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$1. tNTRODtJCTION 

IF G is a connected compact Lie group, then for almost all prime numbers p the mod p 
cohomology ring of the classifying space BG is a finitely generated polynomial algebra. 
In 1961, N. Steenrod [24] asked in general for a determination of all spaces X such that 
H*(X, FP) is a finitely generated polynomial algebra (i.e., such that X has a polynomial 
cohomology ring); at that time, the only examples known were spaces of the form X = BG. 

There has been a lot of subsequent progress on this problem. On the one hand, the 
topological constructions of Sullivan [25. p. 4.281, as exploited by Clark-Ewing [SJ and 
Wilkerson [27], have led to the discovery of exotic spaces X with polynomial cohomology 
rings. On the other hand, the algebraic arguments of Wilkerson 1261 and Adams-Wilkerson 
[I] have shown in some generality that if X is any space with a polynomial cohomology 
ring then H*(X, F,,) must bc one of the polynomial algebras listed in [8]. 

However, there is still a gap hcrc between topology and algebra; in this paper WC act to 
narrow the gap and in some cases to close it. Suppose that p is an odd prime. Let x bc the 
category of unstable algebras [IS] over the mod p Stccnrod algebra .d, and 31r,,, the full 
subcategory of .Y consisting of objects which as rings are finitely generated polynomial 
algebras. If X is a p-complete space with H l (X, FP)~3Ypoly we extend the ideas of [I] by 
associating to X a finite p-adic linear group Wx generated by pseudoreflections (see 1.1); 
given any such finite group Wsuch that p does not divide the order of W, we then show (1.2) 
that there is up to homotopy exactly one p-complete space X with H*(X, FJE&‘-~,~ and 
wx = W. In a variety of particular situations (1.3, 1.4) this gives a bijective correspondence 
between finite group data and homotopy types of p-complete spaces with polynomial 
cohomology rings. 

As a corollary we observe that if G is a connected compact Lie group and p a prime 
which does not divide the order of the Weyl group of G then the cohomology ring 
H*(BG, F,), considered as an object of x, determines the homotopy type of the 
p-completion of BG (1.7). This generalizes the treatment of G = SU(2) in Cl23 and is the 
uniqueness property referred to in the title of the paper. 

We will now describe our results in more detail. If R is an object of YpolYr let pR (the rank 
of R) be the number of polynomial generators in R and va the product fl((lx,)/2) indexed by 
a set f_Yi} of polynomial generators for R; recall that the prime p is odd, so that the degree 
lx,] of each polynomial generator xI is even. The integer vR does not depend upon a choice of 
polynomial generators for R. If X is a space with H*(X, FP)~xpalY, we will write px and vx 
for pR and vR with R = H*(X, Fp). If H*(X, FJE-)IY,,,+ and X = BG for a connected 
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compact Lie group G, then px is the Lie-theoretic rank of G and vx the order of the Weyl 
group of G. 

Let 2, denote the ring of p-adic integers. The Eilenberg-MacLane space K(iZ,)‘, 2) is 
the p-completion of the classifying space of the r-torus r, and we will denote it BT’ or kT 
if r is understood; it is clear that the general linear group GL(r, Z,) acts on iT’ in a natural 
way. 

Given a commutative domain D, an element g E GL(r, D) of finite order is said to be 
a pseudorejection if the r x r matrix (g - 1,) has rank at most one (here f,eGL(r, D) is the 
identity matrix). If X is a space, say that a subgroup W c GL(r, Z,) is adapted to X if there is 
a map r: iT -. X, equivariant up to homotopy with respect to the natural action of Won 
L?T and the trivial action of Won X, such that r induces an isomorphism 

H*(X, F,,) z H+(&, Fp)‘? 

1.1 THEOREM. Let p be an odd prime and let X be a p-complete space with H*(X, FP) in 
x PlY. Then there exists up to conjugacy a unique finite subgroup Wx c G L( p.x, Z,) adapted 
to X. The group Wx is generated by pseudoreflections and I Wxl = yx. 

Remark. Theorem 1.1 does not require the assumption pJ’wx and for this reason leads to 
non-realizability results for many objects of 3y,,,. The image in GL(p,, FP) of the group 
Wx c GL(px, Z,) is the “Galois group” of H*(X, FP) constructed in [I] (see $2). If 

H+(X, FP)~JYP,y and X is the p-completion of BG for a connected compact Lie group G, 
then Wx is the image in GL(p,, Z,) of the Lit-theoretic Weyl group Wo c GL(p,, Z). In 
general the group IV, of 1.1 must be a product of the irreducible p-adic pseudoreflection 
groups enumerated in [S]. This perhaps gives the list in [8] a richer significance. 

1.2 THEOREM. Let p be an odd prime and let W be afinite subgroup of GL(r, Z,) generated 
by pseudorejections. Suppose that p does not divide the order of W. Then there exists up to 
homotopy exactly one p-complete space X such that H *(X, FP) E 3ypolY and W is adapted to X. 

It is clear from 1.1 that if H ‘(X, FP)e3Ycpoly then p divides 1 Wxl iff p divides vx. This 
leads to the following corollary. 

1.3 COROLLARY. Let p be an odd prime. Then for any r 2 1 there is a bijectice correspond- 
ence between the following two sets: 

(1) Homotopy equivalence classes of p-complete spaces X such that H*(X, FP)~3Ypoly, 
= r and p$vx. 

(2) gnjugacy classes of finite subgroups W c GL(r, Z,) such that W is generated by 
pseudoreflections and ~$1 WI. 

If r < p - 2 then GL(r, Z,) does not contain any non-trivial elements of order p, so 
Corollary 1.3 takes the following simpler form in this case. 

1.4 COROLLARY. Let p be an odd prime. Then for any r such that 1 < r < p - 2 there is 
a bijective correspondence between the following two sets: 

(1) Homotopy equivalence classes of p-complete spaces X such that H ‘(X, FJ E 3y,,, and 
px = r. 

(2) Conjugacy classes of finire subgroups W c GL(r, Z,) such that W is generated by 
pseudorejiections. 

Moreover, f X is a space as in (I) then p $ vx. 
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The following algebraic theorem is both a summary and an extension of some of the 
results of [S] and Cl]; it lists several ways of looking at the groups W which appear in 
1.2-1.4. Let Qp denote the quotient field of Z,. 

1.5 THEOREM. Let p be an odd prime. Then for any positive integers r and n wrth p,#‘n 
the following sets are in bijectice correspondence: 

(1) Isomorphism classes of objects R E ;Y,,, such that pR = r and vR = n. 
(2) Conjugacy classes of subgroups W c GL(r, F,) such that W is generated by pseudo- 

reflections and 1 WI = n. 
(3) Conjugacy classes of finite subgroups W c GL(r, Z,) such that W is generated by 

pseudoreflections and 1 WI = n. 
(4) Conjugacy classes of finite subgroups W c GL(r. C) such that W is generated by 

pseudorejections. 1 W) = n, and the characterjield Kw (see $5) can be embedded in Q,. 

Combining 1.3 with 1.5 gives the following result. 

1.6 COROLLARY. Let p be an odd prime. Then for any positive integers r and n with p$n 
there is a btjectioe correspondence between the following two sets: 

(1) Homotopy equivalence classes of p-complete spaces X such that H*(X, F&E 
x polyr px = r and vx = n. 

(2) Isomorphism classes of objects R E fl,,, such that pR = r and vR = n. 

Of course, the bijcction (1) -+ (2) in 1.6 is given by the cohomology functor, so in effect 
1.6 states that a space X of the indicated type is dctcrmincd up to homotopy by 

H*(X, F&ox,,,. This immediately leads to the following homotopical uniqueness 
theorem for classifying spaces of Lit groups. 

1.7 THEOREM. Let G be a connected compact Lie group with Weyl group Wand assume 
that pJ’ 1 W 1. Suppose X is u space with H *(X, FP) isomorphic to H ‘(BG, F,,) as an object 
of ~6. Then the p-completion of X is homotopy equivalent to the p-completion of BG. 

Proof Let r bc the rank of G and let T c G be a maximal torus. The conjugation action 
of W on T exhibits W as a finite subgroup of GL(r, Z) generated by (pseudo)refections. 
Since p#I WI there is an isomorphism H*(BG, FP) z H*(BT, F,)“‘, where the action of 
W on H “(ET, F,,) can be interpreted as the algebra action induced under the com- 
posite W--r GL(r, Z) -+ GL(r, F,,) by the natural action of GL(r, F,) on 

H*(BT, FP) = Hom((F,)‘, F,,). The second part of [1, 1.21 (cf. (2)+-+(l) in 1.5) now shows that 

H’(BG, F,)~x,,r and p,/’ vBG, so the theorem follows immediately from 1.6. 
We will give one concrete example of the calculations possible with 1.5 and 1.6. Let 

FP[x2*, xJB] denote a graded polynomial algebra over F, on generators of the indicated 
dimensions. 

1.8 THEOREM. If p > 3 then the number of isomorphism classes of objects of x with 
underlying ring FJx~.+, x.+s] is 1 if p E I mod 48,3 if p = 25 mod 48,2 if p = 13,17 mod 48 
and zero otherwise. This number is also the number of homotopy types of p-complete spaces 
X such that H*(X, FP) 2 Fp[x2.+. x.,~], 

This follows from a check of the group tables in [S]. The following more qualitative 
result is proved by combining 1.5, 1.6, the spectral sequence argument of [3, 13.11, and the 
observation that a finite group has only a finite number of conjugacy classes of subgroups. 
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1.9 THEOREM. Let p be an odd prime and let Y be a one-connected p-complete space such 
that H l ( Y. FJ is an exterior algebra on generators of degree 2di - 1, i = 1, . . . , n. Suppose 
that pjdi. i = 1,. . . , n. Then up to homotopy there are at most finitely many connected 
spaces X such that RX is equicalent to Y. 

Further work. The results in this paper deal mostly with odd primes. For several reasons 

the results do not extend directly to cover the case p = 2; one of these reasons is that there 

are more elements of Hopf invariant one mod 2 than there are mod p for odd p (cf. proof of 

4.1). Removing the restriction p$ I WI in Theorem 1.2 will probably require a new tech- 

nique. Nevertheless, one example in which p = 2 and ( WI = 2 (i.e. X = BSU(2)) has been 

treated successfully in [12]; there is some hope that the techniques of that paper, as 

extended by [I63 and [17], may lead to further progress in this area. 

Organization of the paper. Our main technique is to take a p-complete space X with 

H+(X, FP) E x,,, and find a homotopical “maximal torus” for X: this is essentially a map 

t: BT -+ X with certain homological properties (see 2.6). We describe the theory of 

homotopical maximal tori and of their associated “Weyl groups” in $2, where we also detail 

how this theory leads to proofs of 1.1 and 1.2. 

If X is the p-completion of BG for a compact Lie group G. then a homotopical maximal 

torus for X can be constructed from the map BT -+ BG induced by the inclusion T c G of 

an ordinary maximal torus (cf. proof of 1.7). If p is an odd prime though, it is easy to see that 

T is in fact the central&r in G of the subgroup V c T generated by clcmcnts of order p, and 

so [14] the map BT+ BG can also be obtained (up to p-completion) by restricting the 

domain of the basepoint evaluation map Map(BV,BC) I d BG to an appropriate compon- 

ent. It turns out that a corresponding function space construction gives a homotopical 

maximal torus for any p-complctc X with ff *X E _K,,,,: this is proved in $4 with the help of 

some propertics of Lanncs’ functor “TV” which arc cstablishcd in $3. Section 5 contains the 

proof of 1.5. 

1.10 Notation and terminology. The letter p will stand for a fixed rational prime, which 

except in 43 is assumed to be odd. For a space X, H +X will denote the object ff ‘(X, FP) of 

;Y and X the p-completion of X in the sense of [6]. For a topological group or group-like 

topological monoid G, EC will denote some functorial contractible G-CW complex on 

which G acts freely, BG = EC/G the classifying space of G, and B^G the p-completion of BG; 
if X is some space on which G acts, then B(G, X) will denote EC x cX and &G, X) the 

p-completion of B(G, X). Iff: X -+ Y is a map of spaces, we will let Map(X, Y)/ denote the 

path component of the space of maps from X to Y containing5 

An object of X is of finite type if in each dimension it is of finite rank as an F, vector 

space. An object R E~Y which is a domain is said to have transcendence degree r if its 

(graded) field of fractions Frac(R) has transcendence degree rover F,. We will let 3Yrtd (resp. 

3Y;,d) denote the full subcategory of x consisting of domains of finite transcendence degree 

(resp. transcendence degree r). Note that 3Yr,,, 5) 3y,,,: many of our methods give informa- 

tion about objects of 3Yrld as well as about objects of 3yPoly. Let .X’,,,, denote SY,,+ n xitd. 

42. MAXIMAL TORI 

In this section we will describe the properties of homotopical maximal tori and then 

show how these properties lead to 1.1 and 1.2. The proofs of the theorems in this section will 

appear in 94. 
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It is convenient to begin by recalling some material from [I J and [ZS] which deals with 

properties of an algebraic analogue of a maximal torus for rings R E Jr;,,. 

2.1 THEOREM. [l] For any object R of 3& there exists a x-map t: R -+ H l bTr which 

is an embedding (i.e. monomorphism). If tl and tZ are two such embeddings, then there is an 

automorphism w of H*i?T' such that w-t, = t2. 

According to 2.1, considering general objects of X:,,, is equivalent to considering 

suitable ,d, subalgebras of H *iTr. 

The group GL(r, F,) can be identified with the group of automorphisms of H*f.?T’ (in 

the category X). Given an ,d, subalgebra R of H*gT, let wR denote the subgroup of 

GL(r, FP) consisting of automorphisms of H*f?T which leave R elementwise fixed. The 

geometric multiplication on iTgives a Hopf algebra structure on H*gTwhich is preserved 

by the action of GL(r, F,). and we will let R_ denote the smallest Hopf subalgebra of 

H *fiT which is closed under the action of .d, and contains R. The action of CV, on H *iT 

clearly restricts to an action of FV’, on Rscp. 

Remark. The ring RI_, is in some sense the separable closure of R in H*gT and in 

generated by iterated pth powers of two-dimensional classes (cf. proof of 4.1). 

2.2 THEOREM. [28] Let R EN;,,, be nn .cr/dsuhalgehru of H *iT’. Assume thut as an 

algebra R is noetheriun und integrully closed. Then the nuturul mup 

R -, (R.cp)‘C, 
is an isomorphism. 

Thcorcm 2.2 of course applies if R is a polynomial aigcbr:i. but even more is true in this 

case. 

2.3 THEOREM. [I] [2X] Let R E~Y”,,,,, he un .c/,, suhulychru (I/’ Ii * GT’. Assume thut 

p,/’ vn. Then RIcp = II * i T’, the group W, c G L(r, FP) is gtvitvvted by psc~udorL~~rc.tions, und 

1 wRi = vR* 

Finally, there is an algebraic existence theorem. 

2.4 THEOREM. [I] [28] Let W be (I s&group ofGL(r, FP) and R the ring (H*jT’)“. 

Then R E 3’&, R is noethrriun und integrully closed, RIcp = !I + ET’, und the nuturul mup 

W --, W, is an isomorphism. Mureooer, i/’ W is generated by pseudorejiections and ~$1 WI 

then R~31r,,, and vR = 1 W). 

What we will now do is to give geometric strengthcnings of the above theorems under 

the assumption that the ring R in question is the cohomology ring of a space. The basic 

philosophy behind our approach is due to Rector [22]. 

Let 65’stand for a CW-complex with some chosen homotopy equivalence to ET’. We 

introduce this notation because below we would like to take a map/: iT’ -+ X and consider 

for instance self-maps of s’Tr over X; to do this is a homotopy invariant way it is necessary 

to replace/by an equivalent Serre fibration t :6Yr 4 X. 

2.5 THEOREM. For any p-complete spuce X with H ‘X E .iv’i,, there exists u spuce iY’ 

and a Serre fibration t : l?S’ -t X such that the induced colronwlo~~~ ho,no,,lorphism t* is an 

embedding. If ti : i.9; - X. (i = 1.2) are two such mups, then there is a homotopp equicalence 

w: BY{ d ik 5 such that tI = w-t2. 
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2.6 Definition. A space X with a maximal r-torus is a pair (X, t) in which X is a 
p-complete space with H l XE~Y;,,, and r: iY” + X is a Serre fibration such that t* is an 
embedding. 

The above definition of “maximal r-torus” is not the most useful general one but it is 
convenient for the purposes of this paper. According to 2.5, considering a general 
p-complete X with H l XE A’& is more or less equivalent to considering a space X with 
a maximal r-torus. 

2.7 THEOREM. Let X be a space with a maximal r-torus t : B^S’ + X and let R be the 
algebra t+(H*X) c H*gT’. Then Rsep = H*B^T’ and hence R = (H*gTr)H’n. 

In the above theorem, the geometric assumption that R is the cohomology of a space has 
allowed us to sidestep requirements (cf. 2.3) of the type p,+’ vR. This theorem is false for p = 2 
(for instance, let X be the 2-completion of BSU(2)). 

2.8 Definition. Let X be a space with a maximal r-torus c: fiFr -+ X. The Weyl space 
1-, = Y%‘-,(C) of X is the space of self-equivalences w:f?F -, B^x such that r+ w = t. The 
Wry/ group Wx = Wx(r) of X is the component group notie‘x. 

Remark. Composition of maps gives the Weyl space %‘-, the structure of a group-like 
topological monoid, and actions of wx can be used in forming suitable Bore1 constructions 
(1.10). 

Given X as in 2.8, let R stand for the subalgebra t*(H*X) of H+gT’. The group of 
homotopy classes of self homotopy equivalences of gr is GL(r, Z,), so that there is 
a commutative diagram 

wx + WR 

1 1 

GL(r, Z,) --, GL(r, FP) 

in which the horizontal arrows arc constructed by taking induced cohomology homomor- 
phisms. In this diagram, it is not a priori clear that W, is finite or that the left-hand vertical 
arrow is a monomorphism, although by definition the right-hand vertical arrow is a mono- 

morphism. 

2.9 THEOREM. Let X be a space with a maximal r-torus t : B^F” --t X and let R be the 
algebru t*(H *X ) c H *B^T’. Then the Weyl space Vfx is homotopically discrete (i.e., each 
component of N’s is contractible), and the natural map Wx 4 W, is an isomorphism. 

1 
If BY’+ X is a space with a maximal r-torus, there is an induced map 

B(lrx, iFr) -, X and up to homotopy a map 7: &-Wx. is’) +X (see 1.10 for the 
notation here). Note that the homomorphism W, -+ GL(r, Z,) gives by naturality an action 
of Wx on the Eilenberg-MacLane space K((Z,)‘, 2) = 6T’. 

2.10 THEOREM. Suppose that X is a space with a maximal r-torus and that as an algebra 
H l X is noetherian and integrally closed. Assume that p $ ) W, I. Then the above map. 

T : ri( w,, i?sr> + x 

is a homotopy equivalence. Moreover, the space i?(7yrx, l?Fr) is homotopy equioalent to 
& Wx, fiT’). 
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As in 2.3, there are additional algebraic restrictions in the case of a space with 
a polynomial cohomology ring. Note (2.9) that under the hypotheses of the following 
theorem the group W, can be identified with a subgroup of Gf.(r, Z,), well-defined up to 
conjugacy. 

2.11 THEOREM. Suppose that X is a space with a maximal r-torus and that H l X is 
noetherian 

H*(B^l-‘)H; 

H*(X, Z,) + H*(&, Z,)wz 

Q,~z~H*(X,Z,)-(Q,~~~H*(~T',Z,))~~ 

are isomorphisms. if H *X E s,,, , then W, c GL(r, Z,) is generated by pseudoreJections. 

Finally, there is a geometric existence theorem. 

2.12 THEOREM. Let Wbe ajinite subgroup of GL(r, Z,) and let X be the space b( W, l?T’) 
formed with respect to the natural action of W on iT’ = K((Z,)‘, 2). Assume that ~$1 WI. 
Then H*X = (H+BT’)W~x;,d, H *X is noetherian and integrally closed, and, given a maxi- 
mal r-torus I: i?Sr +X for X (2.5, 2.6). the group Wx(t) is conjugate as a subgroup of 
GL(r, Z,) to W. Moreover, if W is generated by pseudoreflections (hen H *XC.%,,,. and 
vx = I WI. 

We will finish this section by giving proofs for the homotopy theoretic theorems of the 
introduction. 

Proof of I. I. Let r = px (so that If +X E.Y/‘&) and Ict t : 65’ -+ X be a maximal r-torus 
for X (2.5). By 2.9, 2.7 and 2.2, the group Wx(f) dcfincd in 2.8 is adapted to X. By 2.11 the 
group Wx(t) is generated by pscudoreflections; the equality vx = ) Wx(t)l follows from 2.4. 
Suppose that W c GL(r, Z,) is some other subgroup which is adapted to X. Let S be the set 
of homotopy classes of maps f: bT’ + X such that f l is an embedding. It follows from 2.5 
that GL(r. Z,) acts transitively on S and that the isotropy subgroup of any element of S is 
conjugate to the image of the natural map n,?+‘-,(r) --* GL(r, Z,). As a consequence, W is 
conjugate to a subgroup of Wx(r) and so by (2.9) the reduction mod p map W-r GL(r, FP) is 
a monomorphism. By 2.4 and 2.1 the image of Win GL(r, FP) is a conjugate to the image of 
Wx(t), which by the above implies that ( Wx(t)[ = 1 W( and finishes the proof. 

Proof of 1.2. This is a direct consequence of 2.4 and 2.2. 

$3. T!iE FUNCTOR f” 

In this section V will denote an F,-vector space of dimension r. The purpose of this 
section is to describe some properties of Lannes’ functor TV [20]. 

Recall [20, $21 that TV is left adjoint to the functor x + x which sends R E~Y to 
H*(BV) @I R. The functor TV is exact [ZO, 2.4.1 J and preserves tensor products [20, 2.4.31. 

If f: R + H*BV is a map of .Iy, then corresponding to f under adjointness is a map 
T”(R) + F, or in other words a ring homomorphism J T’(R)’ 4 F,. We will let T;(R) 
denote the tensor product T’(R) @I ~v,~,o F,, where the action of T”(R)’ on F, is given by]: 
Iff:R + S and g:S+ H*BY are maps of x with g*f= h then f induces a natural map 
ThYR + TLS. We will denote this map ?‘,Y(fl; using the notation T[(fl would leave some 
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ambiguity as to the range of the map, since there might be several maps g : S -+ H*B V with 
g-f = h. The inclusion {0} c V induces for any REX a natural map E: R = TIoi R + TvR 
whichforf:R+H*BVpasses toamaps,:R+TTR. 

For any space X, the evaluation map BV x Map(BV, X) + X induces a cohomology 
homomorphism 

H*X 4 H*(BV)@ H*Map(BV, X) 

which has as adjoint a natural map 

A: T’(H*X) + H*Map(BV, X). 

For each map f: B V + X, ,I induces a map A/ : Ty(H*X)+ H*Map(BV, X),, which fits 
into a commutative diagram 

H*X 2 H*X 

&r 1 1 

TF(H*X) 2 H*Map(BV, X), 

in which the right vertical map is induced by evaluation at the basepoint of BV. (Here and 
subsequently we write T/Y(H*X), etc., instead of T,‘.(H*X).) 

Lannes has proved the following two theorems. 

3. f TtlEoREM. [20, 3.1.43 ff X is a simply-connected p-complete space such that H l X is 
o/finite type, then the naturul map 

is u bijection. 
[BV, X] -+ Hom,(ff+X, H*BV) 

3.2 THEOREM. [20,3.2.2] Let X be a simply-connected p-complete spuce such thut H +X 
is of finite type and let f: B V + X be a map. Assume thut Ty(H*X) is of finite type and 
vanishes in degree 1. Then the natural map 

is an isomorphism. 
I,: T,Y(H*X)-+ H*Map(BV, X), 

We will need to establish some algebraic properties of TV. Recall that the topological 
multplication on BV gives H *BY the structure of a Hopf algebra with comultiplication 
A:H+BV+ H*BV@ H*BV. For any g:H*BV+ H*BV, the map T’(H*BV)+ H*BV 
which is adjoint to (g@ 1)-A induces a map p’s: Tr(H*BV)+ H*BV. For any map 
f: BV + BV, pf fits into a commutative diagram 

T;(H*BV) 5 H*BV 

2, 1 I= 

H*Map(BV, BV), 7 H*BV 

in which r is induced by the map BV + Map(BV, BV), which sends a point XE BV to the 

map obtained by composing f with (right) multiplication by x. 

3.3 LEMMA. For any map g: H*BV+ H*BV the maps e,,:H*BV+ Ti(H*BV) and 
p’p : Tr(H *B V) + H l B V are isomorphisms. If f is an endomorphism of H l B V then 

P,,. T;(f) =f’w. 
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Proof: The first two statements can be proved by using the elementary fact that 

L: T”(H*BY) + H*Map(BV, BP’) is an isomorphism [20,3.4.4] and then calculating with 

function space cohomology; for instance, the statement about E# follows from the calcu- 

lation that for any h : BP’+ BV the map Map(BV, BV), + BV given by evaluation at the 

basepoint is an equivalence. The final assertion is proved by showing that both maps 

involved correspond under adjointness to ((szf) @I) - A. 

The following lemma will be used in $4. It is proved by using the fact (cf. [14] or [19]) 

that 1: T”(H*I?T”) -+ H*Map(BV, iT”) is an isomorphism. 

3.4 LEMMA. For any ~20 and map f:H*jTS+ H+BV, the map E~:H*~T~+ 

TT(H+i?T”) is an isomorphism. 

3.5 PROPOSITION. Let f: R + H * B V be a monomorphism and let I denote the identity map 

ofH*BV. Then the map T:(f): TjYR -* T,‘(H *B V) z H * B V is a monomorphism. 

Prooj Denote the tensor product TT(R)@~v,~, T’(H*BV) by S. The algebra T/YR is 

flat as a module over TvR (this is a consequence of the associativity of the tensor product 

and the fact that every module over the p-boolean ring (TvR)’ is flat [20, 1.81). It follows 

from the exactness property of TV C20.2.4. I] that the natural map T,‘R -+ S is a monomor- 

phism. It is easy to calculate (cf. 3.3) that S is the product fl,TL(H*BV) indexed by 

g:H*BV4 H*BV such that g*/=_f; under this identification the monomorphism 

T/YR + S is n,,Ti(/). To complete the proof, then. it is enough to show that if 

y: H’BVd H*BV is a map with y-j=/. then the kernel of r:(J) contains the kernel of 

TIV(/ ). 
Let u denote the composite map 14; r,“(J) and u the corresponding composite 

ps * T,‘( / ). By 3.3. we will bc done if wc can show that the kcrncl ofv contains the kcrncl of u. 

The map (I: Cf*BV-, fI*BV is (By)* for a unique homomorphism y: V-+ V. Write V its 

a direct sum V, @ V, whcrc V, is the subgroup killed by some power of y and Vz is the 

intersection of the images of all powers of 7. Note that the restriction of y to Vz gives an 

automorphism of V2. Let I:: V - Vz be the projection map, and choose N large enough that 

the restriction of yN lo V, is zero. Let e: If *BV 4 H*BV be the map(Bt:)*. Since e *gN = gN, 

it follows from 3.3 that pG - T,‘(qN) = e * psr * T,‘(yN). Consequently, there are equalities 

0 =/VT;(/) 

where the first equality is the definition of u, the second and fourth follow from g-f =J and 

the third is the above remark. Let y- ’ denote the self-map of V which is zero on VI and the 

inverse of ylv, on V,; let 9-l denote (By- I)*. The identity y-y-‘*& = E gives e = e-g-’ -9. 

It follows from 3.3 that e*pg = e-y-’ */l; T:(y). Combining this with the above gives that 

u agrees with the map y-’ *IC; T,“(g)* T;(f) = g-’ *p,- T,“(f), where the equality follows 

from g-f =/: In other words, u = y-‘. u, which proves the desired result. 

3.6 PROPOSITION. Suppose that R E X is a subalgebra of M * B V. Let f: R + H * B V be the 

inclusion map and let I be the identity map of H *B V. Then (E,) - ’ * T,‘(f) gives an isomorphism 

/ram T/YR to the smallest Hopf subal~ebra of H *BV which is closed under the action of-d, and 

contains R. 
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This proposition does not require the assumption that R is noetherian. 

Proof of 3.6. Adjoint to the identity map of T”R is a map R -, H*(BV) &I T”R. 
Compose this with the diagonal map of H*BV to get a map 

Rd H*(BV)@ H*(BV)@ T”R 

and reverse the process of taking adjoints; this gives a map 

A: T”R + H*(BV)@ T”R 

which makes T”R into a comodule over H *BV. (This comodule structure is an algebraic 
counterpart to the action of BV on Map(BV, X) induced by the left translation action 
of BV on itself). The comodule structure passes to a quotient comodule structure 
A,: TTR + H*(BV) @ T/YR which fits into a commutative diagram 

R % T;R 2 H*(BV)Q T/YR 

fl 81 1 l@Cl 

H*BV 5 H*BV 3 H*(BV)@ H*(BV) 

where we have used E, (3.3) to identify T,“(H*BV) with H*BVand g = (&J-r* T,!‘(f). Since 
/is a monomorphism the map g is a monomorphism (3.5). It is easy to see that A, is the Hopf 
algebra comultiplication map on H*BV. It now follows from the fact that the comultiplica- 
tion on H*BV is cocommutative that A,(TTR) is contained in TTR 8 TTR and thus that 
TTR is a Hopf subalgebra of H l BV. On the other hand, if S is a Hopf subalgebra of H *BV 
closed under the action of .d, and h : S -+ H *B V is the inclusion, then E,,: S -+ TlS is an 
isomorphism [ 13. 4.81. The proposition follows. 

$4. MAXIMAL TORI. CONTINUED 

In this section we will give proofs of the theorems from $2. WC will continue to use the 
notation of $2 and $3. 

4.1 LEMMA. Let R .sx;,,, he an .dp suhalgebru of H*iT’. Then there exists a space 
X with H *X z RIcp ifjcR,cp = H+ f?T’. 

Proof. Define a filtration of H*gT’ 

F,, c FI c a.. c H2BT 

by declaring that x E H2kT belongs to F, itf the element xd of the field (1.10) Frac (H *l?T) is 
separable [28] over Frac(R). According to [28] R,ep 2 R is the subalgebra of H*B^T 
generated by c, a 0 (F,)“‘. Suppose that there exists such a space X of the indicated type, so 
that in particular H2X z FO. Let s be the F, rank of FO. Since H’X = 0 the group 
H2(X, 2,) has no torsion, so there exists a map f:X -+ l?TJ such that H2(f) is an 
isomorphism. Let Y be the homotopy fibre offi It is clear that H+Y is isomorphic to the 
(polynomial) subalgebra of H l kTr generated by c, a I(F,)p’, and thus that H* Y is non-zero 
only in degrees divisible by 2p. An argument [lS] involving the non-existence of higher 
elements of Hopf invariant one mod p implies that this fibre Y is contractible. 

Proof 2.5. Let V be the group ,T’ generated by the elements of order p in the torus T’. 
The map B V -, dTr induces a monomorphism on cohomology which we will use to identify 
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H*&’ with the subalgebra of H*BV generated by the images under the Bockstein of 
onedimensional classes. By 2.1 and 3.1 there is a mapfi B V + X such thatf* embeds H *X 
into H+l?T’ c H*BV. Let R c H l s^Tr denotef*(H*X).It follows from 3.6 and the fact 
that HI&T’ is a Hopf subalgebra of H*BV that T/Y(H*X) is isomorphic to R,_. On the 
other hand, by 3.2 there is an isomorphism 1,. * Tr(H*X) + H*Map(BV, X), and so 
Tr(H*X) 2 R,ep is realizable as the cohomology of a space. Lemma 4.1 now shows that 
R,_, = H*L?T’ and thus that H*Map(BV,X)/ z H*fiT’. There is a map 
c: Map(BV, X), + s^Tr which induces this cohomology isomorphism, and, since the space 
Map(BV, X), is H,( - , F&local [S, 12.91, the map c is an equivalence. Let I denote the 
identity map of BP’. There is a commutative diagram 

Map(EV, SV),‘z Map(BV, X), 

e, 1 1 e/ 
f 

BV - X 

in which the vertical maps are given by basepoint evaluation and the left-hand vertical 
map is an equivalence. It follows that the map e/ induces an embedding 
(e/)+ : H ‘X -+ H *Map(BV, X), and that the desired map I : gSr + X can be obtained by 
replacing Y/ by a weakly equivalent Serre fibration. 

Now suppose that g : Y + X is a Serre fibration with Y 2 l?Tr and y* an embedding. By 
the fact [20] that H’EV is an injcctive object of .K. the map/*: H*X -+ H*BV extends 
every+ toamap~:H*Y~H’BV(i.c.~~g* =/*).Ifh:BVd Yisamapwithh+=X,then 
the composite y-11 is homotopic toJ(3.1). Since g is a fibration it is possible by the covering 
homotopy property to adjust h so that g-11 =J: Thcrc is then a commutative diagram 

Map(BV. Y),“-!Map(EV, X), 

in which the vertical arrows are given by basepoint evaluation. The map eh is an equivalence 
by a simple direct argument or by a combination of 3.2 and 3.4. To complete the proof it is 
enough by standard homotopy theory to show that the upper horizontal arrow in this 
diagram is an equivalence, or, since the spaces involved are H,( - , F&-local [5, 12.91. that 
the corresponding cohomology map T:(g) (see 3.2) is an isomorphism. The map 
r,“(f): rF(H*X) + T,“(H *BV) is a monomorphism by 3.5; since T,“(f) = T,“(h)* Thy(g), 
this implies that r:(g) is a monomorphism. Since Thy(H * Y) z H*fiT’ by 3.4 and 
T;(H*X) 2 H*fiT’ by the argument above, dimension counting in fact shows that T:(g) 
must be an isomorphism. 

Proof of 2.7. Let V = (F,)’ and choose a map g : B V + &F’ such that g* is a monomor- 
phism. Let/= t-g. It is possible to argue as above in the proof of 2.5 that RIcp is realizable 
as the cohomology of the space Map(EV, X),. The desired conclusion follows from 4.1. 

4.2 LEMMA. Let X be a space with a maximal r-torus I : l?F’ + X and V rhe vector space 
(FJ. Suppose that f: B V + k-r is a map such rhar /* is an embedding, and let g = r */: Then 
the natural map 

is an equivalence. 

Map(BV, B^r’),zMap(BV, X), 
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The proof of this is contained in the proof above of 2.5. We now head towards a proof 

of 2.9. First we have an algebraic lemma, whose proof comes down to a straightforward 

calculation. 

4.3 Suppose that R is an object of ;U;,, and that t : R + H +gT’ is an embedding. 
Let V be the rector space (FJ, and identijy H l fiT’ with the subalgebra of H *B V generated 
by the images under the Bockstein of one-dimensional classes. Let G be the group of 
;Y automorphisms g of H l BV such that g * t = t. Then each element of G carries H*t?T’ lo 

itselj; and the subsequent induced homomorphism G + W, is an isomorphism. 

Proof of 2.9. Let V = ,,T’ as above. The main idea of this proof is to find a relationship 

between maps BI’+ X and maps B^T’ 4 X by using the fibration sequence 

BP’* GT’ -. $1’. We begin with some general considerations. 

Suppose that q: E + B is a (Serre) fibration of connected CW-complexes with fibre F, 

and that Y is a space. By elementary homotopy theory there is a space Map(E/B, Y) and 

a fibration 4: Map(E/B, Y) -+ B such that the space of sections T(rj) is naturally weakly 

equivalent to Map(E, Y). The fibre of 4 is Map(F, Y). 

Suppose in addition that f: E -+ X and g: Y +X are maps, with g a fibration. Let 

Mapx(E. Y) denote the spncc of all maps h: E + Y such that f = g*h. The map 

Map(E. Y) -) Map(E. X) given by composition with g is a fibration with libre over 

fEMnp(E, X) equal to M~P,~(E, Y). It is clear that there is a space Map,(E/B, Y) and 

a tibration Li.r: M~P,~(E/B, Y) 4 B such that r(ci.r) 2 Mapx(E. Y); the map (ix can be 

obtained by constructing a (homotopy) fibrc square 

Map,v(E/B, Y) 4 Map(E/U, Y) 

dl 1 1 

B * Map(E/B, X) 

in which the lower horizontal arrow corresponds to/: It follows from this fibre square that 

the (homotopy) fibre of dx is Map,(F, Y). 

Suppose that X is a space with a maximal torus I : u^S’ -+ X. Let Y be the space iS’ 

and g:Y+X the map t. Let q:E -+ B bc a fibration equivalent to the map 

K((Z,)‘, 2) + K((Z,)‘, 2) induced by the homomorphism (2,) -+ (Z,)’ given by multiplica- 

tion by p, and let f: E -+ X be the composite of t with an equivalence E z BS’. Up to 

homotopy we will identify the fibre of 4 with BV, where Vis the vector space (F,)’ = pT’. By 

the above considerations, Map,( Y, Y) 1 Map,(E, Y) is equivalent to the space of sections 

of a fibration dx over B with fibre Map,(BV, Y). 

We will use a superscript ” + “(e.g. “Map+(X, Y)“) to denote the subspace of a mapping 

space consisting of maps with induce a monomorphism on cohomology. It is clear that 

there are equivalences #rx z Map:( Y. Y) z Map:(E, Y); in effect, a map Y + Y is 

a homotopy equivalence itf it induces a monomorphism on cohomology. A map h: E + Y 
induces a monomorphism on cohomology ifi the composite of h with the map BV + E 
induces a monomorphism H * Y 4 H*BV. It follows that Map; (E, Y) is equivalent to the 

space of sections of a fibration 4,: : Map,; (E/B, Y) + B with fibre Map: (B V, Y). 
The space Mapi(BV, Y) is the fibrc of the map Map+(BV. Y) -. Map+(BV, X) given 

by composition with g over the point rcpresentcd by the composite h: BV -+ E + X. Thus 

by 4.2 the space Map,G(BV, Y) is homotopically discrete and the component set 

n,,Map,:(BV, Y) is isomorphic in a natural way to the set of homotopy classes of maps 
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u: BY + Y such that u* is a monomorphism and q * a - h. This last set is isomorphic (3.1) to 
the set of monomorphisms a’: H* Y -, H+BV such that a’*g+ = II*. It now follows easily 
that the group I+‘,. considered (4.3) as a group of automorphisms of H l B Y or equivalently 
as a group of homotopy classes of self-equivalences of BV, acts simply transitively on 
noMap: (BV, Y). 

The fibration 4: is necessarily fibre-homotopically trivial, since it is a fibration with 
a homotopically discrete fibre over a simply connected base. The basepoint evaluation map 
r(qf) + Map:(BV, Y) is thus an equivalence. But r(d:) CI Mapi(E, Y), so, by naturality, 
the restriction map Map;(E, Y) + Map,:(BV, Y) is an equivalence. This shows that 

Map:@. Y) z #Fx is homotopically discrete; the desired statement about Wx (z x,,Wx) 
follows in a straightforward way from the above identification of 7~~ Map: (BV, Y). 

Proof of 2.10. Let R c H *k?F-’ be the image of H *X. By 2.2 the natural restriction map 
gives an isomorphism H*X z (H*l?F’)wn, while by a twisted coefficient Serre spectral 
sequence argument the corresponding restriction map gives an isomorphism 
H’B( ti’,, fkY-r) 2 H*(l?F)‘? Since W, is naturally isomorphic to W,, it follows im- 
mediately that the map B(1-,, f%‘) -, X induces an isomorphism on cohomology and 
thus that the completed map r is an equivalence. 

The spaces B( NH”,, BS’) and B( Ws, ET’) are each two-stage Postnikov systems with 
fundamental group W, and second homotopy group (2,)‘; by construction both spaces 
have the same action of the fundamental group on the second homotopy group. The 
difference between the two spaces can therefore be measured by a binvariant in 
H’(BWx.(ZJ); since this group vanishes (~$1 W,l) the two spaces (and hence their 
completions) must bc equivalent. 

The following lemmas will be used in proving 2.1 I. 

4.4 LEMMA. Let W be ajinite group and f: A -+ B a map of modules over the group ring 
Z,[ W]. Suppose that A und B arefinitely generatedfree modules ouer Z,, that W acts trivially 
on A, und that f induces an isomorphism A/pA z (B/PB)~. Then f induces isomorphisms 
A z Bw and Q,Bz, A r (Q, C&, B)w. 

Proofi Let C denote Bw. Pick x E B and suppose that px E C. For each w E W the element 

PX - wpx = p (x - wx) vanishes; since B is p-torsion free, this implies that x = wx and thus 
that ~EC. Consequently. the maps C/pC -, B/pB and C/PC -. (B/PB)~ are monomor- 
phisms and hence (since the composite A/pA -+ C/PC + (B/PB)~ is an isomorphism) the 
map A/pA + C/PC is an isomorphism. The fact that A + C is an isomorphism now follows 
from the fact that A and C are both finitely generated free modules over Z,. For the second 
isomorphism, note that since Q, is flat as a module over Z, (i.e. Qp @I~, is an exact functor) 
and the fixed poiht functor ( - )w can bc expressed naturally as a kernel, the natural map 
Q, Bz,(B w, -+ (Q,, @J~,E)~ is an isomorphism. 

4.5 LEMMA. If H *X E .?f’“,,, then the ring Q, Qz, H ‘(X, Z,) is a polynomial algebra over 
Q, on a finite number of generators. 

Prooj: We can assume that X is p-complete and in particular simply connected. The 
Eilenberg-Moore spectral sequence (or Serre spectral sequence) shows that H*nX is finite 
and hence that H*(RX. Z,) is finitely generated over Z,. This implies that 

Q,@lz, H *(OX. Z,) is a finite connected commutative Hopf algebra over Q, and thus 
isomorphic as an algebra to an exterior algebra over Qp (see [Zl, Appendix and 5.151). 
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(Another way to obtain this last conclusion is to use obstruction theory and the fact that 
k&variants of m are torsion to produce a map 

Rx + n K(7tiRX/tOrSiOn, i) 

which induces an isomorphism on Q, @x, H *( - , Z,). The fact that H *@2X, Z,) is finitely 
generated implies that except for a finite number of odd integers i the spaces in the above 
product are contractible.) By the Samelson-Leray theorem [21,7.20-J, the dual of the Hopf 
algebra Qr&,H*(lrX, Z,) is also an exterior algebra over Q,. The spectral sequence 
argument of Bore1 [3, 13.11 (or an easy argument using the bar construction spectral 
sequence) now shows that Q,,I&, H*(X, Z,) is the desired polynomial algebra. 

Proof of 2.11. If Y is a space such that H* Y is of finite type and vanishes in odd 
dimensions, then for each i the group H ‘( Y, Z,) is a finitely generated free module over Z, 

and there is a natural isomorphism H’Y r F,@,,H’(Y, Z,). This remark applies to the 
spaces X and iSr, where t: By’-+ X is the maximal torus for X. The three isomorphisms 
listed in the theorem follows from 2.2 (cf. proof of 2.10) and 4.4. By 4.5, then, the ring of 
invariants (Q, Bz, H l (B3’, Z,))“; is a polynomial algebra. Under the monomorphism 
(2.9) W, -+ GL(r, Z,) 4 GL(r, Q,) the action of W, on QP&, H+(Lkr”, Z,) can be identi- 
fied with the natural induced action of LV, on the symmetric algebra of the dual of (QJ, so 
the desired result is a conscqucncc of 5.1. 

Proo~c$Z.IZ. It is clear (cf. proof of 2.10) that the natural map H*X + (H*L?T’)w is an 
isomorphism, so it follows immcdiatcly from 2.4 that H*XES~“;,,, that H*X is nocthcrian 
and integrally closed, and that If *X E .CPull and vx = ( WI if W is generated by pscudo- 

retlections. Let/: s^f’ -+ X be the maximal r-torus for X obtained by replacing the evident 
map B^T’+ X with a Serre tibration, and let R c H*6S’ denote/*(H+X). By construc- 
tion W c W,(f), by 2.4 the natural map W + W, is an isomorphism, and by 2.9 the natural 

map Wx(f) -+ W, is an isomorphism. It follows that W = W,(f). The desired conjugacy 
statement is a consequence of 2.5. 

05. PSEUDOREFLECTION CROUPS 

In this section we will prove Theorem 1.5. 
If D is a commutative domain, a subgroup of GL(n, D) is said to be a pseudoreflection 

(pr.) subgroup if it is generated by pseudoreflections (see $1). The main property of p.r. 
subgroups that makes them interesting for our purposes is the following one. 

5.1 THEOREM. [lo] [7] [4, V. Sect 6, Exer. 8(a)] Suppose that F is afield and that W is 

afinite subgroup of GL(n, F). Let W act on rhe polynomial algebra R = F [r,, . . . , t.] in the 

natural way. If the ring of inaariants R w is a polynomial algebra, then W is a p.r. subgroup. If 

the characteristic of F is :ero or prime to 1 W 1, then the converse holds as well. 

5.2 LEMMA. If W c GL(n, F,) is a subgroup of order prime to p, then W hfts to a subgroup 

W c GL(n, Z,,) and the conjugacy class of W depends only on that of W. If W c GL(n, Z,) is 

a subgroup of-finite order prime CO p and 6’ reduces mod p lo a p. r. subgroup, then W is a p.r. 

subgroup. 
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5.3 Remark. It is possible to have a finite p.r. subgroup W of GL(n, F,,) with the 
following paradoxical combination of properties: 

(I) FJtlr.. . t t.] W is a polynomial ring, 
(2) W lifts to a subgroup @of GL(n, Z,). but 
(3) W does not lift to a pz subgroup of Gf.(n, Z,). 

Of course, by 5.2 the prime p must divide the order of W, and by 5.1 the ring of invariants 

(Z,Ct1. . . . , t,])* must fail to be a polynomial ring. For example, let p be 3, let 
W c GL(2, F,,) be the cyclic group of strictly upper-triangular matrices, and let 
WC GL(2, Z,) be the group generated by the matrix (_: -:). It is easy to check that 
(F,[t,, t*])” is the polynomial algebra on tl and t: - t:t2. No generator of W can lift to 
a pseudoreflection, since Q, does not contain a cube root of unity. 

Proof of 5.2. The fact that a group W of the indicated type lifts to a subgroup of 
GL(n, Z,) in a way which is unique up to conjugacy is proven in [ 1, pp. 141-1421. To finish 
the proof we show in fact that if A E GL(n, Z,) is an element of finite order prime to p which 
reduces mod p to a pseudoreflection then A itself is a pseudoreflection. Pick such an A, let 
s be the order of A. and let N denote s-’ (1;;: A’). Choose linearly independent elements 

01,. . . 9 u,_ , in (FJ’ which are fixed by A, and let oiE(Z,)” be a lift of Ui. Then for each 
i<n- I the element Nl;i is fixed by A and reduces mod p to Ui. Since the u, are linearly 
indcpendcnt. it follows easily that the set (Nfi,, . . , , NC”_, 1 generates a rank (n - 1) 
submodulc of (ZJ; by construction the elcmcnts of this submodule arc in the kernel of 
(~1 - 1,) and so the cxistencc of this submodulc shows that A is a pseudorcflcction. 

If F is a field of characteristic zero and x: W -+ GL(n, F) is a representation of the finite 
group W, then the rhtrrcrcterjield K, is by definition the extension field of Q generated by 
the values of the character of x (i.e. by the algebraic numbers tract (x(w)), WE W). If W is 
a finite subgroup of GL(n. F), we will Ict K ,+, denote the character field of the inclusion 
representation W c GL(n, F). Note that Kw c F. For any WE W the algebraic number 
trace(w) is the sum of the eigenvalues of \v and therefore a sum of roots of unity; this implies 
that K, lies in a cyclotomic, hence abelian, extension of Q and thus that Kw itself is 
a Galois extension of Q. 

5.4 PROPOSITIOX [2] If is a jield of and W c GL(n, F) is a p.r. 
subgroup, then is conjugate in F) a subgroup of 

to the statement the Schur index of 
is one 

5.5 PROPOSITION. If C) a p.r. subgroup o afield automorphism of C, 
then the group is conjugare as of GL(n, C) to 

Remurk. If i: W 4 GL(n, C) is the inclusion of it nor necessarily in 
the situation of that the representation asi of is conjugate to representation i; 
instance, the dihedral D10 order 10 two distinct p. r. representations 

are interchanged by non-identity automorphism of to 
5.5, these representations be interchanged by an outer automorphism of 

WC may assume the action of gives an 
of The action of a(W) on c” then It clear are 

irreducible of the lie GL(n. C)) the same 
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order. Since the character field Kw is Galois and hence carried to itself by u, Kflcw, = K,. 
Moreover. IV is primitice [9] as a p.r. group iff a( W) is primitive. The fact that Wand a(W) 
have all of these properties in common now implies, by inspection of the tables in [S], that 
W and a( IC’) are conjugate. 

5.6 PROPOSITION. Let W be a finite group of order prime to p. Then the inclusion 
GL(n, Z,) -+ GL(n, QJ induces a bijection from conjugacy classes of homomorphisms 
W + GL(n. Z,) to conjugacy classes of homomorphisms W -+ GL(n, Q,). 

Proof. The argument in [ll, proof of 73.53 shows that every homomorphism 
W+ GL(n. Q,) is derived up to conjugacy from a homomorphism W-r GL(n, Z,). The 
proposition now follows from [ll, 76.173. 

5.7 PROPOSITION. Let W be a finite group, F a field of characteristic 0, M and N finitely 
generated F [ W J modules. and L afield containing F. Then L BF M is isomorphic to L BF N 
as a module over L [ Cfl if M is isomorphic to N as a module over F [ W]. 

Prooj: A finite-dimensional representation of a finite group over a field of characteristic 
0 is determined up to isomorphism by the character which it affords [ll, 30.143. This 
character is not changed by extension of scalars. 

Proof qf 1.5. The bijection (I)++(2) is obtained from 2.4. The bijection (2)++(3) is 
obtained from 5.2. 

It remains to give the bijection (3)++(4). Suppose that W is a p.r. subgroup of GL(n, Z,). 
The character ticld Kw c Q, is a finite extension of Q. and by 5.4 the group W is conjugate 
in GL(n, Q,) to a subgroup w’ of GL(n, K,). By 5.7 the subgroup W’ is well-defined up to 
conjugncy in GL(n. Kw). Pick an embedding j: Kw 4 C and observe that j( W’) c GL(n, C) 
is a p.r. subgroup. Since K,,, is a Galois extension of Q any two embeddings Kw + C differ 
by an automorphism of C; in this way 5.5 shows that the conjugacy class of the subgroup 
j( IV’) c GL(n, C) does not depend on the choice ofj. This gives the desired function from 
the set of conjugacy classes of p.r. subgroups of GL(n, Q,) to the set of conjugacy classes of 
p.r. subgroups of GL(n, C) with character field embcddable in Q,). 

To construct an inverse to this function, reverse the procedure. Let W c GL(n, C) be 
a pr. group with character field K ,,,. and assume that Kw can be embedded in Q,. By 5.4 
the group IV is conjugate to a subgroup W’ of GL(n. Kw); by 5.7 there is only one such W 
up to conjugacy. Choose an embedding k: Kw + Q,, and observe that k(W’) is a p. r. 
subgroup of GL(n, Q,). Since Kw is a Galois extension of Q any two such embeddings differ 
by a field automorphism of K ,,, and thus by 5.5 the conjugacy class of the subgroup 
k( W’) c GL(n. Q,) does not depend on the choice of k. Finally, by 5.6 there is up to 
conjugacy a unique subgroup V’ c GL(n, Z,) such that W” is conjugate in GL(n, Q,) to 

k( W’). 
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