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0. Introduction

A ring-spectrum B determines an Adams spectral sequence
ExX; B)=m.(X)

abutting to the stable homotopy of X. It has long been recognized that a map A—B
of ring-spectra gives rise to information about the differentials in this spectral
sequence. The main purpose of this paper is to prove a systematic theorem in this
direction, and give some applications.

To fix ideas, let p be a prime number, and take B to be the mod p Eilenberg—
MacLane spectrum A and A to be the Brown—Peterson spectrum BP at p. For p
odd, and X torsion-free (or for example X a Moore-space V=S%U, e!), the classical
Adams Ez-term E(X; H) may be trigraded; and as such it is E; of a spectral
sequence (which we call the May spectral sequence) converging to the Adams—
Novikov Ez-term E2(X; BP). One may say that the classical Adams spectral
sequence has been broken in half, with all the ‘‘BP-primary’’ differentials evaluated
first. There is in fact a precise relationship between the May spectral sequence and
the H-Adams spectral sequence. In a certain sense, the May differentials are the
Adams differentials modulo higher BP-filtration. One may say the same for p=2,
but in a more attenuated sense. In this paper we restrict attention to ¢, although I
believe that the machinery developed here sheds light on the higher differentials as
well.

Assertions similar to these, in case X is torsion-free, have been made by Novikov
[24], who however provided only the barest hint of a proof. I have attempted to
provide in Section 1 a convenient account of part of the abstract theory of spectral
sequences of Adams type, and in Sections 3, 5, and 6, I construct the May spectral
sequence and prove the theorem outlined above. The constructions here are
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reminiscent of some of P. Deligne’s work on mixed Hodge structures (compare (4.1)
with {7, (1.4.9.2)], for example), but are more elaborate in that we must work
directly in a triangulated category, while Deligne can work on the level of chain
complexes.

The major application of this result included here is a determination of the
differentials in the ‘‘metastable”’ part of the Adams spectral sequence for the Moore
space V=5%U,e! when p is odd. In this range £3= E«, and the calculation has the
following corollary. Let ¢ : X% -2)'> V denote the Adams self-map, §: X~ V-V
the Bockstein, and let composition with the inclusion $°— V of the bottom cell be
understood when necessary. It is then well known that

Folel® Eldp] € ma(V).

Theorem 4.11. For any xe n,(V) there exists n=0 such that ¢"x € Fp[p] ® E[d¢p].

This theorem has been conjectured by a number of people, and Adams and Baird,
Bousfield, and Dwyer, have independently obtained interesting homotopy-theoretic
consequences of it. One reason for conjecturing it is that

¢~ 'Ex(V; BP)=Fylo, ¢ " 'IQE[d9].

However, the localized BP-Adams spectral sequence may fail to converge. This
difficulty has frustrated all attempts at a proof using BP alone, and has necessitated
the present approach.

The calculation of the differential in £2(V; H) is carried out in Section 9 by use of
the formal-group theoretic description of BP-operations. This section also contains
a new (historically the first) proof of the localization theorem of [21]. To apply
formal group techniques, we reconstruct the May spectral sequence algebraically in
Section 8. Section 7 provides the machinery necessary to identify the May E>-term.
This section also contains a proof of the presumably well-known fact that the MU-
Adams E>-term for X is isomorphic to the cohomology of the Landweber—Novikov
algebra with coefficients in MU ,(X). These three sections are grouped into ‘‘Part
II’’ and are entirely algebraic and independent of Part I.

PART 1

1. Adams resolutions and Adams spectral sequences

We shall begin by collecting some standard material on Adams resolutions and
the associated spectral sequences. We shall work in the homotopy category of CW
spectra [5, III] 7, although the reader sensitive to generalizations will recognize that
a spectral sequence of Adams type always arises from an injective class [11] in a
triangulated category [28]. Some of this work is indebted to [23].



Adams spectral sequences 289

A ring-spectrum is a spectrum A together with morphisms n:S—A4 and
u:ANA— A such that the diagram

nAA

SAA ANA <1 ANS
\lﬂ/ (1.1)
A

commutes. Here of course S denotes the sphere spectrum. A spectrum X is A-
injective if it is a retract of AAY for some spectrum Y. It is equivalent to require
that X=SAX—AAX split. A sequence X'—X—X" is a pair of morphisms with
trivial composition. A sequence X’'—=X—X" is A-exact if

(X 1< [X, [} [X", 1] (1.2)

is exact for every A-injective I. A longer sequence is A-exact if every two-term
subsequence is. A morphism f: X' =X is A-monic if *—»X'—X is A-exact. The
following useful facts are easily verified.

Lemma 1.3. f: X'— X is A-monic if and only if ANf: ANX'— AAKX is split-monic.

Lemma 1.4. (a) If [ is A-injective, so is INY.
b) If f: X' =X is A-monic, so is fAY: X'ANY—-XAY.

Lemma 1.5. If X'—=X is A-monic and X'— X~ X" is a cofibration sequence, then
x> X'— X— X" * is A-exact.

It is elementary to show that these notions define an injective class [11] in 7,
which is stable in the sense that [ is A-injective if and only if its suspension 27 is.
Thus, given X one may construct an A-exact sequence

*—)X—-»IO—-)[]—-b... (1.6)

such that /*is A-injective for all s. This is an A-resolution of X. Given A-resolutions
X—I*and Y—J* any f: X— Y lifts to a chain-map f*: I*—J* which is unique up
to a chain-homotopy.

Given an A-resolution (1.6), one can inductively construct a sequence of exact
triangles

i

X=X'——"—Xx

1 XZ
7 7
/ /
j /k i / & “ee, 1.7
SN (1.7
/ /
]0

zr
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where the dotted morphisms have degree —1, such that jk =d. The sequence
*_,Xs_,zsls._,zx.wl_, *

is then A-exact for all s. Given the A-resolution I* the associated 4A-Adams
resolution (1.7) is unique up to an isomorphism. Furthermore, given f: X—Y, any
chain-map of A-resolutions covering f lifts to a map of Adams resolutions.

Remark 1.8. It follows from Corollary 1.4 that given an Adams resolution (1.7) for
X, an Adams resolution for XA Y may be obtained simply by smashing (1.7) with Y.
In particular, an Adams resolution for the sphere spectrum S defines an Adams
resolution for any spectrum X.

Remark 1.9. The most frequently encountered example of an Adams resolution is
the canonical resolution, in which j : X*— 25I° is the map

XS=SAXS—25 ANXS=Z5F

for each s=0. It is unique up to a (non-canonical) isomorphism. Note that it is
obtained by smashing X with the canonical resolution for the sphere spectrum.

Remark 1.10. By use of suitable mapping telescopes, we may always assume that
X**'is a subspectrum of X*, with quotient Z*/*.

Applying stable homotopy 7. to the Adams resolution (1.7) of X results in an
exact couple and hence a spectral sequence EA(X; A), functorial from E3, called the
A-Adams spectral sequence. Observe that E3**%(—;A) is the sth right-derived
functor of n, with respect to the A-injective class:

E3*THX; A)=Rynu(X). (1.11)

Here and throughout this paper u is reserved for the topological dimension. We also
have the associated functorial filtration of stable homotopy:

Fiun (X)) =im(n..(X*) - n.(X)). (1.12)

Notice that d,: ESSY¥—ES*rstu+r=1 Thys ESI 2E%],-; let ES denote the
intersection of this system:
ES =lim ES".

If xeF5n.(X) let xen.(X°) be a lifting. Then jren.(I5)=E7(X;A) is a
permanent cycle and thus defines an element of E¥". We claim this element depends
only on x mod FS;" '7,(X). For suppose in fact x€ F5 'n.(X). Let e n.(X**!) be a
lifting, and let r be the minimal integer such that 0 =i (¥ — ip) € n,(X°~"). Then there
exists zem.(/*"") such that kz=i""!(*—iy). By construction, then, zeE] """
survives to E,, and d/{z} = {j*}; so j% maps to Oe E%,". Thus j induces a natural
homomorphism, the ‘“‘generalized Hopf invariant’’,
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0:8rm (X))~ EL(X; A). (1.13)

We shall say that the spectral sequence converges provided that g is an isomorphism
and that the filtration of x.(X) is such that

n,(X)—=lim n,(X)/Fr.(X)

is an isomorphism. This agrees with Adams’ use of the word *‘convergent”’ ([5, III
8.2]).

2. The Mahowald spectral sequence

In his work on the order of the image of the J-homomorphism, Mahowald uses a
bo-Adams resolution to produce a spectral sequence converging to the classical
mod 2 Adams E;-term. We recall that construction here, in greater generality.

We begin with an easy observation.

Lemma 2.1. Let A and B be ring-spectra, and suppose that B is A-injective. Then B-
injectives are A-injective, and A-exact sequences are B-exact.

For example, let 8: A— B be a morphism of ring-spectra. That is, 8 is a morphism
of spectra such that @na=ns and Qua=pup(@A8). Then up(6A1) splits B=SAB—
AAB, so Bis A-injective,

Now let (1.7) be an A-Adams resolution for X. Then each sequence

# o XS0 S IXH o

is B-exact and so gives rise to a long exact sequence in Rjn, =E#*(—; B), with
connecting hormomorphisms

B:Ef-,_‘”"-l(X“'; B)-’E§+I’I+M(Xs;B).

These link together into an exact couple, giving rise to a spectral sequence
converging to E2(X; B). Its E|-term is

EjM=ES"™UZSI%; B) = Rymu-s(I)
50

E3 " =RLR5my-(X). 2.2)

Note that d,: EX"“—ES~ "+ 1+ Lu=1"and that the associated filtration on E#(X; B)
is given by
FLES(X; B)=im(3°: EX(X*; B)~ E;"(X; B)). (2.3)

One may regard this as the Grothendieck spectral sequence for the composite
n.°id, whereid: ¥ — % is the identity functor; only the injective class changes. We
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call it the Mahowald spectral sequence. It is independent of the A-resolution used in
its construction from E> on. The associated filtration of E2(X; B) is functorial.

Example 2.4. Let B be the mod 2 Eilenberg—MacLane spectrum and let 4 be the
spectrum bo of orthogonal connective K-theory. The resulting Mahowald spectral
sequence agrees with the spectral sequence of [14]. It is algebraically determined by
H.(X), as explained in Remark 8.15 below.

3. A geometric May spectral sequence

Let A and B be ring-spectra. Let X—I* be an A-resolution and let Fgn, be the B-
filtration of homotopy. Define a filtration of the complex n,(/*) by

Fs*in (I%) = Fgn . (I). 3.1
Then d,Fs*!C Fs*'+1 so that
Ejthsu B3V Fon, (IS)/F5 \ru - s(I9) (3.2)

in the resulting spectral sequence abutting to E»(X; A). Note that d,: ES*#%%—
Es*i¥ns+lu=l T4 fyrther identify (3.2), we introduce a definition.

Definition 3.3. A spectrum X is (A4, B)-primary if there exists an A-resolution X—/*
such that for all s, EAI°; B) converges (as in Section 1 above) and collapses at E>.

If X—1I*is such a resolution, then our spectral sequence has

Ei+[,$,u=E;.S+f+u(15; B)=ngns+u(15)
and
E5* %"= RYR s+ u(X). (3.4)

The spectral sequence converges and is functorial in the (4, B)-primary spectrum X
from E; on. We shall call this the May spectral sequence. 1t is analogous to the
spectral sequence considered in J.P. May’s thesis [16} in that it arises from a
filtration of a resolution. Novikov considered a special case of it in [24].

Example 3.5. By a theorem of Mahowald and Milgram [18], S is (bo, H)-primary
where bo and H are as in Example 2.3.

Example 3.6. Let p be prime and let V be the Moore-spectrum S%Upe!. Let HZ )
(resp. H) denote the Z,) (resp. Fp) Eilenberg—MacLane spectrum. Then VA X is
(HZ ), H)-primary for any spectrum X. For one can smash any connective HZ,)-
resolution of X with V to obtain a resolution of VA X with the desired properties.
This observation is related to [23].

Example 3.7. Suppose AA A splits as a wedge of suspensions of A. Then X is (4, B)-
primary whenever E{A A X; B) converges and collapses at Ea.
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4. Statement and application of the main theorem
Now suppose that B is A-injective and that X is (A, B)-primary. Comparing (2.2)

with (3.4), we see that the E;-term of the May spectral sequence coincides with the
E2-term of the Mahowald spectral sequence. Schematically,

:%RARBT[ - (X)%ahowald

Ram.(X) Rem, (X) 4.1)
A-m %ms
7.(X)

In the following theorem F$E>(X; B) denotes the filtration associated with the
Mahowald spectral sequence (2.3), and df denotes a differential in the B-Adams
spectral sequence.

Theorem 4.2. Let A and B be ring-spectra such that B is A-injective, and suppose
that X is an (A, B)-primary spectrum. Then the differential d carries F5ES*'(X; B)
into F5"'EST "t 3(X; B). Suppose that the Mahowald spectral sequence collapses at
Ej. Let ze FEST(X; B) project to a=z+ F5 'ES*(X; Bye RS R47.(X). Then

~d%zed¥™a. 4.3)

This theorem is a special case of Theorem 6.1, which will be proved in Section 6.

The remainder of this section is devoted to applications of this theorem in case A
is the Brown—Peterson spectrum BP at the odd prime p and B is the modp
Eilenberg—MacLane spectrum H. In Section 8 we shall see that the Mahowald
spectral sequence often collapses in this case — for example, when X is p-torsion-
free, or when X is the mod p Moore spectrum V'=5%U,e'.

We shall begin by recovering the differentials on E}(S; ) solving the mod p Hopf
invariant problem [1, 13, 27]. Here we allow p = 2. Recall that E}(S; H) is generated
by elements 4,,; and that there are elements b],jGE%(S; H); if p=2, b]_j=h%,j. See
(8.11), (8.12).

Theorem 4.4, (Adams, Liulevicius, Shimada—Yamanoshita). In Ey(S; H),
d:hyj=qob1j-1, j=1.

Proof. We shall see in Lemma 8.13 that this is true (with sign changed) in the May
spectral sequence. Hence by Theorem 4.2 (or Theorem 6.1 for p=2) it holds in the
Adams spectral sequence modulo higher filtration. But for degree reasons the higher
filtration is trivial.

Remark 4.5. At p=2, go is commonly called ho and 4, is ;1. Thus h2 and h;
survive because hohi=0=hoh, and dzhjzhohf_, for j>3.
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Remark 4.6. It seems likely that Milgram’s results [17] relating d2 to Steenrod
operations in the Ez-term can be recovered modulo higher filtration by these
methods.

We turn now to V=5%J,e!, with p odd. Adams [3] constructs a map
p: 2Ny

detected by the Steenrod operation Q. It follows that ¢ € m2p- 1)V (where we are
neglecting to indicate composition with the inclusion §%— ¥V of the bottom cell) is
represented in the Adams spectral sequence by

qi={[nl} e EX¥~(V; H).
In [20] we constructed an algebra homomorphism
Ex(V; H)= Fplgi)®Elhno: n=1]@ Plbro: n=1] 4.7)

where |ha o/ =(1,2(p" - 1)) and |bao|=(2,2p(p" - 1)), which is bijective in bidegrees
(s, ¢) for which t —s=<(p*—p—1)(s+1). In the spectral sequence, A0 survives to g
where 6 : ' V=V is the Bockstein. Since g{ survives for all n, we may localize the
Adams spectral sequence with respect to the multiplicative system of powers of g1,
thus ““inverting’’ ¢1. Then (4.7) identifies the localization ¢ 'E{(V; H).

Theorem 4.8. In the localized Adams spectral sequence

ai 'Ex(V; H)=Fplq, g7 "Y® Elh1.0].

Proof. We shall see in Section 9 that
dahno=~qi1bn-1,0, n>1, 4.9

in the May spectral sequence, so by Theorem 4.2 this is true (with sign changed)
modulo higher filtration in the Adams spectral sequence. But this is enough, by an
obvious spectral sequence argument.

Corollary 4.10. Forp>2
Ex(V; H)=Fplg1]1® E[h,0]
in bidegrees (s, t) for which t—s<(p*—p~1)(s+1).
This Corollary is the analogue for p odd of a result of M. Mahowald [14]. It plays
an important role in an approach to modp homotopy theory analogous to

Mahowald’s [15], which we will treat in joint work with J. Harper. Here we merely
indicate some immediate corollaries.

Theorem 4.11. Let p be an odd prime. For any xe n (V) there exists n=0 such that
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o"xeFple]l ® E[dp]. That is,
¢ ' (V) =Fplp, ¢~ '@ E[Jp].

Proof. Suppose ¢"x#0 for all n=0. Since g,-multiplication acts paralle! to the
vanishing edge ([2]; see also [20, Proposition 4.7b]), there exists k=0 such that if
¢*x is represented by y € E2(V) then ¢**"x is represented by qiy € Eo(V). Thus the
result follows from Corollary 4.10.

Corollary 4.12. Let ¢ ~'V denote the mapping telescope of the direct system
% ).'_qu
y—= -y — J-UY — ...
Then
(¢ ~'V) =Fplo, 0 '1QE[dp].

Proof. n.(¢ " 'V)=¢ 'n. (V).

These results have been applied to the study of K-theoretic localization by Adams
and Baird, Bousfield, Dwyer, and probably others.

5. Smash-products of Adams resolutions

In this section we show how to embed all the spectral sequences considered above
into a unified construction. This will form the basis of the proof of the main
theorem in Section 6. We begin with a lemma.

Lemma 5.1. Let X=X°2X!'2.-and Y=Y°2 Y'!2 .- be decreasing filtrations of
CW spectra X and Y by subspectra, with quotients XS/ X**\=3I*and Y'/Y'*!=
ZJ Let

Z'= | XAYICXAY=Z

s+i=n

K'= V IPAJY

S+t=n

and

Then Z=Z°2Z'2--- is a filtration by subspectra, with quotients Z"/Z"*'=Z"K",

The maps involved are the obvious ones, and the proof is routine. It may help the
reader in visualizing this arrangement to imagine the various subquotients of Z as
subsets of the first quadrant of the (s, f)-plane. For example XA Y'is represented by
{oy):issxt=sy}, XAZU' by {(xy):ssxtsy=<t+1}, and ZI°AZ'J' by
{(x,y):s<x=<s+1,t=y=<t+1}. The diagram for Z”K" is inaccurate in that the
intersections of the Z"/°AJ’ summands should be identified to a single point. Define
filtrations of these objects by
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FZ'= |J X°AY?T
o=s5120
og+t=n

FK"= VvV I°ANJN
azs 20
og+t=n

Remark 5.2. For each ¢,

Zi= FO0Z! — F'Z' cen FiZ! J XAV AR ..

I°AY! ZIAYy -1 TUIAYO StHIpt+1A Y0
is an A-Adams resolution, by Corollary 1.4,

Remark 5.3. For each s,
FSZ=FSZ5 e—— FSZ5+1 e——— ...
(5.4)
ZSFSKS 35+ lFsK_H— 1
is a B-Adams resolution. We must show that & : F*Z"—=2X"F*K" is B-monic for all
n=s=0. This is proved by downward induction on s. For s=n, k: X’AY?—
ZSISAJV is the composite of XA Y0—ZS[SA Y (which is A-monic by Corollary 1.4,

hence B-monic by Lemma 2.1) and I°A Y%= I*A J9 (which is B-monic by Corollary
1.4), and so is B-monic. For the inductive step, chase the diagram obtained by

mapping
Fs+ lzn —— JNESt lKn

|

FZr —— J"F°K" (s+t=n)

]

ZSPANY ! ——— ZAJ!
into a B-injective; the top and bottom rows give epimorphisms, and the right
column is split short exact, so the middle row is epic. Cf. [8].

Note that this B-Adams resolution maps to the B-Adams resolution

K° ZK'

by a map of ‘‘degree’’ 5 (in the obvious sense).
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Now define a filtration of E,(Z; B) by

FLE]*N(Z; B)y=im(E|(FZ; B)~E}"(Z; B)). (5.5)
This filtration has the following properties:
(5.6) FT ' ESY Y (Z; B)=0.
¢.7) FYE;*™Z; B)=E}*(Z; B).
(5.8) The isomorphism

Erv(Z; By~ H(ENZ; B))
is filtration-preserving.
(5.9) If F3"'n.(Z) is filtered by
FiFg 'n(Z) =im(n(FZ** )~ 1.(Z))
and gri* ‘n.(Z) is given the induced filtration, then the map
0:8r8n.(Z)~Ex(Z; B)
of (1.9) is filtration-preserving.
(5.10) Atr=1
WELT(Z; B) = nJ (F°K5YY),
and the spectral sequence defined by this filtration agrees with the Mahowald

spectral sequence of Section 2. In particular, the filtration on E; is independent of
choice of A-Adams resolution { X7, I°}. Also, in the Mahowald spectral sequence

E}' =, I5NTY) (5.11)

since the filtration of K**/ splits.

Remark 5.12. The May spectral sequence is obtained from the filtration
Fan ) =im@m,(IFAY )= 1, (I°AY9).

In case X is (4, B)-primary, and E(I%; B) = grg(/®), the isomorphism between the
Mahowald and May E>-terms appears as follows. Let zoe n,(I°’AJ) in E}’ of the
Mahowald spectral sequence survive to E32; so it is a cycle: (1A ds)zo=0. Thus it lives
to E5(I°%; B), and hence lifts to xe 7, (/A Y?’). The image of x in Fym () represents
the element in the May E:-term corresponding to zo.

6. Proof of the main theorem

In this section we shall complete the proof of the following theorem.
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Theorem 6.1. Let A and B be ring-spectra such that B is A-injective, and suppose
that X is an (A, B)-primary spectrum. Then the differential d% carries F*,ES*(X; B)
into F5'ES*'*(X; B). Furthermore, every 2 FS,E*(X; B) has a representative
a€ RYRym.(X) in the Mahowald spectral sequence whose differential d¥®ae
RSF'RY 'n.(X) in the May spectral sequence represents —d52 in the Mahowald

spectral sequence.

For the proof, we shall work with the double complex of Section 5 under the

additional assumptions

(i) that Y is equivalent to the sphere spectrum S, and

(ii) that X—I*is an A-resolution such that £5(I°; B) = grgn.(I*) (which is possible
since X is (A4, B)-primary). Thus Z= XA Y= X. In this section we shall allow maps to

have nonzero dimension.
Let Ze FS,ES*(Z; B) be represented by z€ E{(F°Z; B) = n.(F*K°*"). Then dxz=0

where dk is the differential in the chain-complex K*. Since
FSKS+!~ \l/ BrinJi-i
i=0
we can write

=Lu ue RLTTIATY, (6.2)

Then 0=(1Ad)z0e . (I°AJ!HY), 50 zo€ E(I%; B) survives to Ez and hence, by (ii),
to ES = gryn.(I). Thus zoeim(m (A Y )=, (I°'AJY) and so

0=(1AKk)z0€ T (ISAY'*Y). (6.3)

This fact enables us to apply Lemma 6.7, proved at the end of this section, to
zen (F*K**") in the diagram

‘__— -
~—

Fs+lzs+1_____, Fs+1Ks+1___, Fs+lzs+l+l

7

oo
>

FSZ'”” —— FSKS+! _____,Fszs+l+l

-
-

s y A
\15/\ Y! __'..’l/_., ISAJ! — ISAY!L

Let xe n (I°AY") and ye m (FS*1Z5+1~ !y be the resulting elements, so that

(1A )x=zo, kz=hy, iy=-0dx. (6.4)
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Claim 6.5. d*ze F'ES* ' %(Z; B).

Indeed, we claim that y lifts to an element yen,(Fs*'Z5*'*2). Consider the
commutative diagram

Fs+lzs+t+2_, ps+igs+i+] 4, FsTlgs+i+1

=
"

v

Fszs+l+l U FSKS+I+|

3 di

ESKS+1
Now gjy =jhy=jkz=dxz=0; but g splits, so jy=0 and y lifts as claimed.

We turn now to the second assertion of the theorem. To construct the repre-
sentative a € R% R 3. (X), notice that this is E3*** of the May spectral sequence. We
have xe 7, (I°'AY)=E}*"%, and
Claim 6.6. x survives to E: in the May spectral sequence.

We are asserting the existence of an element £e 7, (I**!AY’*") such that

AN DNE=(IAINdIND)x e T (IPAYO).
Let Xx=—ky. Then (6.4) together with a chase of the diagram
Fs+lgsete2 0 | poelgser (2 saye
k dind
PHIAYH] s [SHIAYI-  [s+lp Yt
shows that in fact
(APX=AADNEIND)xen IAY!™Y).
Soleta={xX} € R}R5n.(X). In the May spectral sequence da is represented at E,

by (1Aj)%€ n ({5t AJ*+!). But this also represents —j7 modulo im 7, (F5*2K5+1+2),
as a chase of the following diagram shows.
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F$+2K5+1+2

Fs+lzs+l+2__j_. Fs+le+1+2

[s+l/\yl+l __'_/V_. [5*'1/\,/””'

This completes the proof of Theorem 6.1. We return now to the lemma we
needed.

Lemma 6.7. Suppose that

i
¢ ——>r O —> @

¢ ——r o — o (68)

¢ — § —> @

is a commutative diagram of cofibration sequences in which each row has arrows i,
J» k, and each column has arrows p, q, r. If z satisfies jqz =0, then there exist x and y
such that

ix=qz, Jjz=py, ky+rx=0.

Proof. By means of mapping cylinders we may suppose that the upper left corner
has the form

A— Y

X—Z

where all four arrows are inclusions of subcomplexes and 4 =XN Y. Then the
diagram
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A — Y — Y/A

-

X — XUY —— XUY/X

-

X/A—— XUY/Y— *

maps into (6.8), and jgz=0 implies that z lifts to Ze n.(XU Y). Then there are
unique elements ¥e n1.(X/A) and ye n.(Y/A) satisfying

ix=qz, JjI=pJp,
and we claim that
ky+rz=0 6.9)

as well. The lemma then follows by taking x and y to be the images of % and 5.
Let C. denote the cone functor, and form the commutative diagram

XUY — XUC.Y

(6.10)

C. XUY— C,XUC.Y.
In virtue of the cofibration sequence
A-C. XvC_.Y-C.XUC._Y,

C+XUC.Y=2A since C,.XVC_-Y is contractible. In fact, (6.10) is equivalent to
the diagram

XUY— X/A

Y/A —— zA,

and (6.9) follows.
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PART II

In this Part we shall gather together some elementary observations about ‘‘Hopf
algebroids”’ and their cohomology. We construct a ‘‘May spectral sequence’’ by
filtering a resolution by powers of an invariant ideal, and derive some corollaries,
notably a vanishing line. These results were contained in [19]. Then in Section 9 the
homology localization theorem of [20] is brought into play, and the BP localization
theorem of [21] is proved as a corollary. Finally, we compute the May differential
needed in Section 4.

Throughout Part II, R will denote a commutative ring, ‘“‘R-module’’ will mean
graded left R-module and “‘R-algebra’’ will mean commutative graded R-algebra.

7. Split Hopf algebroids

In Section 8 we shall give an algebraic construction of the May spectral sequence
under suitable conditions. Here we prepare the way to identifying the resulting £>-
term.

Recall {4, 21] that if E is a commutative associative ring-spectrum such that
I'=E,(E) is flat over A=E,, then (A,I') is a Hopf algebroid, i.e., a cogroupoid
object in the category of commutative graded algebras. Furthermore, E.(X) is
naturally a -comodule, and

EX(X; E)=Extr(A, E.(X)) (7.1)

where Ext(A,M) is defined (for example — see also [21]) as the homology of a
suitable cobar construction Q(I"; M). We refer the reader to [22] for a description of
this complex.

To motivate the next construction, take note of the following class of groupoids.
Suppose a group G acts from the right on a set X. Define a groupoid XX G with
object set X, and, for x,ye X,

Homxxc(x,y)={ge G:xg=y}.

Composition comes from multiplication in G. A groupoid is sp/it if it is isomorphic
to one of this form.

We shall mimic the dual of this construction in the category of commutative
graded R-algebras. Thus let S be a commutative Hopf algebra over R with
involution ¢, and let A be a right S-comodule-algebra. That is, (A4, ) is an S-
comodule, and the multiplication y: A®A—A is an S-comodule map when A® A
is given the diagonal S-coaction. Thus S is a cogroup object in the category of R-
algebras, coacting on A from the right. This situation has been studied by P.S.
Landweber [12].
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Now define a Hopf algebroid (4, 4®S) with cooperation algebra A®S and
structure maps

n=A®n:A=AKR—-ARS
nrR=y:A—A®S
E=AQE:ARS>AQRR=A
A=AR4: ARS7ARSRS=(ARS)R4(ARS)
c=(AQUNY®c): ARS~ARSRS~ARS.
A Hopf algebroid is split if it is isomorphic to one of this form.

Landweber goes on to define an A-module over S as a triple (M, ¢, ) where
(M, w) is an S-comodule, and (M, ¢) is an A-module for which ¢ : AQM—M s an S-
comodule map when A ® M is given the diagonal S-coaction. Such objects, together
with the obvious morphisms, form a category (A-mod/S), which we claim is

equivalent to (4 ®S-comod). To see this, define, for any R-module M, two R-
module maps, fand g:

g MRS—>(ARS)RaM (7.2)
by

gm®s)=(-)"N@c(s)@m,

[ ARS)R4M-MKS (7.3)
by

Aa®s@m) =Z(~1)ma+ishgm® a’c(s)

where ¥ : A~ A® S by w(a) =Za’®a”. The reader may check that factually factors
through the tensor product over A. Now it is easy to verify the
Lemma 7.4. The correspondences

F:(M¥)~Mf¥P),

G:M,y)—~M,gy)

define inverse functors

(A® S-comod) ——2—> (A-mod/S).

Let Q,(S; M) denote the unnormalized cobar construction of § with coefficients
in the right S-comodule M. If M e (A-mod/S), then we have a natural differential
isomorphism

QUARS; M)=Q.(S; M) 7.5)
(omitting G(—)). Thus
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Proposition 7.6. For Me(A-mod/S),
Extag s(A, M) =Exts(R, M).

Example 7.7. Let B be the unitary Thom spectrum MU, Then I'=MU,(MU) is free
over A =MU.(S), so (4, is a Hopf algebroid. It is furthermore well known [12]
that I splits as A®S, where S is the Hopf algebra dual to the algebra of
Landweber—Novikov operations. Therefore,

Corollary 7.8. E(X; MU)=Exts(Z, MU ,(X)).

8. An algebraic May spectral sequence

Let (A,I") be a Hopf algebroid. An ideal IC A is invariant if ny (IN[=nr(I)I. 1t
follows that n.(INC=nr(INI: i.e., the ““left’’ and *‘right’’ I-adic filtrations on I
coincide. Thus all possible /-adic filtrations on I'®4 I coincide. Furthermore, all the
structure maps preserve the [-adic filtration. Thus (EoA, Eol") is a (bigraded) Hopf
algebroid. A I'-comodule M has a natural /-adic filtration which is respected by
w: M—=>TI'®4M, and EoM is an Eol-comodule.

The [-adic filtrations on /" and M define a tensor-product filtration F§ on
Q(I'; M). We modify this filtration by setting

Fs*QS(C; M) = F Q53 M). 8.1
Then dFS*!C F+'*\, so Eg= E| in the resulting spectral sequence. It is easy to check

that
E1=Q(Eol; EoM)

differentially, so
E2=Extg,r(EoA, EoM). (8.2)
We call this the May spectral sequence; it is analogous to the principal spectral

sequence of [16], in that it is obtained from the filtration on a (co)bar construction
induced from a filtration on the (co)algebra.

Remark 8.3. On indexing: Give EoM bidegree (¢,i) where ¢ is the filtration degree

and i is the degree of the corresponding element in M. Write
Ei“‘"“=ExtSE';',f”(EoA,EoM),

where s is the homological degree and (4,5 + «) is the internal bidegree. Then the

indexing coincides with the indexing in the spectral sequence of Section 3 under the
correspondence described in Remark 8.14.
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Remark 8.4. On convergence: The I-adic completion of an A-module M is
M=1im M/I"M,

and M is complete at I provided that M— M is an isomorphism. Assume that I"is of
finite type over A. Then Q(I"; M) is complete at / whenever M is; and then the
associated spectral sequence converges in the sense of [5, III 8.2]. If I=JA, where J
is an ideal in R, then the /-adic and J-adic filtrations (and hence completions) of M
coincide. If furthermore M is of finite type over R, then M = R ®r M; and if finally
A is of finite type over R, then

QI M)=R®gr 2 M).
Since R is R-flat, we then have
Extr(A,M)=R®grExtr(4,M).
Under these assumptions, then, the spectral sequence for M converges to this

module.

Our main application of this spectral sequence will involve the Hopf algebroid of
cooperations of the Brown—Peterson spectrum BP associated to the prime p. Recall
[5, I1; 10; 6] that

A=BP,=Zplvi,v2...], [vi=2(p'-1)
=BP.(BP)=A[t,1,...], [|t{=2(p'-1).

Thus I' is A-flat, so (A,I") is a Hopf algebroid over Z,. For a description of the
structure maps see [22]. Let /=(p,vi,...)CA. ['is an invariant maximal ideal with
quotient field F,. Passing to associated graded objects, we obtain a Hopf algebroid
with

Q=EoA=Fplqo,q1,q2...], lgi=(1,2(p'-1)),
Eol'=Q[t1, 12,...], |t]=(0,2(p'= 1))

(using the indexing of Remark 8.3) where g; is the class of v;, and vo=p. In [22,
Lemma 4.5} we showed that in Eol ®¢ Eol,

8.5)

Aty= ¥ Q7. (8.6)
i=0
Similarly, the right unit ng: Q— Eol is given by
NRGn= _goqitf,".,-. 8.7

This implies that Eo/ splits as Q®P, where P is the Hopf algebra Fp[t, f2, ...] with
diagonal given by (8.6), and Q is given the right P-coaction

van= L 4i® the;. (8.8)
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Consequently, by Proposition 7.6, the May E»-term is
E,;=Extp(Fp, EoM). 8.9)

Note that P is just the dual of the Hopf algebra of Steenrod reduced powers; f; is
conjugate to Milnor’s &; (& for p=2).

We shall now give several applications of this spectral sequence. First we have a
vanishing line, which has also been obtained by R. Zahler {29], for the BP-Adams
Ej-term. Let g=2(p-1).

Theorem 8.10. If M is an (m—1)-connected I'-comodule, then Extj{(A,M) is
(T(s) + m — 1)-connected, where if p=2 T(s)=s and if p is odd
TQ2r)y=pqr
TQ2r+ ) =(pr+1)q.
Proof. If N is an (n-1)-connected P-comodule, then by [2] Extp(Fp,N) is
(T(s) + n — 1)-connected. Since E5M is (m — 1)-connected for all 120, E3"**in the
May spectral sequence is (7(s) + m — 1)-connected. For M of finite type the result

then follows by (8.3) and (8.4); but any comodule is a union of comodules of finite
type ([21, Corollary 2.13}) so we are done.

We offer the following as a sample calculation; it is used in Theorem 4.4 above.
We shall compute d2 on

Ey' =Extp(Fp, Fp),
which by [1] and [13] is additively generated by
hij={ltf}}, j=0. (8.11)

Recall the classes

D
A
b= [”}: ’; [t’f”’lt‘{’”"”’]} (8.12)

k=1
in EZ?; thus by, j=h} ;for p=2.

Lemma 8.13. In the May spectral sequence for the comodule A,

d2hy, j=—qobyj-1, j=z1.
Proof. Compute in (; A):

; Pl sl
aut1=="g, (5 e,
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The result follows since mod p?,

i 0 ifp/-14k,
<k>= <‘[’> if k=pi-l.

Remark 8.14. Let H be the mod p Eilenberg—MacLane spectrum and let 8 : BP—H
denote the Thom reduction. Then /=ker(¢.: BP,—H,). If X is connective and
H.(X;Zy) is free, then BPAX splits as a wedge of suspensions of BP; so X is
(BP, H)-primary, and furthermore the I-adic filtration on BP.(X)=rn.(BPAX)
agrees with the H-Adams filtration. It follows that the May spectral sequence of
Section 3 coincides with the spectral sequence of this Section. This coincidence holds
for certain other spectra as well: for the Moore spectrum V=S5%U,¢!, for example.

Remark 8.15. To complete this circle of ideas, we construct algebraically a spectral
sequence coinciding in certain cases with the Mahowald spectral sequence of Section
2. Let (A,I") be a Hopf algebroid, and let

0—-A—-N-N-0
be a short exact sequence of /-comodules, with N flat over A. Then
0-NOSQM-NRJNOSQM—-N®s+DQM—0

(with tensor-products over A) is exact for all s. Splicing these together, we have a
long exact sequence

0 M->NOM->NONRQM—-- (8.16)

and applying Extr(A, —) we get a spectral sequence converging to Extr(A4, M).

This situation occurs geometrically when C is an associative commutative ring-
spectrum such that I'= C,(C) is flat over 4 =C,, and B is a ring-spectrum such that
C is B-injective and N=C,(B) is flat over C,. Then the spectral sequence agrees
with the Mahowald spectral sequence, whose Ez-term thus depends algebraically on
C.(X).

Suppose for example that B=BP and C=H is the mod p Eilenberg—MacLane
spectrum; so [ is the dual Steenrod algebra. Then it is easy to see that the spectral
sequence associated to (8.16) is the Cartan—Eilenberg spectral sequence of the
coalgebra extension

P—I—E

where P is as above and FE is an exterior algebra. For p odd, this spectral sequence is
well known to collapse if X is torsion-free or if X' =V (see e.g. [20, Section 4]).
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9. Localization of the May spectral sequence

In this section we shall use the spectral sequence of Section 8 to combine the
homology localization theorem of [20] with the theory of formal groups associated
with the Brown-—-Peterson spectrum. We obtain a new proof of the BP localization
theorem of [21], and a computation of the differential required for Theorem 4.8.

We begin by recalling the statement of the BP localization theorem. Fix a prime p
and for n=0 define

K(ﬂ):iQ 1 n=0'
Folvm v, ] n>0,

and
I'(n)=K(n)®a I ®4K(n)

where 4 =BP, and I'=BP,BP. I'(n) is then a K(n)-Hopf algebra, and by [25],
r(n)=Km)t, t2,...1/(%" = v2 "'ty 9.1)

as algebras.
Let In=(p,vi1,...,Vvn-1)CA. We shall say that a I-comodule M is of height n
provided that /M =0 and v.| M is bijective.

Theorem 9.2 [21]. The natural map
Extr(4, M)~ Extra(K(n), K(n)®4 M)
is an isomorphism if M is of height n.
Proof. As in [21], we begin by noting that it suffices to prove this for M= B(n) =
v, 'A/I.. For n=0 this is trivial, so suppose 7> 0.

Give A and I the I-adic filtration, and give K(n) and () the resulting (doubly
infinite) filtrations. Then as Hopf algebras,

Eol(n)=EoK(n)® P(n) 9.3
where
P(ny=P/(t7, 5, ...).

This is true as algebras by (9.1), and the result follows since Egl' =P as Hopf
algebras. Thus we have maps of May spectral sequences

ExtP(IFp, EOB(")) _— EXtP(n)(IFp, EOK(”))
| |
M M .9
Extr(A4,B(n)) — Extr(n(K(n), K(n)).

Here we have used the obvious isomorphism
Ext gk ® Piny(EoK(n), EoK(n)) = EXt p(ny(F p, EoK(71)).
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Now the main theorem of [20] implies that the top arrow is an isomorphism. But the
filtrations defining these spectral sequences are bicomplete, so the map of abut-
ments is also an isomorphism.

We turn now to a computation of the differential in the localized May spectral
sequence

Extpa)(Fp, EoK(1)) = Extray(K(1), K(1)). 9.5)
As noted in Section 4,

Extpu)(Fp, EoK(1)) = EoK(1)® Elhno: n=1]@Plbno: nz1]

where in the cobar construction Q(P(1))

[tn) € An0, 9.6)

i=1

()

-1\ I

T L ] e bno. ©.7
P

We will compute d24n,0, and to do this we must study 4¢,in I'(1). For this we will

need a lemma from the theory of p-typical formal groups; an excellent reference is
(6]. For any collection 7 = {X.} of indeterminates, write

1
Ca(2) = (EX)"-Z(XD))

where
ene (P if n=p’ for some i,
"1 otherwise.

Let A denote a commutative ring, let G.(X, Y) = X + Y be the additive formal group,
and let yo(T) = T denote the standard curve.

Proposition 9.8. Let F be a formal group over A. Suppose JC A is an ideal such
that J*=0, and that F=G,mod J.
(a) (Lazard). Then
FX,)=X+Y+ ¥ unCne1(X,Y) 9.9)
nzl
Sfor unique elements une J.
(b) The Frobenius operator ¥ satisfies

Fero(N)== L A g T (9.10)

Ekq

forany g=2.
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(c) Suppose that p is a prime number and that A is a Z)-algebra. Then F is p-
typical if and only if un=0 for all n not of the form p'— 1. If F is p-typical, and
Sovo(T) = TEviTP™, ©.11)
iz

FX,Y)=X+Y- ¥ viCo(X, Y). (9.12)

i=}

Proof. Part (a) is Lazard’s main lemma; see [5, II Section 7]. (b) is a straight-
forward calculations using the definition of {4, and (¢) follows from (b).

Remark 9.13. Equation (9.11) is Araki’s characterization [6] of the Hazewinkel
generators v; for BP,. Note that (9.12) describes the universal p-typical formal
group G modulo J% where J=(v,v3,...). It follows from this that vie BP, is
indecomposable for all i (cf. [10]).

Remark 9.14. [t follows from Proposition 9.8(¢c) that
L6i=XLyi— ¥ vaCpr(y) mod J?
nx=1

where y = {y;} is any collection of curves.

Now [S, II Theorem 16.1] the diagonal in I" is determined by the identity in I'[T]
YOt TP = TO(L:@t2)TP™. (9.15)
“o

nz=0 Lz

Here we have written G for #:+-G. This can be computed modulo (n.(J))?
(““modulo J2'’ for short) using Remark 9.14, and if we work furthermore modulo
(vf, V2, V3, ... ),

L (@t)TP" = iCy(T, (41)T?,...)

nz0

= T (@777 =viCp((ti®15)T7 14, j= ).

Lj=0
Now pass to I'(1), and remember that t5=v{"~ tn lies in higher filtration than ¢,
does. So working modulo /-adic filtration 2, for p>2:

EO(‘“")T""‘V'C"(T’(A")Tp’ )= (5.16)

=T+ ¥ (@1 +1Qt)TP" = Cp(T; (t:@NT?,(1@t)T7: iz 1).
n=t
For p =2 we must add

vihi®)T4

to the right-hand side. We are interested in the coefficient of 7/". Note that it is
exactly At, mod 72 on the left-hand side of (9.16). On the right, we can achieve 77"
in the obvious way in the first sum, and for n=2, as
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"vp—l“"”"®‘>T"”"+<1®zn_.)rw">ﬂ

= ((tn- 1 @VPTP + (1 tn-1)PT?)]
in the second. Thus for n=2,
¢)
i

-1 . 4
Atn=tr®@ 1+ 1@ tn=v1' T Ll @271 mod 12 ©.17)
i=1 D
unless n=2 and p=2, when
dh=H®1+1®t: mod I (9.18)

It follows that in the localized May spectral sequence (9.5),
d2hno=—qiba-10, n=2 9.19)

for p>2. This is the assertion required to complete the proof of Theorem 4.8. It
shows also that in (9.5)

Ex=E3=Fplq1,q; ' 1®ElA10).

Since this is a free commutative algebra, no extensions are possible, and we have
reobtained A*(/°(1)) (26]. Similarly, for p=2,

drhno=-qihi_1 0, n=3 (9.20)
and
E3=F20q),qi '1QF2[h1,0]® Elh2,0].

hao lifts to vig1=(t2— t3) + v[ 'vat1, so no further differentials are possible, and we
have computed AH*({ (1)) for p=2 as well (cf. {26]).
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