dy1,a - --dYg.a)

= 1§ /m ):v,,Fm (%) Fnd V(1] s/n) Fnddy1 o - - - Fndyg,a)
+Ns/m ZVF s /mn ) Fn@Va (X ) Fndy1 60 - - - Fndyg. o)

= VansmnFm (FadVu (1] s/4) ';xaFnd}’l,a--~Fnd}’q7a)
+ VnnS/mnFm<§ FadVy(xa)Fadyta - Fadyg.o)

= VnﬂS/;nnFmd(za:xaFndY1,a o Fudyga)

= VnFmdns/n(ZxaE1dyl,a .. andYq.,oc)
o

which is zero as desired. Here, again, the third and the last equalites use the inductive
hypothesis.

To complete the recursive definition, it remains only to prove that for all positive
integers n, ® € WsQ{, and 7 € Ws,,€24, the projection formula

V()T =V, (0F,(7))
holds. It suffices to let @ = ns/n(xF,,dyl ...Fydy,) and T = ns(zdwy ...dw,). Then

Va(0)T = Vil jn (xFadyr - .. Fadyg) - Ns(zdwi ... dwy)
=Ns(Va(x)dy1...dyg-zdwy ...dw,)
= Ns(Va(xFu(2))dy ... dygdw ... dw;)
= Va(Ns/u(xFady1 - Fadyq) - NsjnFu(zdwi ... dwy))
n(ns/n (XFudy1 ... Fadyg) - Fyms(zdwy ...dwy))
Vi(0F,(2))

n

as desired. This completes the proof. O

Definition 4.7. The initial Witt complex WgQ, over the ring A is called the big
de Rham-Witt complex of A.

Addendum 4.8. (i) For all g, the map M1y : QZ — W{l}QX is an isomorphism.
(ii) For all S, the map ns: Wg(A) — WsQ{ is an isomorphism.

Proof. This follows immediately from the proof of Theorem B and Lemma 3.14. [
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5 Etale morphisms

The functor that to the ring A associates the Wg(A)-module WsQ{ defines a presheaf
of Wg(&')-modules on the category of affine schemes. In this section, we use the
theorem of Borger [3] and van der Kallen [22] which we recalled as Theorem 1.22 to
show that for S finite, this presheaf is a quasi-coherent sheaf of Wg(&')-modules for
the étale topology. This is the statement of Theorem C which we now prove.

Proof of Theorem C. Let o denote the map of the statement. We define a structure of
Witt complex over B on the domain of «. By Theorem 1.22, the map

Ws(f): Ws(A) — Ws(B)
is étale. Hence, the derivation d : WS.QZ — \\)VS.QZ+1 extends uniquely to a derivation
d: Ws(B) ®WS(A) Ws.QZ — Ws(B) ®WS(A) ngz_'_l

defined by the formula
db®x)=(db)x+b®dx

where db is the image of b by the composition

d ~
Ws(B) — ‘Q\IWS(B) — Wy (B) ®WS(A) ‘QQI?VS(A) — Ws(B) ®WS(A) Ws.Q/{

Here the middle map and the right-hand map are the canonical isomorphism and the
canonical projection, respectively. We further define RS. = R‘; ®R§ and F, = F,®F,.
To define the map

Vi: Wy (B) Qv () W/n Q) —: Ws(B) @yys(a) WsQf

we use that the square in the statement of Theorem 1.22 is cocartesian. It follows that
the map

F®id: W(B) @wyga) Wsn 4 — Wy, (B) @i, (4) W2

is an isomorphism, and we then define V,, to be the composition of the inverse of this
isomorphism and the map

ideV,: Ws(B) Bwg(a) WS/nQZ — Ws(B) Rw,(A) Wsﬂz.
Finally, we define the map 75 to be the composition

Ws(B) — Ws(B) @y Ws(4) = Ws(B) @) Ws 2]
of the canonical isomorphism and the map id®mng. We proceed to show that this
defines a Witt complex over B. The axioms (i)—(iii) of Definition 4.1 follow imme-
diately from the definitions. For example, the identity dd(x) = dlogns([—1]s)d(x)
holds as the two sides are derivations which agree on WgQ{. It remains to verify
axioms (iv)—(v) of Definition 4.1.
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To prove axiom (iv), we first show that for all b € Wy, (B),
FadVi (D) + (n—1)dlog s/ ([—1]s/u) - b = d(b).
The right-hand side is the unique extension to Wy, (B) of the derivation
d: Wy (A) — W), 2.

The left-hand side, D,(b), is also an extension of this map since WSQZ is a Witt
complex over A. Hence, it will suffice to show that D,, is a derivation. Moreover,
since D, is an additive function of b, and since the square of rings in Theorem 1.22 is
cocartesion, it is enough to consider elements of the form F,(b)a with a € W, (A)
and b € Wg(B). Now,

Dy, (F,(b)aF,(b")d") = Dy(F,(bb')ad")

= F,d(bb'V,(ad")) + (n— 1)dlogn([—1])F,(bb )ad

= F,d(bb")F,V,(ad') + F,(bb')F,dV,,(ad") + (n — 1)dlogn([—1])F,(bb')ad’

= F,d(bb")pad’ + F,(bb')d(ad")

= (Fd(b)F, (V') + F,(b)F,d (b)) pad’ + F,(bb')(d(a)d’ + ad(a’))

= (F,d(b)pa+F,(b)d(a))F,(b')d + F,(b)a(F,d(b')pa+ F,(b)d(a'))

= D,(F,(b)a)F,(b')d" + F,(b)aD,(F,(b')d")
which shows that D,, is a derivation, and hence, equal to the derivation d. We note
that the special case of axiom (iv) proved thus far implies that

dF, =nF,d: Wg(B) — Ws/n(B) Owy), (4) WS/,,.QA.
To prove axiom (iv) in general, we must show that
FadVa(b )+ (n— D)dlog Mg u([~1]s) -b@x = d(b@x)

forall b € W, (B) and x € Wy /n.QZ. As before, this follows once we prove that the
left-hand side, D, (b ®x), is a derivation. Moreover, since D, is additive and since the
square of rings in Theorem 1.22 is cocartesian, it will suffice to consider elements of
the form F,(b) ® x with b € W(B) and x € W, Q7. Finally, to prove that D, is a
derivation on elements of this form, it suffices to show that

D, (F,(b) ®x) = D, (F,(b))x+ F,(b) @ Dy(x).

Now, by the definition of V,, and by the case of axiom (iv) proved above, we find
Dy(Fa(b) ©x) = FadVi(F,(b) @ x) + (n— 1)dlogn ([—1]) - Fa(b) @ x
=Fd(b@Vy(x))+ (n—1)dlogn([—1]) - Fu(b) ®x
= Fnd(b) 'FnVn(x) +Fn(b) ®Fndvn(x) + (n_ 1)d10gn([—1]) 'Fn(b) ®x
=nF,d(b) - x+ F,(b) Dy (x) = dF,(b) - x+ F,(b) ® Dy(x)
= Dy(Fy(b)) - x+ Fu(b) ® Dy(x)

as desired. This completes the proof of axiom (iv).
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To prove axiom (v), we consider the following diagram where the left-hand hori-
zontal maps are the canonical isomorphisms.

iden
Q\le\‘/s(B) y Ws(B) @wig(a) Q\xlf\vs(A) " Ws(B) @yyy(a) WsL2)

an JFn QFy J/Fn QFy

ldx\ns/n
Dy, 8y Wyn(B) S, a) iy, (4) — W (B) Dy, () W2

The left-hand square commutes since Fj, : _QW B .QW is F-linear, and the right-
hand square commutes since WS.Q" is a Witt complex (I'fence, also the outer square
commutes and this immediately implies axiom (v); compare Remark 4.5.

We have proved that the domains of the canonical map ¢ at the beginning of the
proof form a Witt complex over B. Therefore, there exists a unique map

B: Wsﬂg — Ws(B) Qwg(A) WS-QX

of Witt complexes over B. The composition o o 3 is a selfmap of the initial object
W7, and therefore, is the identity map. The composition o & is a map of Witt
complexes over B. In particular, it is a map of Wg(B)-modules, and therefore, is
determined by the composition with the map

l: WsQZ — Wg(B) Qwg(A) W&QZ

that takes x to [1]s ® x. But 1t and 8 o ot o1 both are maps of Witt complexes over A
with domain the initial Witt complex over A. Therefore, the two maps are equal, and
hence, also 8 o & is the identity map. This completes the proof. O

6 The big de Rham-Witt complex of the ring of integers

We finally evaluate the absolute de Rham-Witt complex of the ring of integers. If m
and n are positive integers, we write (m,n) and [m,n] for the greatest common divisor
and least common multiple of m and n, respectively. We define (m, n] to be the unique
integer modulo [m,n] such that (m,n] = 0 modulo m and (m,n] = (m,n) modulo n,
and define {m,n} to the unique integer modulo 2 that is non-zero if and only if both
m and n are even. We note that (m,n] + (n,m] = (m,n) modulo [m,n].

Theorem 6.1. The big de Rham-Witt complex of Z is given as follows.
WS'Qg = HZ : Vnn([l]S/n)

nes

W5y = []2/nZ-avin([1]s/.)

nes

and the groups in degrees q > 2 are zero. The multiplication is given by
an([l]S/m) Vnn([l}S/n) = (mvn) 'V[m,n]n([l}S/[m,n])
an([l]S/m) dvnn([l]S/n) - (mvn] dv[mn]n([l]S/[mn])
+ {m,n} Z 2r—1 [mvn] 'dVQV[m.n]n([l}S/Zr[m,n])

r=1
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and the mth Frobenius and Verschiebung maps are given by

Fmvnn([l}S/n) = (m,n)- n/ m,n) ([1]5’/ )
Fmdvﬂn([l}S/n) (m n]/m dvn/ (m, n)n([ ]S/[mn)
+{m.n} Y (2" "0/ (m,n)) - dVara w1 (s 2 pmn])

rz1

Vm(vnn([l]S/mn)) = Vm’in([l]S/mn)
Vi dVanl (s jmn)) = m - AV ([ /n) -

Proof. We begin by showing that the groups Eg and structure maps listed in the
statement form a Witt complex over Z. For notational convenience we suppress the
subscript S. We first show that the product is associative. The formula for the product
shows in particular that

dlogn([~1]) = (=n([1]) +Van([1]))dvan([1]) = )} 2" 'aVarn ([1)).

rz1

We claim that

Vil ([(1]) - @Van ((1]) = (m,n] - dViyym ((1]) + {m, n} - Vi ([1])d log n ([=1]).

Indeed, by the formula for dlogn([—1]) which we just proved,

Ven([1])-dlogn([~1]) = ) 2" 'Ven([1])dVan([1])

r=1

=Y 27 (e, 2"1dVi o ([1]) +{e,2} ¥ 2" [e,2]dVaso o ([1])

r=1 s>1

But 2"~ !(m,2"] is congruent to 2"~ 'm modulo [m,2"], and therefore, if e is odd, the
lower left-hand summand is equal to ¥~ | 2"~ edVar,n([1]) and the lower right-hand
summand is zero, and if e is even, the lower left-hand summand is zero and the lower
right-hand summand is equal to } ¢~ 2° ~LedVss,n([1]). The claim follows. A similar
calculation shows that for all positive integers a and b,

Van ([1]) - (Ven ([1]) - dlogn ([-1])) = (Van ([1]) - Von ([1])) - dlogn ([=1]).
We now show that the product is associative. On the one hand,
Vin([1]) - (V([1]) - aVam ([1])) = (L, [m, n})(m, n] - dVyy 1 ([1])
+ ({4, [m,n]} (m,n] + (L, [m,n]){m,n}) - Vi pm a0 ([1])d log n ([-1])
and on the other hand,
Vin([1]) - Vau([1])) - @V ((1]) = (L,m)([1,m], n] - dVig ) 1 ([1])

Here [I,[m,n]] = [[I,m],n] and to prove that (I,[m,n]|(m,n] and (I,m)([l,m],n] are
congruent modulo [/, [m,n]], we use that [/, [m,n]]Z is the kernel of the map

7 — )17 x Z./mZ x Z./nZ.
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that takes a to (a+1Z,a+mZ,a+ nZ). So it will suffice to verify that the desired
congruence holds modulo /, m, and n, respectively. By definition, both numbers are
zero modulo / and m, and the congruence modulo n follows from the identity

(L, [m,n]) - (m,n) = (I, m) - ([, m],n)

which is readily verified by multiplying by [I, [m,n]] = [[I,m],n] on both sides. We
also note that {I, [m,n|}(m,n] + (I, [m,n]){m,n} and (I,m){[l,m],n} are well-defined
integers modulo 2 which are non-zero if and only if #n and exactly one of / and m are
even. This shows that the product is associative.

We proceed to verify the axioms (i)—(v) of Definition 4.1. First, we note that since
the sum (m,n] 4 (n,m] is congruent to (m,n) modulo [m,n] = [n,m|, we find

den([ [)-Van([1
+(m n]denn
:(m’n)dv[mn ([1])

1) +Van ([1])-aVan ({1])
1))+ {n,m}Viy mn ([1])dlogn ([-1])
(1) +{m, n}Vim (1])d log n ([-1])

which verifies axiom (i). Next, to verify axiom (iv) we note that

Eu(dlogn([-1])) = ) 2" 'FuaVarn ([1))

r=1

=Y 27 (m, 2" /m-dViy 2y ([1])

r>1
+{m, 2}V 2y /mn (1) d logn ([-1])
= dlogn([-1]),

where the last equality uses that 2"~!(m,2"] = 2"~'m modulo [m,2"]. Therefore, we
may rewrite the stated formula for the Frobenius in the form

Fdenn([]]) = (m>n]/Man/(mn)n([]]) + {m>n}Vn/(m,n)n([l])dlogn([_1])

which verifies axiom (iv). Similarly, to prove axiom (iii), we first note that

Vin(dlogn ([1])) = V(). 2" 'aVarn([1])) = Y 2" ' mdVarum ([1])

r=1 r=1

=V ([1])dlogn ([1]).

Therefore, we find that

VinFmdVun ([1]) = Vi ((m,n] /m - dViy iy jmm ([1])
+{m,n} Vim0 ([1])dlogn([1]))
= (m,n]-dVj, g ([1]) +{m,n} - Vi yn ([1])dlogn ([—1])
=Vun([1])avun([1])
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where we have used that [m,n]/m = n/(m,n). This proves that axiom (iii) holds. We
next consider axiom (ii) and begin by proving that the identity F;F,, = F,, holds.
Since (Im,n) = (I,n/(m,n))(m,n) we find on the one hand that

FI(Fdenn([l])) = (lvn/(mvn)]/l' (mvn]/m'dvn/(lm,n)n([l])
+ ({Ln/(m,n)}(m,n}/m—l— (lan/(m>n)){mvn}) 'Vn/(lm,n)n([H)dlogn([_u)

and on the other hand that

Fldenn([l]) = (lmvn]/lm'an/(lm,n)n([l])
+{Im,n} -V gmmn([1])dlogn ([—1]).

The classes (Im,n] and (I,n/(m,n)](m,n] are congruent modulo [/m, n]. For both are
congruent to 0 modulo /m and congruent to (Im,n) = (I,n/(m,n))(m,n) modulo n.
It remains only to note that {Im,n} and {l,n/(m,n)}(m,n]/m+ (I,n/(m,n)){m,n}
are well-defined integers modulo 2 which are non-zero if and only if n and at least
one of [ and m are even. This shows that F;F;,, = F},,. The formulas V;V,, = V},, and
FnVyy = m-id are readily verified, so we next show that F;V,, = V,,F; provided that /
and m are relatively prime. Using what was proved earlier, we find that

EVudVan([1]) = m(l,mn] /1-dV 1 mmyn ([1])

+m{l,mn} -V 1mny N ([1])d logn ([—1])
VnF1dVun ((1]) = m(Ln]/1- AV myn 1))

+{Ln} - Viyamym (1)) dlogn([-1])

Since (I,m) = 1, we have (I,mn) = (I,n). Moreover, modulo n/(I,n), the congruence
classes of (I,n]/l and [/(I,n) are inverse to each other, and modulo mn/(I,mn), the
congruence classes of (/,mn]/l and I/(I,mn) are inverse to each other. It follows that
the congruence classes of m(l,mn] /I and m(l,n]/l modulo mn/(l,n) are equal. Since
also m{l,mn} = {l,n}, we find that F}V,, = V,,F; as desired. This proves axiom (ii).
Finally, we consider axiom (v). Since the formula for [a]g in Addendum 1.7 is quite
complicated, it is an onerous task to verify this axiom directly. However, as noted in
Remark 4.5, we may instead show that for every prime number p, the diagram

1 n 1
\LFP J/FP
Qb ——— E]
W(A) N
commutes. It further suffices to show that for every positive integer n, the image of

the element dV,([1]) by the two composites in the diagram are equal. We consider
three cases separately. First, if p is odd and n = ps is divisible by p, then

FpnadVy([1]) = FpdVin ([1]) = aVin([1])
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which is equal to
NFpdVu([1]) = n(@Vs([1]) + " (Vu([1))dVa ([1]) — sdV,,([1]))) = dVsn ([1])
as desired. Second, if p = 2 and n = 2s is even, then

Bndvy([1]) = Rdv,n([1]) =avin([1]) + Y. 27 'sdVarn ([1])

rz1
while
nFdV,([1]) = n(@Vs([1]) + Vu([1])aVi([1]) — sdV,([1]))
=avn([1))+ Y 2" 'ndVa,m([1]) — saVum ([1]),

t>1

so the desired equality holds in this case, too. Third, if » is not divisible by p, we have
((1=nP=Y)/p)-p+nP~2.n=1, and hence,

— -1
Fyndvy([1]) = Favyn (1)) = ~—2—av,n((1).
We wish to prove that this equal to
_ -l
NV (1) = 10”2V ([1)+ Va1 + +—— i (1),

or equivalently, that n”~2V,,n([1])dV,n([1]) is zero. This is true for p odd, since
ndV,n([1]) is zero, and for p = 2, since V,,n([1])dV,n([1]) is zero, for n odd.

We have now proved that the groups Eg and structure maps listed in the statement
form a Witt complex over Z. It follows that there is unique map

WS_Q% — Eg

of Witt complexes over Z which one readily verifies to be an isomorphism for g < 1.
Therefore, it remains only to prove that WS.Q% is zero for g > 2. It will suffice to
show that for S finite, the elements ddV,,n([1]s/,) are zero for all n € S. Now,

ddVyn([1]s/n) = dlogn([—1]s) -dVan([1]s/n) = d(dlogn([—1]s) - Van ([1]s/n))
=aV,(dlogn([—1ssn) = Y. 27 aVadVarn([1]5/2r0)
=nddVon(Wsp). 7

Since S is assumed to be finite, this furnishes an induction argument which shows
that ddV,m([1]s/,) is zero. We conclude that WsQ7 is zero for g > 2 as desired. This
completes the proof. O

Addendum 6.2. Let S be a finite truncation set. The kernel of the canonical map

is equal to the graded ideal generated by the following elements (1)—(ii) together with
their images by the derivation d.
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(i) Forallm,n € S, the element

Vm([l]S/m)dVﬂ([uS/n) - (man]dv[mn]([l]S/[mn])
- {m, n} Z 2ril [m, n}dVZV[m,n] ([I]S/Zr[m,n])

r=1

(i) Foralln € S, the element ndV,([1]s/,).

Proof. This follows from the proof of Theorem 6.1. O

We remark that in Addendum 6.2, the graded ring QWS(Z) may be replaced by the

graded ring QWS )
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