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Assaf as mathematician



Assaf’s MIT CS contacts
March 2020: Assaf invited me to look at the work of MIT CS graduate student Mirai
Ikebuchi.
Term rewriting systems: What are they?
Quillen cohomology of Lawvere theories: Sounds interesting!



Universal algebra

This perspective was introduced by William Lawvere in his 1963 thesis under Samuel
Eilenberg at Columbia. An “algebraic category” can be described in terms of a small
category T admitting finite products: a cartesian category.
The algebras for T (“models”) are then functors to Set sending product diagrams to
product diagrams.

Example. FAb is the category of free abelian groups generated by the finite sets
n = {1, . . . , n}, n ≥ 0, and homomorphisms. FAb has finite coproducts, so its opposite
category has finite products. An abelian group A determines a product-preserving
functor: FAbop → Set sending n to Hom(Zn,A) = An, and this determines an
equivalence of categories

Ab→ FunΠ(FAbop,Set)

Sorting. A “sorting” of a cartesian category is a choice of product diagram for every
finite sequence of objects: a rigid cartesian category or Lawvere theory.
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“Homology”

Dual(ing) perspectives on “homology”:

(1) (Algebraic) The “homology” of a topological space is in a certain sense its
abelianization. Some may be convinced by the example of a discrete space, whose
homology is indeed the free abelian group it generates.

(2) (Geometric) If the space is simply connected, its homology tells you what building
blocks to buy if you want to build the space. A “building block” here is a ball,

Dn = {v ∈ Rn : |v | ≤ 1}

The space gets built dimension-by-dimension, by gluing n-disks along their boundary
spheres on to what you have already made.



Quillen homology

In Homotopical Algebra, 1967, Daniel Quillen provided a definition of what is to be
meant by “homology” and “cohomology” in a very general algebraic setting V, such as
the category of models for a theory. Two ingredients:

Slice category V/A: Objects (B, p), B ∈ V, p : B ↓ A. Morphisms:

B //

��

B′

��
A

A Beck A-module is an abelian object in V/A: an object B ↓ A together with a
section A ↑ B and a “multiplication” B ×A B → B in V/A satisfying the axioms for an
abelian group.



Beck modules

Ab(V/A) is the category of “Beck A-modules”: ModA. (Jonathan Beck was another
student of Sammy Eilenberg!) There is an adjoint pair

AbA : V/A� Ab(V/A) = ModA : forget

With V = associative K -algebras, ModA is the category of A-bimodules, and
AbA(A ↓ A) = ker(A⊗K A→ A).

With V = groups, ModG is the category of ZG-modules, and
AbG(G ↓ G) = ker(ε : ZG → Z).

With V = commutative K -algebras, ModA is the category of left A-modules, and
AbA(A ↓ A) = ΩA/K .
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Quillen homology

Definition. HQ∗(A) is the sequence of derived functors AbA evaluated at A ↓ A.

One can afflict Quillen homology with coefficients: HQ∗(A;M).

Quillen homology describes how the algebra is built up from elementary (“free”) pieces.
The resolution involved in computing the derived functors expresses this procedure.

With V = associative K -algebras, K a field: HQn(A) = 0 for n > 0, and
HQn(A;M) = HHn+1(A;M), Hochschild homology.

With V = groups: HQn(G) = 0 for n > 0, and HQn(G ;M) = Hn+1(G ;M).

With V = commutative K -algebras: HQ∗(A) is “André-Quillen homology” and rarely
vanishes in positive dimension. Nevertheless quite well understood in many cases
(Harrison, Avramov, Goerss, ...).
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Homology of Lawvere theories

Example: “Term rewriting systems” provide a way of defining a Lawvere theory T in
terms of a collection of operations obeying fixed relations.

Philippe Malbos and Samuel Mimram (following Jibladze and Pirashvili) set out to
show how Quillen homology provides lower bounds on the complexity of a TRS
presenting T .

Their pathfinding work was corrected and extended by Mirai Ikebuchi in her thesis. She
defined the “degree” of a TRS and showed that for TRS’s of degree d (assuming
confluence and termination):

rankHQ0(T ;Z/d) gives a lower bound on the number of operations;
rankHQ1(T ;Z/d) gives a lower bound on the number of relations.



A step back: Categories

The Quillen homology of categories with fixed object set and functors fixing objects
has been studied by Baues and Wirsching, Dwyer and Kan, and others.

Beck C -modules are “natural systems,” that is,

ModC = Fun(FacC ,Ab)

where FacC is the “factorization category” or “twisted arrow category” of C : objects
are morphisms in C , and given f : X ′ → X and g : Y ′ → Y ,

FacC (f , g) =


X ′

f
��

Y ′

g
��

oo

X // Y





Category grading
“I-graded abelian group” means a choice of abelian group Ai for each i ∈ I.

The category structure of C determines a (non-symmetric) monoidal structure on the
category of Mor(C)-graded abelian groups:

(A∗ ⊗ B∗)h =
⊕

f ,g s.t. fg=h
Af ⊗ Bg

The initial monoid with respect to this monoidal structure has (Z̃C)f = Zιf , with

ιf ιg = ιfg

Observation: ModC is equivalent to the category of Z̃C -bimodules.

Under this identification, the cochain complex used by Hans Baues and Günther
Wirsching their “cohomology of small a category with coefficients in a natural system”
is simply the Hochschild complex computing the Hochschild cohomology HH∗(Z̃C ;M).
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Quillen cohomology of categories

Let A∗ be C -graded unital associative K -algebra. There is a canonical “Hochschild
complex”

A∗ ← A∗ ⊗ A∗ ⇐ A∗ ⊗ A∗ ⊗ A∗ W · · ·

that is split exact as left or right A∗-modules. It expresses the “noncommutative
Kähler differentials” as a kernel:

0← A∗ ← A∗ ⊗ A∗ ← AbA∗(A∗ ↓ A∗)← 0

Following Quillen, this quickly implies

Theorem
Suppose Af is K-flat for all f ∈ Mor(C). Then HQn(A∗) = 0 for all n > 0.

Corollary (maybe due to Dwyer and Kan)
Quillen and Baues-Wirsching cohomology for small categories coincide.



Happy birthday, Assaf!


