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Chapter 1

Introduction

Two important themes in modern homotopy theory are the study of structured ring
spectra, in particular E., ring spectra, and chromatic homotopy theory, which had
its genesis in computations with the Adams-Novikov spectral sequence based on the
p-primary Brown-Peterson spectrum BP [18]. In [16], May asked about the interaction

between these two programs:

Question 1.0.1. Does the Brown-Peterson spectrum admit the structure of an E.

ring spectrum?

This question has been seminal in the development of the theory of structured
ring spectra. In an unpublished preprint [10], Kriz developed the theory of topological
André-Quillen cohomology in an attempt to prove that BP does admit the structure of
an K., ring spectrum. While his attempt to apply his theory to BP did not ultimately
succeed, the careful study of what exactly went wrong became the seed of a new
attempt by Lawson to answer May’s question in the negative; recently, this project
reached maturity in Lawson’s proof [12] that BP does not admit an E., multiplication
at the prime p = 2.

In this paper, we prove in Theorem that BP does not admit an E,, multipli-
cation at odd primes. Our technique is akin to Lawson’s and relies on the computation
of a certain secondary power operation in the dual Steenrod algebra. The key input

to this computation is the calculation of a certain MU-power operation in MU,.



For further motivation and background, we refer the reader to the introduction

of [12].

1.1 Statement of the results

We prove two main results: one limiting the coherence of multiplicative structures on
the Brown-Peterson spectrum and related spectra at odd primes, and another giving
a stronger limitation on the coherence of complex orientations of such spectra.

Since the first theorem reduces to |12, Theorem 1.1.2] at the prime p = 2, we are

able to state it for all primes.

Theorem 1.1.1. Neither the Brown-Peterson spectrum BP, nor the truncated Brown-
Peterson spectra BP(n) for n > 4, nor any of their p-adic completions admit the

structure of an Ey20y Ting spectrum.
We will prove Theorem at the end of Section []

Theorem 1.1.2. Neither the Brown-Peterson spectrum BP, nor the truncated Brown-
Peterson spectra BP(n) for n > 3, nor any of their p-adic completions admit an

Eop+3-map from the complex cobordism spectrum MU.

We will prove Theorem at the end of Section[2] Again, the p = 2 case of this

theorem is due to Lawson [12, Remark 4.4.7].

1.2 QOutline of the paper

In Section [2, we carry out the computations of MU-power operations that we will
need. The main result Chapter [2]is Theorem In Section [3] we generalize results
of [12] to convert the MU power operations of Theorem [2] into Dyer-Lashof operations
in 7, (HF, Amu HF,), thus obtaining Theorem . At the end of this section, we
apply these results to obtain Theorem [I.1.2]

In Section [4.1], we state some relations satisfied by the action of the Dyer-Lashof
operations on H,(MU;F,) and H,(HF,;F,). In Section 1.2 we write down the
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relation defining the secondary operation of interest and show that it is defined on
—& € H.(HF,;F,). Finally, in Section , we compute this secondary operation on
—&1 to be a nonzero multiple of 74 modulo the &; by applying juggling formulae and a

Peterson-Stein relation to reduce to Theorem [3.0.3] We then deduce Theorem [L.T.1.

1.3 Questions

Our work raises several interesting questions. While Theorems [1.1.1| and [1.1.2| provide

upper bounds on the coherence of multiplicative structures on BP that are functions
of p, the best known lower bounds [3] and [5], which state that BP is an E,-algebra
and admits an £, orientation MU — BP, do not depend on the prime p. So one is led

to ask whether these coherence bounds are independent of p.

Question 1.3.1. Let cohgp(p) denote the largest integer n such that the p-primary
BP admits the structure of an E,, ring spectrum. Is cohgp(p) constant in p? If not,

how does it vary with p?

In another direction, we may ask about E., structures on the truncated Brown-
Peterson spectra BP(n). While Theorem rules out the possibility of such
structures for n > 4, the only known positive results state that BP(1) always admits
an E,, structure (since it is the Adams summand) and that BP(2) admits an E,

structure at the primes 2 and 3 [7] [13]. What about the remaining cases?

Question 1.3.2. At which of the primes p > 5 does the height 2 truncated Brown-

Peterson spectrum BP(2) admit an E, multiplication?

Question 1.3.3. At which primes does the height 3 truncated Brown-Peterson spec-

trum BP(3) admit an E., multiplication?

Remark 1.3.4. The above questions are not quite well-defined: there are many
generalized truncated Brown-Peterson spectra BP(n) which are not a priori equivalent.
However, Angeltveit and Lind [1] have shown that all choices of BP(n) are equivalent
after p-completion, so that Question and Question [1.3.3] are well-defined after

p-completion.
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1.3.1 Conventions

We work throughout at a fixed odd prime p. We will let H denote the mod p
Eilenberg-MacLane specrum HF, and let H,(X) denote mod p homology.

We let F' denote the universal formal group law, defined over MU,.

We will work freely with the language of co-cateogories and the notion of E,-ring
native to this setting, as developed by Lurie [15] [14]. To translate between Lawson’s
framework |12, Section 1.6] and ours, we pass to the underlying oo-category of the
model categories considered by Lawson. The compatibility of this procedure with

multiplicative structures is justified by [19, Theorem 7.10].

1.4 Generators of the homology and homotopy of
MU

For the convenience of the reader, we review the relations between various sets of
elements of 7,(MU), H,(MU; Z) and 7.(MU) ® Q that we will need to make use of.

The integral homology H,.(MU;Z) is generated by elements b; which are the images
of the duals of ¢, under H,(CP*;Z) — H,(BU;Z) = H,(MU;Z). If we define the
Newton polynomials in b; inductively by Ni(b) = b; and

Nn(b) = ban_1<b) - tZNn—2(b) + -+ (—1)n_2bn_1N1(b) + (—1)"_1nbn,

then N, (b) generates the group of primitive elements in Hs,(MU;Z). Furthermore,
N,(b) = (=1)""nb, modulo decomposables. As we will see in Section 4.1 there are
convenient formulae for the action of the Dyer-Lashof operations on N, (b).

The homotopy 7.(MU) of MU is generated by elements z; whose images under
the Hurewicz map are h(x;) = ¢b; modulo decomposables when i = ¢™ — 1 for some
prime ¢ and h(z;) = b; modulo decomposables otherwise.

We may view the corbordism class of CP" as an element [CP"] of my,(MU). Then,
the [CP"] do not generate m,(MU), though they are generators of m.(MU) ® Q.

12



Under the isomorphism 7,(MU) ® Q = H,(MU; Q) induced by the Hurewicz map,
[CP"] = —(n + 1)b, modulo decomposables.
The logarithm of of the formal group F' on m,(MU) may be expressed in terms of

the [CP"]: -
CP* | a™
e

1.5 When are the Dyer-Lashof operations defined?

To obtain the precise bounds on E, structures of Theorem and Theorem [I.1.2]
we need to know when a Dyer-Lashof operation Q* is defined on an element = € 7, R

for R an E,-H-algebra.

Theorem 1.5.1 ([4, Theorems II1.3.1 and II1.3.3]). Let R be an E,-H-algebra. Then
the operation QQ° is defined on an element x € 7, R when 2s — deg(z) < n—1; however,
these operations only satisfy the expected properties (e.g. linearity, Cartan formula)

when 2s — deg(z) < n — 2.
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Chapter 2

Power operations in the homotopy

of MU

2.1 Statement of results

Our goal in this section is to compute certain power operations in the homotopy
of MU which will form the starting point of our proof that BP does not admit the

structure of a o2 2)-ring.

We begin by recalling that the H?_-structure on MU equips the even MU-cohomology

of a space X with a power operation
Pe, : MU(X) — MU (X x BG,).
Using the isomorphism
MU*(BC,) = MU [[a]}/[p]r(e),
we may view this power operation applied to X = x a point as a map

Pc, : MU* — MU*([o]]/[p]F ().
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Let
r. : MU[[a]}/[p]r(a) — BP*[[a]]/[p]F(a)

denote the map induced by the Quillen idempotent. Our goal in this section will be
to compute the composition of r, o P applied to certain elements of MU?**. We begin

with the following piece of notataion.

Notation 2.1.1. Let

p—1

x = [[lilr(a) € MU*(BC,) = MU"[[o]]/[pl ()

i=1

denote the MU-Euler class of the real reduced regular representation of C,,.

Theorem 2.1.2. The follow equalities hold modulo BP*-decomposables:

T (Xz(p_l)PCp ([CP2(’”1)D) = vz 172070 L O (2.1)
and

r, (Xp(p—l)pcp ([(ﬂ@’(?*l)b) = pga?’ 1P | O(ap3) (2.2)

Remark 2.1.3. We will use (2.1) in the proof of Theorem and (2.2) in the
proof of Theorem m Equation (2.1) could also be used to prove a version of
Theorem [I.1.2) but with a worse bound on the coherence.

We may deduce the following corollary.

Corollary 2.1.4. Suppose f: MU,y — E is a map of Hu-ring spectra satisfying:
1. f factors through the Quillen idempotent MU, — BP.
2. f induces a Landweber exact MU,-module structure on F,.

Then the induced formal group on FE, has height at most 2, i.e. vy is invertible in

E./(p, o).
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This corollary is similar to [8, Theorem 1.3], which differs from it in the following
respect: [8, Theorem 1.3] shows the stronger result that E., is a Q-algebra, but only
for primes p < 13.

Proof of Corollary[2.1.4 By [8, Theorem 1.3], we may as well assume that p > 2.
The map MU — FE automatically acquires an HZ -structure by |8, Theorem 3.13].
Since y2®—1 {CPQ(”_D} maps to zero in BP, and thus E,, it follows that

Pe, (Xg(p,l) [sz(p_nD _ USQP37172(P*1) + O(ap3)
maps to zero in E,[[a]]/[p](«). Thus
vsa?” 12070 L O(a”) = g(a) - [pl(a)

for some g(a) € E,[[o]]. Examining the coefficient of a?’~1=2~1 we see that v is
divisible by p in E,, so that v3 =0 € E,/(p, v1,v2). On the other hand, vs is regular
in E,/(p,v1,v2) by Landweber exactness, so that we must have E./(p, vy, v2) = 0, as

desired. m

We begin the proof of Theorem [2.1.2] with a reduction. Since we are working
modulo BP*-decomposables, the coefficients of o#’~1720-1) (yesp. o#’~1-2(-1) in
(2.1]) (resp. ) can be taken to be some constant multiple of v3 for degree reasons.
Moreover, these are the first terms in and (??) that can be nonzero modulo
BP*-decomposables. It therefore suffices to show that the and hold after
composing with the map ¢ : BP* — Z,[vs]/(v3) that sends vs to vs and v; to 0 for
i # 3. Here, we let v; denote the (i)th Hazewinkel generator. In conclusion, to prove

Theorem [2.1.2] it suffices to prove the following proposition.
Proposition 2.1.5. There are equalities
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and

qor. (Xp(p—l)pc ((C]pp(pfl))) — pgaP’1P(P-D),
P

In the appendix of [12], Lawson shows how this computation may be made internally
to Zy[vs]/(v3) and the induced formal group law. Since this formal group law is much
simpler than the formal group law of BP, the computation that we need to make

simplifies dramatically and so becomes tractable.

2.2 Proof of Proposition 2.1.5

We begin by reviewing some basic facts about MU-power operations. This section is

based on [12, Appendix A].

Notation 2.2.1. We let

Fact 2.2.2. The power operation Pc, : MU*(X) — MU (X)[[a]]/[p]r(c) satisfies

the following properties:
1. P, (uwv) = Pe,(u)Pe,(v)
2. Pc,(u) = u? modulo o
3. Po,(u+wv) = Pg,(u) + Pc,(v) modulo (p)r(a)

4. On the orientation class x € MNU2((C]P’°°),
p—1
Pe, (@) = 2 ] (¢ +r lilr(a).
i=1

Notation 2.2.3. We let
p—1
g(z,a) =z [[(z +r [i]r(a)),
i=1
viewed as an element of MU*[[z,a]]/[p|r(), so that Pg (z) = g(z,a). Note that
5:9(0,0) = x.

18



Applying Fact to the spaces X = (CP>)*", we obtain the following proposi-

tion:
Proposition 2.2.4. The composite
v MU™ = MU[[e]]/(p) r ()

of Pe, with the quotient map MU"[[o]]/[p]r(a) — MU [[a]]/(p)r(@) is a ring homo-

morphism. Morover, the power series g(x,«) defines an isogeny F — W*F.

Let w € Z, denote a (p — 1)st root of unity. We will find it convenient to express
g(z, ) and y in terms of [w']p(a) instead of [i|p(c), where i = 1,...,p — 1 on both
sides. This is because we will eventually replace F' with a p-typical formal group law
G, and for any p-typical G we have the simple formula [w']g(x) = w'z.

To make sense of this, we must base change to the p-completion
MU}, = MU* ® Z, ]

When base changed to MU, the formal group law F' admits the structure of a Z,-
module. In particular, if we let w € Z, denote a primitive (p — 1)st root of unity, there
are endomorphisms [w']r(z) of F. Since w?,... wP~! form a set of representatives for

1,...,p — 1 modulo p, we obtain the following lemma:

Lemma 2.2.5. There are equalities

and

g(z,a) =x H(.CE +r [Wr(a)) mod [p]r(a).

=1

!Note that the p-completion may be described as the tensor product with Z, because MU" is
finite dimensional over Z for each n.
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Since MU™ and MU"[[a]] /(p) r(«) are torsion-free, F' and U*F admit logarithms

[CP”fl} x"

n

. v ([cP])an |

n

g\p*F(l’) = Z

This implies that we may compute W ([CP"]) as the coefficient of 2™ in the derivative
Cyep(2) of Ly«p(x) with respect to x. We will now describe a method for computing

these coefficients. We begin with a lemma.

Lemma 2.2.6. Let R* denote a nonzero graded torsion-free ring and let r : MU; — R*

denote a map classifying a formal group law G over R*. Then

factors as uaP™t, where u is a unit. Moreover, av is not a zero divisor in R*[[a]]/(p)a(a),

so neither is x.

Proof. We have

which implies that r(x) = u - a?~! for a unit u.

It remains to show that « is not a zero-divisor in R*[[c]]/(p)c (). Suppose that
a- fla) =g(a)- (p)a(a). We wish to show that a must divide g(«), or in other works
that g(«) has trivial constant term. But this follows from the fact that (p)c(a) has

constant term p, which is not a zero divisor in R*. O
Definition 2.2.7. We fix an arbitrary lift W([CP"]) € MU"[[a]] of ¥(|[CP"]) €

20



MU*[[a]]/(p) r(«). This determines a lift of fy«p(x) to MU"[[x, a]].

We also fix a lift of g(z, @) to MU?[[z, o]]. Then Zg(0, ) is a lift of x to MU[[o]].

Notation 2.2.8. Define k(y,a) by g(xy,a) = x*k(y,«). Then k(y,a) has leading

term y, so we may let k~!(y, a) denote a composition inverse.

Moreover, let (5 (z) = 2lp(z), lyup(z) = Zlyp(z), K (y,a) = a%k‘(y,a) and

(k") (y, @) = £k (y, ).
Proposition 2.2.9. Let f,(a) denote the coefficient of y™ in

Cp(xk™ (y @) - (K71) (g, ).

Then
U([CP"))x*" = fale) mod (p)p(a).

Proof. Applying a% to the equation

g(r,a) +vr g(y,a) = g(x +ry,a) mod (p)(a)

and evaluating at y = 0, we obtain the equation

J'(0, ) :g/(x,oz) o .
o) (g, a)) — (G () "o Pr(@):

This implies that

g(x, ) (by=p) (9(x, ) = x - (lp) (z) + h(z, ) - (p)p(a)

for some h(r,a) € MU} [[z,a]]. In the above equation, we have used the fact that
X = ¢'(0,). Plugging in = 0, we find that 2(0,a) = 0, so that h(z, o) = zh(z, a)

for some h(z,a) € MU [[z, of].

Next, we make the substitution x = Yy and write g(xy,a) = x?k(y,a) as in

21



Notation [2.2.8] Plugging in our substitution, we obtain

XK (y, @) - (bor) 0Ck(y, @) = x - (br) (xy) + hxy, @) - (p)r(c)

= (tr)' (xy) + xy - h(xy, ) - (p)p(cx).

Substituting £~ (y, ) for y, applying the chain rule and dividing by x (which is valid
by Lemma [2.2.6)), we obtain

(wr) (%y) = () (k™ (g, ) - (K1) (y, @) + K7 (y, @) - By, @) - (p)p(@).
Taking coefficients of ™ on both sides, we find that
U(CP")x*" = fula) + ha(a) - (p)r()

for some hy,(a) € MU [[a]], as desired. O

Finally, to compute Pg, ([CP"]), we have the following proposition.

Proposition 2.2.10. There exists a unique polynomial h,(a) € MU"[a] of degree
2n(p — 1) with the property that

Fa(@) = hn(a) - (PYp(a) = x*" [CP"P  mod o?"P~1+1,
Furthermore,
Pe, ([CP"]) = X" (fala) = hu(a) - (p)r(@)) mod [p]r(a).
Proof. By Proposition 2.2.9

fala) = X*"U([CP"]) = X*" P, ([CP"])  mod (p)p(a).

22



By Fact [2.2.22), this implies that
fale) = [CP"P” mod ((p)r(er), x*"a).

Combining the above with Lemma [2.2.6] we find that h, (a) exists. Uniqueness follows

from the fact that the constant term p of (p)r(c) is not a zero divisor in MU,

In particular, we find that f,(a) — h,(a) - (p)r(a) is divisble by x*" and that
X (fal@) = hu(a) - (p)p(e)) = [CP")" = Pc, ([CP"])  mod a
and
X (fal@) = hu(e) - (p)r(a)) = ([CP"]) = Pc, ([CP"])  mod (p)r(a).
Again using the fact that p is not a zero divisor in MU}, this implies that
X (ful@) = hu(a) - (p)r(@)) = Pe,([CP"])  mod (p)r(a),

as desired. O

Suppose now that we are given a graded torsion-free ring R* and a homomorphism
r: MU) — R* classifying a formal group law G over R*. Then we may define xg,
ga(z, ), ka(r,a), kg'(z,a) and f&(a) as above, using the formal group law G on

R* in place of the formal group law F' over MU”".

Proposition 2.2.11. Let R* denote a graded torsion-free ring, and let r : MU, — R*
classify a formal group law G over R*. Then there exists a unique polynomial hS(a) €
R*[a] of degree 2n(p — 1) with the property that

fP(@) = hi(@) - (p)ala) = x> [CP"]”  mod o~ DFL,
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Moreover,

(P, ([CP"]) = X7 (f7 (@) = b (@) - (pha(a))  mod [ple(a).

Proof. The first part follows exactly as in the proof of Proposition [2.2.10
For the second part, we note that f%(a) = r(f,(a)) by the definitions, and that
h¢(a) = r(h,(a)) by uniqueness. The second part then follows from Proposition [2.2.10
[

Proposition 2.2.12. Consider the map qor, : MU} — Zy[vs]/(v5) and its induced
formal group law G = (qor.)*F. Then the following hold:

1. lg(x) =x+ B,
p

v
2. x+ay=x+y+;‘"’(mp‘°’+y”3—(:c+y)”3)-

3

3. [pla(e) = pa — (7~ = Dvsa?”, so that (P)a(a) =p— P = Dvga” "
p—1

4. xe = [[w'a=—a".
i=1

5. go(z,a) = xz + 2P + O(z”") mod [pa(a).

6. ka(y, @) =y +xP %" + O(y?") mod [pla(a).

np
7. k' (y,0) =y + Z ; E 1)) STy O(y").

8. fp,l)(a) = (_1)1.(2?) Y2 for1<i<p.
i

(?)

p

9. h, yy(a) = (=1)'22x""2) for 1 <i < p.

Proof. Part (1) follows from the formula for the logarithm of the universal p-typical
formal group law [20, Appendix A2]|. Recall that we are using the Hazewinkel v;s.
Parts (2) and (3) follow in a straightforward way from part (1). To establish part (4),
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we note that, since the formal group law G is p-typical, [w']¢(x) = w'z. Therefore

p—1
i -1
va = [[w'a = —ar,
i=1
since p is odd. Moreover, we have
p—1

go(z,a) =z l:Il(w +a (Wa)).

We then compute

p—1

ge(z,0) =z [[(z +¢ (w'a))

=1

p—1 , p—1 .p? I )P’ 7oy \P°
=z [[(z + ') 1+ 3% 7 * (W) '(1'—|—woz)

i=1 P = T+ wo

p—1

=z [[(z+w'a)+ O(z”) mod [pla(a)

=1

= 2(z" ' — o ) + O(a¥)

=xr+ 2P + O(xp2),

where we have used the fact that pvsa = 0 modulo [p|g(«). This establishes part (5).
Part (6) follows immediately from the defining equation x?kq(y, @) = ga(xy, @).

To deduce part (7), we apply Lagrange inversion to part (6). Since
() (@) =14 0(="""),
we deduce that
(le) (k™ (g, @) (™) (g, @) = (k1) () + Oy ),

so we may read off (8) from (7).

Finally, (9) follows from (8) and the fact that [CP"]" = 0 in Z[vs]/v3. O
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Corollary 2.2.13. There is an equality

(?)

p

B1-i(p-1)

qor, (Xi(p’l)P(CPi(p_l)» = ——~—u3a? mod [plg(a).

Proof. Using Proposition [2.2.11] and Proposition [2.2.12] we compute:

qor, (Xi(p*”P(CPi(p_”)) ="V (fG (@) = b,y (@) - (D)ala))
=xa "V (=hG, (@) - (7T = Dusar’ )

= —h{ )(oz)vgapg_l_i(p_l)Q

i(p—1
(?)

(_1)i+1 ;

B-1-i(p—1)

vsaP mod [plg(a),

where we have used the fact that pvsa = 0 modulo [p]e(«). O

2p

2
p
Proof of Proposition[2.1.5. Applying the congruences % = —1and % =1 mod p
to Corollary 2.2.13] we deduce that

qor, (Xz(p’l)P(CPQ(p_l))) = v30”" 7 17207D mod [ple(a)
and
qor, (Xp(pfl)p(@]pp(p—l))) = vy0? T1PPD mod [pla(a),

as desired. O

Remark 2.2.14. Zeshen Gu has independently worked on computations similar to

the above.
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Chapter 3

A Dyer-Lashof operation in the
MU-dual Steenrod algebra

In this section, we apply Theorem to compute certain Dyer-Lashof operations in
the MU-dual Steenrod algebra 7. (H Ayju H). We begin by determining the structure

of m.(H Ayu H) as an algebra.

Proposition 3.0.1. The algebra m.(H Ayu H) @s isomorphic to an exterior algebra
Ap, (7;) @ Ap, (om; | # p* —1) on classes 7; for i >0 and om; for i > 1. The degrees
of these classes are |7;| = 2p' — 1 and |om;| = 2i + 1.

The natural map HAH — H Ayu H, upon taking homotopy, induces a map
AIFP(Ti) & Fp[&] — AIFP(Ti) X AFP<UmZ' ‘ 7 7é pk — 1)

sending ; to 7; and & to decomposable elements.

Proof. By comparison of the Kiinneth spectral sequence
Torl:"Y(H,, H,H) = 7. (HAH) Agamu (HA H)) = m(H Ayy H)
with the other Kiinneth spectral sequence

TorT"Y(H,, H,) = m.(H Ay H),
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we find that the first Kiinneth spectral sequence collapses at the E?-page. Since
TorE’;MU(H*, H,H) is isomorphic to Ag,(7;) ® Ag, (om; | i # p* — 1), the description of
7« (H Ayu H) follows. The assertion about the map H A H — H Ayy H follows from

the naturality of the Kiinneth spectral sequence. O

Remark 3.0.2. Note that the second Kiinneth spectral sequence above gives an
alternative description of m,(H Ayu H) as Ag, (79, 02;). Furthermore, Lawson [12]
shows that for x € 7, R for n > 1, there is a distinguished choice of oz € 7,(H Ag H):
there is a map H,(SLi(R)) — m.41(H Ax H) which sends the Hurewicz image of
x € mR=m,SLi(R) to a distinguished choice of ox.

Furthermore, this map o : m,R — m,.1(H Ag H) annihilates decomposables.
Whenever we write ox for x € 7, R, we will be referring to this distinguished choice of

ox.
We are now able to state the main theorem of this section.

Theorem 3.0.3. In 7.(H Ayu H), we have
QP+t (a {Clpﬂ(p—l)D — —oxp

and

Qp2+1 (a {(C]P’p(p*l)D =0Ty 1.
This follows immediately from Theorem and the following theorem:

Theorem 3.0.4. Let y € m, MU and suppose that
an<y) = Z Cz‘Oéi
i=0

for some elements ¢; € mo;+i)MU. Then the action of the Dyer-Lashof operations on

7.(H Amu H) are determined by the equation

Q"(oy) = (=1)*ocup-1).
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Our proof of this theorem will follow |12, Sections 3 and 4] rather closely. The
idea will be to relate the power operation Pg, to the action of the multiplicative
Dyer-Lashof operations on the homology of the 2-spectrum of MU, and to relate this
in turn to the Dyer-Lashof operations on m.(H Ayu H).

First, we need to introduce some notation from |12, Section 4].

Notation 3.0.5. We let
MU,, = Q*¥X"MU

denote the spaces in the 2-spectrum for MU.
Since MU is a ring spectrum, the homology of the spaces MU, is equipped with
two products, making H,(MU,) into a Hopf ring. We denote the additive one, coming

from the infinite loop space structure on MU,,, by
—#—:H,(MU,) ® H,(MU,,) — H,(MU,,),
and the multiplactive one, coming from the multiplication on MU, by
—o—:H,(MU,) ® H.(MU,,) = H,(MU,,,n,)-

Since MU is an E..-ring spectrum, MU, is equipped with the structure of an
E..-ring space. Its homology is therefore equipped with two actions of he Dyer-Lashof
operations, an additive action coming the infinite loop space structcure on MUy, and
a multiplictive one coming from the E.,-multiplication ono MU.

We denote the additive operations by
Q" : H,(MUg) — Hypap-1)s(MUp)
and the multiplicative operations by
Q" : H,(MUg) — H,ya0-1k(MUp).

Definition 3.0.6. The HZ -algebra structure on MU implies the existence of based
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maps

MUs, A (BEp)4 — MUy,
representing the power operation
P MU*"(X) — MU*"(X x BY,).
We let
Q: H,(MUy,) — H*(Mngn)QA{)H*(BZp)

denote the adjoint to the map
H,(MU,,) ® H.(BX,) = H,(MUy,,)

induced by the above map of spaces.
Multiplicativity of P implies the following:

Proposition 3.0.7 (|12, Proposition 4.2.2]). The operation Q preserves the o-product:
Q) 0 Qy) = Lz oy).

Notation 3.0.8. Let b; € Hy;(MUs;) denote the image under the orientation map
CP* — MU, of the class in Hy;(CP™) dual to ¢i. We let b(s) = 332, b;s’, viewed as

a formal power series in s.

Remark 3.0.9. Since b; is the fundamental class of the unit map S?> — MUs,,

—oby : Hi(MUy,) — H,(MUg,9) corresponds to suspension.

Notation 3.0.10. Given a homotopy element = € 75, (MU), we let [x] € Ho(MUy,)
denote the image of the corresponding class in my(MUy, ) under the Hurewicz map.
It follows from Remark that [z] o " € Hy,,(MUy) is the image of =, viewed

as an element of 7y, (MUj), under the Hurewicz map.

Definition 3.0.11. Given a based space X, there is a natural map

A MU?(X) = [X,MU,] = Hom(H,(X), H,(MUs,)) = H,(MUs,)®H*(X)
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which sends a homotopy class of map to its induced map on homology.

The groups H,(MU,,)®H*(X) are equipped with products # and o, each induced
by the corresponding product in H,(MU,,) and the cup product in H*(X).

Proposition 3.0.12 ([12, Propositions 3.2.3 and 4.2.3]). The map A satisfies the

following properties:

o Az +y) = Ax)#Ay)

o A(zy) = A(x) o Aly)

Notation 3.0.13. Recall that
H*(BC,) = Fplw] ® Ag, (v),

where |v| = 1, |w| = 2, and w is the image of the generator ¢; of H?(CP*) under the

map on cohomology induced by the canonical map
BC, — CP*~.

Furthermore,

H*(BY,) = Fplu] ® Ag,(2),

where, when pulled back to BC,, u = wP~! and z = vw?™2.

Remark 3.0.14 ([12, Remark 4.2.4]). Recall that MU*(BC,,) = MU*[[/]]/[p]r () for

some element o € MU?(BC,). This element satifies the equation



Lemma 3.0.15. For a space X with pth extended power D, (X), the composite diagonal
map

H,(X) ® H.(BY,) — H.(X x BS,) — H,(D,(X))

on mod p homology is given by

T® By (—1)" > QT (Px)

j=0
and

Jj=0 J=20

@ Yo > (—1)" (Z BRI (Pir) = Q””(Pjﬁw))

where B, is dual to u™ in H*(BY,) = F,[u] ® A, (2], v, is dual to vz, and P; is

the homology operation dual to P7.

Proof. This follows from the definition of the Dyer-Lashof operations (cf. |17, Definition
2.2]) and [17, Proposition 9.1]. Note that an extra sign is introduced in the latter
equation due to the fact that we have written the BY-action on the right and not

the left. See also [11, Proposition 6. O
The following corollary then follows from the definitions:

Corollary 3.0.16. Suppose that x € H,(MUy). Then:
Qz) = Y (—1)"QT " (Pw)u” + (1) (87 (Pyr) — Q7 (PiBa) ) u .
n7j
In particular, if x is in the image of the Hurewicz map, then

o

Qz) = > (~1)"Q"(x)u" + (=1)" Q" (x)u"w.

n=0

Proposition 3.0.17. We have
Q(b1) = by o A(x).

Proof. This is just the second to last equation in the proof of [12, Proposition 4.3.1]. [
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Proposition 3.0.18. Let y € 75, MU and suppose that
an(y) = Z Cz‘Oéi
=0

Jor some elements ¢; € mo(, 15 MU.

Then, modulo #-decomposables and the o-ideal generated by bs, bs, . ..

Q ([w) 0 b5") = (= 1)*[e-vy] 0 b7

Proof. We have:

, we have

where we view Q([y] o b5") as living inside of H,(MUy)®H*(BC,) via the natural

inclusion H*(BX,) — H*(BC,).

The result now follows from Corollary [3.0.16] and the fact that the operations P;

and P;/ vanish on the spherical class [y] o b

Proposition 3.0.19. Let p be an odd prime. Then the multiplicative Dyer-Lashof

operations in the Hopf ring of an E..-ring satisfy the following identity whenever y is

in the homology of the path component of zero:

Q*([L#ty) = [1#Q*(y)

modulo # and o decomposables.

33



We first prove a lemma.

Lemma 3.0.20. In the situation of Proposition for any x there exist elements
z;i for 0 < i < |z| such that the additive Dyer-Lashof operations satisfy

Q*(x) = @[ 0w+ 3 Q" [1] 0 2.
Therefore Q*(x) is o-decomposable for any x and any s > 0.

Proof. This follows from the formula

Q[Jox =3 Q" ([1] o Px)
of |6, I1.1.6] by inducting on the degree of x. O

Proof of Proposition|3.0.19. We apply the mixed Cartan formula, which states that

—

Glaty) = S Q0 (xo®yo)#. . #Q5 (v, @ yp)

so+-+sp=s

where

Apii(z®@y) =D (20 @ Yo) @ @ (2, @ yp)
and where
Qi(z @ y) = Q*(e(x)y),
Qi(z @ y) = Q*(x=(y)),

and for 0 < i < p we put m; = %(f) so that

@E(:E@y)z[mi]o(ZQj($10"'033i0y10"'0?/p—i)>

where Aix =Y 21 ®@ ...z, and Ay = 291 @ -+ - @ Ypi.
Applying this to the case that x = [1] and y is in the homology of the path

component of zero, we first note that this is #-decomposable and hence zero unless
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all of but one of the terms lies in degree 0, i.e. unless all of the y; = [0] and s; = 0 for
all but one 7.

Using Lemma [3.0.20, we further deduce that all of the terms with s; # 0 for some
0 < i < p are zero. Finally, we note that @([1] ®y) = Q*([1]) = 0 for s > 0, so that

in fact the only term left is

—

Q5[] @ »)#QU ® [0)# ... #QY([1] @ [0]) = Qoy#[1].
All that remains is to show that the multplicity of this term is one, i.e. that
ey e (]e)®- - (1] ©[0])

appears with coefficient one in A, 41([1] ® y)
That this term appears with coefficient p+1 =1 in A, ([1] ® x) follows from
the fact that A, 1([1]) = [1]® -+ ® [1] and that 2 ® [0] ® - - - ® [0] appears in A, ()

with coefficient one. m
We are now ready to prove Theorem [3.0.4]

Proof of Theorem[3.0.4 In [12, Section 3.3], a suspension map o : H,(SLy(MU)) —
Tar1(H Ayu H) is constructed. By the mod p analogs of [12, Corollary 3.3.6 & Proposi-
tion 3.3.7] (which are proved in exactly the same way as for p = 2), this map commutes
with the Dyer-Lashof operations and kills #-decomposables, o-decomposables, and
b; for ¢ > 1. Applying o to Proposition |3.0.18| and Proposition [3.0.19, we obtain the
desired result. O

Our next goal is to deduce Theorem [[.1.2] from Theorem [3.0.3] by noting that
the Dyer-Lashof operations exhibited therein are incompatible with the existence of
a highly structured map H Ayyu H — H Agp H. We begin by showing that a highly
structured map MU — BP would induce a (slightly less) highly structured map
H Ayu H — H Agp H.

35



Proposition 3.0.21. Let R be an E-ring and let A — B denote a map of E,-
rings augmented over R. Then there exists a natural map R Ny R — R Ag R of

E,_1-(R A R)-algebras.

Proof. Let C denote the oco-category Alg%“1 of E,_;-R-algebras, equipped with the

symmetric monoidal structure induced by that of Modg. Then the bar construction
defines a functor Bar : Alg(C);r — C by [14, Example 5.2.2.3]. By [14, Theorem
5.1.2.2], Alg(C) is equivalent to Algy", so that Bar defines a functor from augmented
E,-R-algebras to E, ;- R-algebras.

Since the forgetful functor C — Modpg preserves sifted colimits by [14, Proposition
3.2.3.1], Bar is computed in R-modules and so Bar(—) = R A_ R as functors into
R-modules.

This implies the existence of a natural map R Ayar R — R Apar R of E,_1-R-
modules. Applying the functor — Ag (RA R) yields the desired map RA4 R — RAg R
of E,_1-(R A R)-algebras. O

We are now ready to prove Theorem [1.1.2] In this proof, we allow p to be 2: in
this case, Theorem may be replaced by [12, Corollary 4.4.3]. At p = 2, Lawson
indicated in [12, Remark 4.4.4] that the following argument should work in the case of
BP.

Proof of Theorem[1.1.5. For the sake of simplicity of notation, we prove Theorem
for BP. The proof for BP(n) with n > 3 is analogous. Taking the p-completion
changes nothing because we are only using the mod p homology.

First note that the Kiinneth spectral sequences
Tor!-PP(H,, H.H) = 7.(H App H)

and

Tor[*P"(H., H,) = 7.(H Agp H)

collapse at the E*-term. So there are isomorphisms 7,(H Agp H) = Ag (7;) and

7T*(H ABP H) = AFP(O"Ui).
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Suppose that there were a map of Ey,y3-rings MU — BP. By the naturality
of Postnikov towers of Ey,3-rings, this is a map of [Eq,,3-algebras augmented over
H. Then Proposition [3.0.21] implies that this induces a map H Ayyy H — H Agp H
of Eqpio-(H A H)-algebras. Forgetting the action of the left H, we obtain a map of
Eqp+o-H-algebras.

We claim that the induced map Ag, (79, 02;) = H Ayu H — H Agp H = A, (0vg)
sends ox,x_

with the operation Qp2“crxp(p_1) = (y0xpy3_1 of Theorem because ox,(,—1) goes

1 to a nonzero multiple of ov,. Assuming this, we obtain a contradiction

to zero in Ag,(ovy) for degree reasons. This operation is preserved by maps of
Eop,+o-H-algebras by Theorem [1.5.1}
To prove the claim, we use the fact that Tor’:BY(H,, H,H) is concentrated in

*, %

homological degree zero and is therefore just H, ®y,gp H.H. The induced map
H* ®H*MU H*H — H* ®H*BP H*H

is automatically surjective; therefore the induced map of Kiinneth spectral sequences is
surjective on the E? and therefore on the £ term because it collapses at the E2-term.
We conclude that the map on indecomposables is surjective, which is equivalent to

the claim. O
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Chapter 4

A secondary power operation in

the dual Steenrod algebra

In this section, we define and compute a secondary power operation in the dual
Steenrod algebra and then show that Theorem follows from this computation.
We make free use of the formalism of Toda brackets in categories enriched over pointed
topological spaces developed in [12, Section 2], including the juggling, additivity and
Peterson-Stein formulae of [12, Propositions 2.3.5 and 2.4.3].

Notation 4.0.1. Given a set S of formal variables with gradings, we let P} (.S) denote

the free E,-H-algebra on the wedge of spheres \/ S”l and let € 7, (P%(S)) denote
xeS

the homotopy element corresponding to the fundamental class ¢, € 7y (S "3').

Let = be a formal variable with degree 2(p — 1) and let ]P’2H(p 2+2)(:1:') denote the free

Eap242)

Ey(p242)-H-algebra on z. Then we will let D denote the category (AlgH >P2(p2+2)( y
H €T

of Eo(y249)-H-algebras under P§p2+2)(x).

This is a topological category, so the category C = D* of possibly pointed or
augmented objects [12, Definition 2.2.2] in this category is enriched over pointed
topological spaces. The category C consists of augmented objects of D, pointed objects
of D, and objects of D without a pointing or augmentation. Through casework, one

is able to define pointed spaces of maps between these objects, making use of the
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pointings and augmentations in the expected way when present. We refer the reader

to |12, Definition 2.2.2] for the somewhat lengthy details.
Whenever we take brackets in the below, it will be in the category C. Given a

set of graded elements S, we always view IP’IQ{(p +2) (z,S) as an element of C via the

augmentation Pf{(p2+2)(:c, S) — P?I(p2+2)(a:) sending x to x and all of the elements of S

to 0.

Notation 4.0.2. In the following, we will make our computations in the exterior

quotient Ag, (70,71, ...) of the dual Steenrod algebra H,H; we call this quotient &,.

4.1 Dyer-Lashof operations in H,(MU) and H.H

We will need to be able to compute Dyer-Lashof operations in H,(MU) and H,H. We
will find the description of this action in terms of Newton polynomials convenient for
our purposes, so we review how this works. Our choice to describe the action in this

way was heavily influenced by [2, Section 5.
We define the mod p Newton polynomials N,,(t) = N, (t1,...,t,) € F,lt1,... 1)
by setting N;(t) = t; and inductively letting

No(t) = ti Ny 1(t) — taNy_o(t) + -+ 4+ (=1)" 24, 1Ny (t) + (=1)" " 'nt,,.
Then the following useful relation holds:

Npn(t) = (Na(1))? mod p.

We let N,,(b) € H.MU be defined by setting ¢, = b,, and let N,(§) € H.MU be
defined by setting f,x_, = & and the other ¢, to zero. Writing out the recurrence
for Ny._,(§) shows that Ny (&) = —&;, where z — T is the conjugation in the Hopf
algebra H,H.

Kochman [9] showed that the action of the Dyer-Lashof operations on N, (b) is
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described by the formula:

r—1
n—1

Q"Ny(b) = (—1)””( >Nn+r<p—1>(b)-

Since the orientation MU — H maps b,x_; to & and the other b, to zero, it maps

N, (b) to N, (§) and so we also have:

r—1
n—1

N = (0 (7 Mo )

Using Nx_1(€) = —&,, we get:

el A L )

Using the above formulae, we may deduce the following two propositions by direct

calculation.

Proposition 4.1.1. In the dual Steenrod algebra H H, the following identities hold:

Qg = (€ Qe

QHE =0fori=1,....p—2
Q7 E = —(Q'(E))
QUrHET) = ~(&)”
QUQPE, =0 fori=1,...,p—1

Q¥E = —&Q" (&)
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Proposition 4.1.2. The following identities hold in H,(MU):

QP N, (b) = ;QPLINz(p—l)(b)

QP YN, 1 (b) =0fori=1,...,p—2
Q"IN 1 (b) = —(Q*(Nip-1y(B)))"

QU Nyt ()7 71) = (Nt (0) P (Nagpo1) (B))”
QU HPIQPN, (b)) =0fori=1,...,p—1

QPN b) = @7 oy 0)

4.2 A relation among power operations

We will define the secondary operation of interest to us in terms of the following

relation between primary power operations.

Proposition 4.2.1. Let R be an Ey(29)-H-algebra and x € my,—1)(R). Define classes
a;, 1=0,....,p—1;b;¢;,i=1,...,pin m(R) by the following formulae:

ag = Qp2:v — (2P PP
ai:Qp2+ix fori=1,...,p—2
ap1 = Q" N 4 (QPa)

b — Qp27p+1 (zP1) + 2P

c = Qp2+pipr fore=1,...,p—1

cp = Q%x + (QPx)a?
Then the following identity holds:
3 p72 ; 3 ; 3
0=Q" Pag+ > (-1)'Q" " "a; + Q" Ta,_1+
i=1
2 p_l 2 : 2 2
WYQP QPx + Z(Qp fpferl(xpfl))pci 4 (xpfl)p Q2p fpcp
i=1
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Proof. This is defined for [Ey,29)-H-algebras by Theorem because the operation
which takes the greatest n to be defined on E,-H-algebras is the Q"7 in in Q" *Pqy.
Since |ag| = 2(p — 1)(p* + 1), we conclude that this is defined and satisfies the usual

properties whenever
n>20° +p) —20p - 1)P*+1)+2=20p" +2).

The desired identity reduces to the following identities, which may be deduced

from the Adem relations, the instability relations, and the Cartan formula:

-1
QY'Y = pX:(_l>z'+1Qp3+p—iQp2+ix

i=1
QH(Qz)") =0
Qp3+p((xp_1)prx) — é(@pz—p—iﬂ(xp—l))pr%pipr
Q2p2 QPr = Q2p27pQ2px
Q2p2—p(prpx) _ mp2Qp2Qp$'

]

Let the symbols a;, = 0,...,p —1; b; ¢;, j = 1,...,p have the gradings of the
the elements in Proposition [£.2.1], and let d have the grading of the relation there

described. Then the relation above determines maps
2 2
Q: ]P’?{(p +2)(a:, Aoy -+ Ap_1,b,Cop .. Cp1) = ]P’?{(p +2)(;1:)

and

R: Pil(pQH)(x, d) — P?I(pQH)(x, gy -+ Ap1,b,Coy -y Cp1)

such that the composition () o R is nullhomotopic.

Proposition 4.2.2. The bracket (£,,Q, R) is defined in H,H and has zero indetermi-

nacy in the quotient £, = Ag, (10, 71,...) of H.H.
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Proof. To show that the bracket is defined, we need to show that Q(&;) = 0. This is

equivalent to Proposition [4.1.1

The indeterminacy comes from degree 2p® + 2p? + 2p + 1 homotopy operations
applied to &, and from the image of the suspended operation oR. All homotopy
operations are generated by multiplication, addition, the operations Q™ and SQ™ and
the Browder bracket. Since H is E.,, the Browder bracket always vanishes. The rest
of these operations preserve the subalgebra of H,H generated by the &, and therefore

the first sort of indeterminacy is trivial in &,.

Up to indecomposables, o R is equal to Q”’Paag+30-7 (—=1)'QP P~ iga;+ Q" T oa,_1,
where the oa; are variables in degree one higher than a;. So |oa;| = (p?+i+1)(p—1)+1,
1=0,...,p— 1. Since &, is decomposable in these degrees, we conclude as above that
the second sort of indeterminacy must be decomposable in &,. Since there are no
nonzero deomposables in &, in degree 2p* — 1, we conclude that the indeterminacy

must actually be trivial in &,.

4.3 Computation of the secondary operation

To compute this operation, we will first juggle it into a functional operation for the

map H A MU — H A H. To this end, we define maps:

e ]P’?I(pQH)(x, A0y -+ Ap1,b,Cop ooy Cp1) = IP’?I(pz’LZ) (z, Y2(p-1))

Q: IP)%{(pQJFZ) (z, 2p3-1) — ]P’QH(p2+2) (2, Yo(p-1))

v P2H(p2+2)(x, d) — P2H(p2+2)(x, Zp_1)

a: ]P’%(pQH) (x,d) — ]P’f{(pzﬁ) (z, w1, ..., W2, €1, - Cpet, Zp2(p—1)s Z(2p41)(p—1))

B PR i, a2 Zopi o) = PR (2, Y51)

with the y; and the z; in grading 2i and the w; in grading 2(p — 1)(p* + 14 + 2), by:
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p—2
3 —(i 2
a(d) = ; o, QP TPy, — 252(17—1)@17 QP

p—1
2 _p—i _ _ 2 2_
= QP TP @) — (2PN QP P2 p 1y 1)
=1

Bw;) = Q¥ Fiyag, 1y
ﬁ(ci) _ Qp2+pipr
1 _ 2_ _
B(zp2p-1)) = 593”(” Dyl T QP ()
B(z@prnp-1)) = QP -1y + Q%

Here we choose the o; such that

p—2

. - I 2, 3 24

Qv +pr 1y2(p71) _ Z o, QP +p (+1)Qp + Ya(p_1) — Qv QY +p 1y2(p71).
i=1

The existence of such a relation follows from the Adem and instability relations.

Proposition 4.3.1. There is an identity uR = Qv+ Ba and a homotopy commutative

diagram
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Plzfp2+2)(x, A0y -+ Ap1,0,Co5 ., Cp1) e Pil(p%rz)(x)
L VNN
PP (3 4 1)) / HAMU — 2 S HAH

where f is the map defined by sending v to —N,_1(b) and yop—1) to —Nz(%”(b).

Proof. The proof of the identity uR = Qv + Sa follows directly from the relations

p—2
3 2 3 —(i 2 i 3 2 _
QY PQP 1ZU2(p—1) = E o, Qr P (H)Qp * Yo(p—1) — QrQrTr 1y2(p—1)
i=1

and
QPS-H?((J;Z)—I)I)QP:E) — i(@pg—p—i-l-l(xp—l))prQ—&—pipr'
=0
The right triangle of the diagram commutes because £; = —N,_;(£) and hence

p(=N,_1(b)) = &;. The left square commutes by Proposition m

Proposition 4.3.2. There is an equality (£,,Q, R) = —QP3(<p, f,Q)) in&,.

Proof. Exactly as in [12], the juggling relations for brackets imply the following

sequence of identities because each term is defined

(61, Q. R) = (pN,-1(), Q, R)
C <p7 prl(b)Q> R)
(

p7f7©>]/+<p7f7/8>a'
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To show that we have equality up to decomposables in &,, it suffices to show that
the indeterminacy of “local maxima” (p, N,_1(b)Q, R) and (p, f, Qv) + (p, f, fa) are
decomposable in &,. The total indeterminacy of these two brackets is made up of
elements of three kinds. The first are in the image of H,MU — H,H, which maps to
zero in &,. The second are in the image of o R, which we already dealt with in the
proof of Proposition m Finally, there are elements in the images of o(Qv) and
o(pa). These are either decomposable or multiples of Dyer-Lashof operations applied
to a class in degree 2(p — 1) + 1; there are no nonzero indecomposables in &, in this
degree.

Finally, we note that « applied to any set of classes in H,H is decomposable in
&, because &, has no nonzero indecomposables in the degrees of w;, i =1,...,p — 1.
Therefore the second term is zero modulo decomposables.

Since there are no nonzero decomposables in degree 2p* — 1 of &,, we conclude

that this holds on the nose in &,. O

Finally, we compute the bracket (p, f, @) by means of Theorem m

Proposition 4.3.3. There is an equality (p, f,Q) = C73 in &, for some nonzero

Cel,.

Proof. By noting that each pair of maps in the diagram
PAP D (1, 2 1) S P2 (2 ) D HAMU B HAH S H Ay H

compose to a nullhomotopic map in C, we find that we are allowed to apply the

Peterson-Stein formula to obtain the equality

i<p, f7 Q> = _<i>p7 f)Q

By [12, Proposition 2.7.5], 0(—]\[2(”%1)@) € (i,p, f). Since

~ Nap-1)(0) CP*®-Y

_ _ _ (C]P)Z(pfl)
2 2 —1

= bap-1) =
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modulo decomposables, where we view CP" as an element of homology via the Hurewicz

map, we have J(—M) = oCP?®~ Y. By Theorem [3.0.3, Q applied to this is

—QP* P 1oCP?PY) = _gu,. Since i is an isomorphism modulo decomposables in this
degree, we conclude that Cr3 = (p, f, Q) modulo decomposables for some nonzero
C € F,, as desired.

As before, we upgrade this from a result modulo decomposables in &, to a precise
result in £, by noting that there are no nonzero decomposables in degree 2p* — 1 of

E.. ]

Corollary 4.3.4. There exists a nonzero C € F,, and an equality (¢,,Q, R) = C7y in
Es.

Proof. Combine Propositions [4.3.2] and 4.3.3] O]

Since maps of Eo(,29)-Ting spectra must preserve secondary power operations

by [12, Proposition 2.1.10], we immediately obtain the following corollary.

Corollary 4.3.5. Let R be an Eyy20)-ring spectrum and let R — H be a map of
Eop242)-1ing spectra. Then if the induced map on homology H,R — H.H is injective
in degrees less than or equal to (2p® 4+ 1)(p — 1) and contains &, in its image, then 74

must also be in the image of the composite H,R — H,H — &,.

We conclude by deducing Theorem from Corollary [4.3.5]

Proof of Theorem [1.1.1. Assume that BP were an Ey,29)-ring spectrum. Since the
Postnikov tower of an E,-ring spectrum naturally lifts to a tower of [E,-ring spectra,

there is a map of Ey(,249)-ring spectra
BP — 7<¢BP = HZ) — H
which induces the inclusion

Fp[fl,fg, .. ] —> A]Fp(7_077-17 . ) ®]Fp[§1,§2, .. ]
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upon taking homology. In particular, the map is injective and contains &, in its image.
However, 74 cannot be in the image of H,.BP — H,H — &, because this composite is
ZEro.

The case of BP(n) for n > 4 is analogous, using the fact that

H*(BP<TL>) = AIFp<Tn+1,Tn+27 e ) X Fp[él,gg, .. ]

Finally, taking p-completions makes no difference because we are only working with

mod p homology in the first place. O
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