
Chapter XII. 

COMMUTATIVE SEMIGROUP COHOMOLOGY. 

Commutative semi group cohomology assigns abelian groups Hn ( S, G) to a 
commutative semigroup S and an abelian group valued functor G on S. 

Other cohomology theories have been considered for commutative semigroups 
(see the introduction to Section 4). The theory we call commutative semigroup 

cohomology is of particular interest because H 2 ( S, G) classifies commutative 

group coextensions of S by G, that is, H 2 ( S, G) coincides with the extension 
group Ext (S, G) in Chapter V; moreover, if S is complete group-free and G 

is Schtitzenberger, then, as we saw in Chapter V, H 2(S, G) classifies complete 
commutative semigroups T with T j'J{ ~ S and Schtitzenberger functor isomor
phic to G. These results make cohomology an important part of the structure 
theory of commutative semigroups. 

Commutative semigroup cohomology is an instance of triple cohomology, 
which provides a definition in dimensions n ~ 3 as well as valuable properties. 

After a brief account of triple cohomology and two sections of preliminary re
sults, this chapter defines commutative semigroup cohomology, and gives simpler 
definitions in low dimensions. 

1. TRIPLE COHOMOLOGY. 

This section gives, without proofs, the definition and main properties of triple 
cohomology. We follow Beck [ 1967] and Barr & Beck [ 1969] but have renum
bered cohomology groups in the more traditional fashion. We assume a general 
knowledge of category theory and triples, from, say, MacLane [ 1971]; Grillet 
[ 1999] also has a short account of triples and the tripleability of varieties. 

1. The minimal requirements for cohomology are: a category e; a functor 
V : e ---+ e (normally denoted by G, but we use G for abelian group valued 

functors); a natural transformation E : V ---+ le; and a contravariant functor A 
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296 XII. COMMUTATIVE SEMIGROUP COHOMOLOGY. 

from e to the category Ab of abelian groups and homomorphisms. 

For every 0 ~ i ~ n the natural transformation E : V ---+ le induces a 

natural transformation En,i = yn-i E yi : yn+l ---+ vn. To each object c of 
e can then be assigned a complex of abelian groups 

o ---t AVC ---t ... ---t Avnc ~ Avn+lc ---t ... 

where 8n = "Lo~i~n (-l)iA~:2:,i: Avnc---+ Avn+lc. That 8n+l o8n = 0 

for all n ~ 1 follows by a standard argument from the equalities En,j o En+l, i = 
En,i o ~:n+l, j+l, which hold for all 0 ~ i ~ j ~ n. The n-th cohomology group 
of C with coefficients in A is 

Hn(C,A) = Ker8n /Im8n-l if n ~ 2, and H 1(C,A) = Ker81. 

(In Beck [1967], Barr & Beck [1969], these groups are Hn-l and H 0 .) 

In what follows V and E arise from an adjunction (JF, 1U, 'TJ, ~:) : U ---+ e, 
where lF : u ---+ e is a left adjoint of 1U : e ---+ u, and 'T] : lu ---+ 1UJF, 
E : lF1U ---+ le are the corresponding natural transformations. Then 11.' = 1UlF, 'TJ, 
and 1-l = 1U~:lF constitute a triple on U; V = lF1U, E, and v = lF7]1U constitute a 
cotriple on e 0 

If for example e is the category of commutative semigroups and homomor
phisms, and U is the category of Sets of sets and mappings, then the free c.s. 
functor lF : Sets ---+ e is a left adjoint of the forgetful or underlying set functor 
1U : e ---+ Sets; "lx embeds a set X into the free c.s. on X; E is described by 
Lemma 4.1 below. Like all varieties, e is tripleable over Sets. 

2. To obtain the Beck cohomology groups of an object S of e, one applies 

the above to the category e = ets of objects over s; abelian group objects of 

~ provide coefficient functors (Beck [ 1967]). The details are as follows. 

Recall that an object over S in e is an ordered pair ( C, 1r) of an object 
C of e and a morphism 1r : C ---+ S. A morphism 'Y : ( C, 1r) ---+ ( D, p) of 
objects over S is a morphism 'Y : C ---+ D in e such that p o 'Y = 1r. 

C ___]__, D 

~l /e 
s 

Every adjunction (JF, 1U, 'T], E) : u ---+ e lifts to an adjunction (iF, 1U, 7], E) 
U = U-l-1US---+ etS =~;namely, 
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JF(X,1r) = (lFX,1f), 1I.J(C,p) = (1I.JC, 1I.Jp), fj(X,-rr) = 'T/x, "E(C,p) = Ec, 

where 1f : lF X ----+ S is the morphism such that 1l.J7f o 'T/ x = 1r. In particular, 

the cotriple (V = lF1l.J, E, v = lF'T!1l.J) induced by (JF,1l.J,'T/,E) lifts to the cotriple 

(V = lF1I.J, "E, v = 1Ffj1I.J) induced by (lF, 1U, fj, "E) on e = e-J,.S. By definition, 

V( C, 1r) = lF(1I.JC, 1l.J1r) = (VC, 1f), where 1l.J7f o 'Tluc = 1l.J1r; 

"E(C,-rr) = c::0 ; and z;(C,-rr) = lFfj(lUC,lU-rr) = lF'T!uc = v0 . In particular, "E(6,-rr) = 

c"~/. If e is tripleable over 1L (if the adjunction (JF, 1l.J, 'T/, E) is tripleable ), then 

e is tripleable over 1L ( (lF, 1l.J, fj, "E) is tripleable ). 

3. An abelian group object of a category e is an object G of e such that 

every Home ( C, G) is a set, together with an abelian group operation + on every 

set Home ( C, G), such that A = Home (-,G) is a (contravariant) abelian group 

valued functor on e; equivalently, such that 

(g + h) 0 'Y = (g 0 'Y) + ( h 0 'Y) 

for all morphisms g, h : D ----+ G and 'Y : C ----+ D of e. 
A morphism <p : G ----+ G' of abelian group objects of e is a morphism of 

e such that the mapping Home ( C, <p) : Home ( C, G) ----+ Home ( C, G') ts a 

homomorphism of abelian groups for every object C of e; equivalently, 

<p 0 (g + h) = ( <p 0 g) + ( <p 0 h) 

for all C and g, h : C ----+ G. Then Home (-, <p) is a natural transformation of 

abelian group valued functors. 

When e has finite products, abelian group objects of e can also be defined 

by means of suitable morphisms m : G x G ----+ G, e : 0 ----+ G, i : G ----+ G, 
as in MacLane [1971, first edition] (see also Lemma 2.2 below). 

If for example G is an abelian group in the usual sense, then every Homsets 

( C, G) is an abelian group under pointwise addition, and this makes G an abelian 

group object of Sets since (g +h) o 'Y =(go 'Y) + (h o 'Y) for all g, h: C----+ G 

and 'Y : D ----+ C. If conversely G is an abelian group object of Sets, then 

HomSets({l}, G) is an abelian group, and the bijection Homsets({l}, G)----+ G 
is readily used to make G an abelian group so that pointwise addition on every 

Homsets ( C, G) is the given operation. 

In general, an action . of an abelian group object G of e on an object A of 

e assigns to every object c of e a group action 

Home(C,G) x Home(C,A)----+ Home(C,A), (g,a) 1---t g.a 
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of the abelian group Home ( C, G) on Home ( C, A) which is natural m C; 
equivalently, 

(g • a) o ry = (g o ry) • (a o ry) 

for all ry : C ---+ D, g : D ---+ G, and a : D ---+ A. 

If for instance G is an abelian group which acts on a set X in the usual 
sense, then, for every set C, the abel ian group Hom8 ets ( C, G) acts pointwise 
on Homsets (X, G), and this is an abelian group object action in Sets since 
(g • a) o ry = (g o ry) • (a o ry) for all g : C ---+ G, a : C ---+ X, and 
ry:D--+C. 

4. The ingredients for Beck cohomology are: an adjunction (JF, 1U, TJ, t:) : 

U ---+ e; an object S of e; and an abelian group object G = (G,p) of 

e = e..!.S. For any object T = (T, 1r) of e, the Beck cohomology groups or 

triple cohomology groups ofT with coefficients in G are its cohomology groups 

calculated from the cotriple V above and coefficient functor A = Home (-,G) . 

The triple cohomology groups of S are those of (S, 18 ). 

For a more detailed definition, let Tn = (Tn, 1rn) = vnr. Then T0 = T, 

7ro = 1r, and (Tn+l' 7rn+l) = V(Tn,7rn), so that Tn+I = lF1UTn and 7rn+l: 
Tn+I ---+ S is the morphism such that 1U1rn+l o TfvTn = 1U1rn. 

An n-cochain is an element of 

that is, a morphism u : Tn ---+ G of e such that p o u = 1rn. Next, "E~i = t:~'i : 
n,i n,i - . n - - n+l - -Tn+I ---+ Tn and At:r = Hom-e(t:r , G) . C (T,G) ---+ C (T,G) sends 

u : Tn ---+ G to u o t:~'i . Hence 

_ i n,i . n-- n+I--
8n - L:o~i~n ( -1) At:r . C (T,G)---+ C (T,G) 

sends u : Tn ---+ G to 

8nu L:o~i~n (-l)i(uot:~'i). 

By definition, Hn(T, G) is the n-th homology group of the cochain complex 

1(- -) n(- -) 8n n+I(- -) 0---+ C T,G ---+ ... ---+ C T,G -----'-'--)- C T,G ---+ ... 

An n-cocycle is an element of zn(T, G) = Ker 8n ~ cn(T, G). An n

coboundary is an element of Bn(T, G) = Im 8n-I ~ zn(T, G) if n ;:; 2, 
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B 1(T,G) = 0 if n = 1. The Beck cohomology groups ofT are the groups 

Hn(T,G) = zn(T,G)/ Bn(T,G). 

The Beck cohomology groups of S are Hn ( S, G) = Hn ( ( S, 18 ), G) . 

A morphism T : T --+ T 1 in e induces a homomorphism 

Tn = Home-c~rT,G): cn(T1,G)--+ cn(T,G) 

which sends u E Cn(T,G) to u o vnT. Since composition with VnT pre

serves sums and f~,i is natural in T, we have Tn+l (8nu) = 8n (Tnu) for all 

u E cn(T1,G); that is, (Tn)n:::::l is a chain transformation. Hence Tn takes 

zn ( T 1, G) into zn ( T, G) , takes Bn ( T 1, G) into Bn ( T, G) , and induces a ho-
- -/- -- -

momorphism Hn(T,G) : Hn(T ,G) --+ Hn(T,G). Thus Hn(-,G) is a 

contravariant abelian group valued functor on e. 
Similarly, a morphism c.p : G --+ c' of abelian group objects induces a 

- -- --1 

homomorphism c.pn = Home-(Tn,c.p) : cn(T,G) --+ cn(T,G) which sends 

u E cn(T,G) to c.p o u. Again c.pn+l (8nu) = 8n (c.pnu) for all u E cn(T,G), 
- -- --1 

and c.p induces a homomorphism Hn(T,c.p): Hn(T,G)--+ Hn(T,G ). Thus 

Hn(T,-) is a functor. In fact Hn(T,c.p) is natural in T, so Hn(-,-) IS a 

bifunctor. 

5. The main properties of Beck cohomology are as follows. 

Theorem 1.1. When T = lF X for some object X of'U, then Hn(T,G) = 0 

for all n ~ 2; also H 1 (VC,G) ~ C1(C,G) for every object C of e. 
- -1 -II 

A sequence G --+ G --+ G of abelian group objects and morphisms of 

e is short V-exact in case 

0--+ Home-(VC,G) --+ Home-(VC,c') --+ Home-(VC,G11 ) --+ 0 

is a short exact sequence (in Ab) for every object C of e. 
- -1 -II 

Theorem 1.2. Every short V -exact sequence e : G --+ G --+ G of 

abelian group objects of q.s induces an exact sequence 

.. · Hn(T,G)--+ Hn(T,c')--+ Hn(T,G11 )--+ Hn+l(T,G) 

which is natural in e. 
Theorems 1.1 and 1.2 constitute Theorem 2 of Beck [ 1967]. 
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Up to natural isomorphisms, Hn(T,-) is the only sequence for which The
orems 1.1 and 1.2 hold (Barr and Beck [ 1969), Theorem 3 .3). Another useful 
characterization of Hn (T, G) was given by Barr and Beck [ 1969] (Proposition 
11.2). We give the contravariant version in Wells [ 1978]: 

Theorem 1.3. Let 

e : 0 ----+ Home (-,G) ----+ e1 ----+ ... ----+ en ----+ en+1 ----+ ... 

be a complex of abelian group valued contravariant functors on e and IHin be 
the n-th homology jUnctor of e. Assume that IHin (V T) = 0 for all T and n ~ 2, 

that IHI 1 (V T) is naturally isomorphic to C 1 ( T, G), and that there is for each 

n ~ 1 a natural transformation Tn : en O V ----7 en such that Tn O enE = lcn. 

Then IHin is naturally isomorphic to Hn (-, G) . 

6. The fourth property of Beck cohomology requires additional definitions. 
As above, let (JF,lU,7],E): u----+ e be an adjunction, s be an object of e, and 
G be an abelian group object of e.,J,.S. A Beck extension of G by S (called a 
G-module in Beck [1967], Definition 6) is an object E = (E,n) of e = e.,J,.S 
together with an action . of G on E such that 

(BE 1) lUn ocr = lus for some cr : US ----+ lUE; 

(BE2) for every object C of e, the action of Home(C,G) on Home(C,E) 

preserves projection to S: 1r o (g . e) = 1r o e whenever g : C ----+ G and 
e: C----+ E in e; 

(BE3) for every object C of e, Home(C,G) acts simply and transitively 

on Home ( C, E) : for every e,f : C ----+ E, there exists a unique g : C ----+ G 
such that g • e = f . 

A morphism t.p : E ----+ F of Beck extensions of G by S is a morphism in 
e which preserves the action of G: t.p o (g • e) = g • ( t.p o e) for all g : C ----+ G 
and e : C ----+ E . 

Beck ([ 1967], Theorem 6) proved that H 2 ( S, G) classifies Beck extensions 

of G by S in the following sense: 

Theorem 1.4. When e is tripleable over U, there is a one-to-one correspon

dence between elements of H 2(S,G) and isomorphy classes of Beck extensions 

of G by S, which is natural in G. 
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2. ABELIAN GROUP OBJECTS. 

For a more concrete definition of triple cohomology for commutative semi

groups we investigate abelian group objects in the category of commutative semi

groups over a given commutative semigroup. The main result is from Grillet 

[1991C], [1995C]; a similar result for monoids was proved by Wells [1978]. 

1. Let S be a commutative semigroup. 

Proposition 2.1. Let e be the category of commutative semigroups. An 

abelian group object of e_j_S is a split commutative group coextension of S. The 

category (9 of abelian group objects of e-J_S is equivalent to the category A of 

abelian group valued functors on H(S). 

Proof. First we show: 

Lemma 2.2. Let G be an abelian group object of a category e with finite 
products. Let p 1 , p2 : G x G ---+ G be the projections and 

m = p1 + p2 : G x G ---+ G. 

Then g + h = m o (g,h) whenever g,h: C---+ G. 

Proof. (g, h) : C ---+ G x G is the morphism such that p1 o (g, h) = g and 

p2 o (g, h) = h. Then g + h = (p1 o (g, h)) + (p2 o (g, h)) = (p1 + p2 ) o (g, h) = 

m o (g,h). D 

To probe c.s. over S we use the additive semigroup N+ and the following 

construction. For every a E S let 1ra : N+ ---+ S be the unique homomorphism 
-+ + suchthat7ra(l)=a,namely7ra(n)=an;thenNa =(N ,1ra) isac.s.overS. 

Lemma 2.3. Let T = (T, T) be a commutative semigroup over S. For every 

a E S let Ta = {t E T I Ti =a}. Evaluation at 1 is a bijection <p f------+ zp(l) 

of Home (N~, T) onto Ta. 

-+ -
Proof. If <p: Na ---+ T is a morphism, then To <p = 1ra and zp(l) ETa. 

Conversely there is for every t E Ta a unique semigroup homomorphism t : 
N+ ---+ T such that t ( 1) = t, namely, t f------+ tn ; then T o t = 1r a and t is a 

morphism N~ --+ T in e. This defines mutually inverse bijections. D 

2. Now let e be the category of c.s. and e = e-J_S. Let G = (G,p) be 

an abelian group object of e = e-J_S; in particular, G is a c.s., which we write 

multiplicatively, and p is a multiplicative homomorphism. 
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We use Lemma 2.2 to construct a partial addition on G such that addition on 

every Home-(C,G) is pointwise. In e, the direct product p = (P,7r) = G X G 

and its projections p1 , p 2 : P ----+ G are given by the pullback 

P~G 

P2l f 
G -----+ S 

p 

where P = {(x,y) E G x G J px = py}, p1(x,y) = x, and p2 (x,y) = y. 

Then m = p1 + p2 : P----+ G is a partial addition on G; x + y = m(x,y) is 
defined if and only if px = py, if and only if x and y belong to the same set 

G a = p - 1 a. Thus m provides an addition on every G a . 

Lemma 2.4. When G = (G,p) is an abelian group object ofe: 

(x+y)(z+w) = xz+yw (1) 

whenever px = py and pz = pw; addition on Home-(C,G) is pointwise; every 

Ga is an abelian group under addition; for every a E S, g 1-----+ g(1) is an 

additive isomorphism of Home (N~, G) onto G a; and p is surjective. 

Proof. Since m is a multiplicative homomorphism, (x + y)(z + w) 
m(x,y) m(z,w) = m(xz,yw) = xz + yw whenever px = py and pz = pw. 

Let C = (C,1r) and g,h: C----+ G. By Lemma2.2, g+h = mo (g,h). Now 
(g, h) (c) = (g( c), h( c)) E P for every c E C, and (g + h) (c) = m (g( c), h( c)) = 
g(c) + h(c). Thus, addition on Home-(C,G) is pointwise. Then the bijection 

Home-(N~,G) ----+ Ga, <p ~-----+ <p(1) in Lemma 2.3 is an additive isomorphism. 

Hence Ga is an abelian group under addition. In particular, Ga =/= 0 and p is 
surjective. D 

Lemma 2.5. Let Pa be the identity element of Ga under addition. An 

abelian group valued functor AG = (G,')') on H(S) is defined by 

1' a,t9 = 9Pt (2) 

for every a E S, t E 8 1, g EGa, where Pt = 1 E G 1 ift = 1 E 8 1 . Moreover, 

G is a split group coextension of S by AG. 

Proof. If t = 1 E S 1 , then ')'a t is the identity on G a ; otherwise ')'a t9 E Gat, 
' ' 

since p is a homomorphism, and 'Ya.t is an additive homomorphism, since 
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9Pt+hpt = (g+h)(Pt+Pt) = (g+h)pt 

for all g,h EGa, by (1). For all t,u E S we have 

PtPu = (Pt + Pt)(Pu + Pu) = PtPu + PtPu 

303 

by (1), which in the abelian group Gtu implies PtPu = Ptu· This also holds if 
1 -

t = 1 or u = 1. Hence '"Yat u O')'a t = '"Ya tu for all t,u E S . Thus AG = (G,')') 
' ' ' 

is an abelian group valued functor on H ( S) . 

The abelian group Ga acts simply and transitively on itself by left addition: 
g • X = g + X. By (1 ), 

(g • x) y = (g + x) (Pb + y) = gpb + xy = (1' a bg) • xy 
' 

for all g,x EGa andy E Gb. Thus (G,p,.) is a commutative group coextension 

of S by AG, which splits since PaPb = Pab for all a,b E S. D 

Lemma 2.6. Let <p : G --+ H = (H,CT) be a morphism of abelian group 

objects. Then <p( Ga) ~ Ha for every a E S and A<p = ( 'PiGJaES is a natural 

transformation from AG to AH. 

Proof. By definition, <p is a multiplicative homomorphism, CT o <p = p, and 

<p* = Hom-e(C,<p) is a homomorphism for every C. In particular <p(Ga) ~ Ha 

for every a E S. Let 'Pa = 'PIGa : Ga --+ Ha be the restriction of <p to Ga. For 

every a E S, Lemma 2.4 provides additive isomorphisms Home (N~, G) 9:! Ga, 
-+- I""V Home (Na , H) = Ha. The square 

-+-
Hom-e(Na ,H) ~ Ha 

commutes, since (<p*(g))(1) = (<p o g)(1) = <p(g(1)) = 'Pa(g(1)) for all g : 

N~ --+ G. Since <p* is an additive homomorphism, it follows that 'Pa is an 

additive homomorphism. In particular <p a (p a) = qa, the identity element of 
the abelian group Ha. Since <p is a multiplicative homomorphism, we have 

'Pat(9Pt) = (<pag) qt for all a,t E Sand g EGa; thus A<p = ('Pa)aES IS a 

natural transformation from AG to AH. D 

We now have a functor A : (') --+ A. 

3. Conversely let ( G, 1') be an abelian group valued functor on H ( S) . Let 
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l denote 'Ya,t9 when g E Ga and t E 8 1 . As in Theorem V.4.1, there is a 

split commutative group coextension ( E, p, • ) of S by ( G, 'Y) , in which E is the 

disjoint union UaES ( Ga x {a}) with multiplication 

(g,a)(h,b) = (gb + ha, ab), 

projection p : (g,a) f----t a to S, and action g. (h,a) = (g + h, a) of Ga on 

Ea = Ga x {a}. Then G = (E,p) is a c.s. overS. 

Let C = (C,1r) be an object of e and g,fi: C----+ G be morphisms in e. 
Then p o g = p o h = 7f. For every c E C there exist unique ge, he E Ga such 

that g(c) = (ge,a) and h(c) = (he,a), where a= 1rc. Define 

(g +h)( c) = (ge +he, a). 

Lemma 2.7. With the addition defined above, G is an abelian group object 

over S. Moreover, AG ~ ( G, "f). 

Proof. Let g, h : C ----+ G be morphisms in e. Since g and h are multi
plicative homomorphisms, we have 

(ged' ab) = g(cd) = g(c)g(d) = (ge,a)(gd,b) = (g~ + gd, ab), 

where a = 1rc and b = 1rd, and 9ed = g~ + gd; similarly hed = h~ + hd. Hence 

(g + h)(c) (g + h)(d) (ge +he, a)(gd + hd, b) 

(g~+h~+gd+hd, ab) 

(ged + hed' ab) = (g + h)(cd). 

and g + h is a multiplicative homomorphism. We now have an addition on 

Home ( C, A) . It is immediate that Home ( C, A) is an abelian group, in which 

the identity element is c f----t ( 0, 1rc) and the opposite of g : c f----t (ge, 1rc) is 

c f----t ( -ge, 1rc). Moreover (g +h) o 8 = (go 8) + (h o 8) for every morphism 

8 : D ----+ C. Thus G is an abelian group object of e. 
We show that AG ~ ( G, 'Y) . Since G is an abelian group object, it induces, as 

in the first part of the proof, an abelian group addition on every Ea. For every a E 

S, Lemma 2.4 provides an additive isomorphism g f----t g( 1) of Home (N~, G) 

onto Ea. For every (g, a), (h, a) E Ea we now have homomorphisms g, h : 
N~ ----+ G such that g(l) = (g,a) and h(l) = (h,a); since addition on 
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Home (N~, G) is pointwise, 

(g,a) + (h,a) = g(l) + h(l) (g + h)(l) (g+h,a). 

Thus g ~-----+ (g,a) is an isomorphism of Ga onto Ea. 

In particular, the identity element of Ea is p a = ( 0, a) . The homomorphism 

Eat in the functor AG = (E,E) is then given by (2): Eat(g,a) = (g,a)(O,t) = 
' ' 

(l, at) for all t E S. Thus AG is naturally isomorphic to ( G, 'Y) . 0 

Lemma 2.8. Let (cpa)aES be a natural transformation from (G,"f) to 

(H,8). Then <p : G ---t H, defined by <p(g,a) = (<pag, a), is a morphism of 
abelian group objects. 

Proof. Since ( <p a) aE s is a natural transformation, we have ( <p a g) t = <pat (gt) 
whenever g E Ga. Hence <p is a multiplicative homomorphism: 

<p ((g,a)(h,b)) cp(gb + ha, ab) = ('Pabl + 'Pabha, ab) 

((<pag)b + (cpbh)a, ab) = <p(g,a) cp(h,b) 

and a morphism in e. Moreover, for any g, h : C ---t G, we have, with the 

notation as above, cp(g(c)) =(<page, a), cp(h(c)) =(cpa he, a), and 

(cpog+cpoh)(c) = ('Pa9c+'Pahc,a) = <p(gc+hc,a) = cp((g+h)(c)); 

thus <p is a morphism of abelian group objects. 0 

We now have a functor([)): A---t 0; ([)l(G,"f) is G in Lemma 2.7, and 

Lemma 2.8 constructs ([)) ( <p a) aES = <p · 

4. We saw that A([))G is isomorphic to G. If conversely G = ( G, 1r) is any 

abelian group object of e, then G is a split group coextension of S by AG and 

G is isomorphic to ([)lAG as a semigroup over S and as an abelian group object. 

If not exhausted our reader will verifY that these isomorphisms are natural, which 

completes the proof of Proposition 2.1. 0 

3. BECK EXTENSIONS. 

Continuing Section 2 we now investigate Beck extensions in the category of 

commutative semigroups over a given commutative semigroup. The main result 

is from Grillet [ 1991 C), [ 1995C]; a similar result for monoids was proved by 

Wells [ 1978]. 
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1. Let S be a c.s. and ~ be the category of c.s. and homomorphisms. 

Proposition 3.1. Let G = (G,p) be an abelian group object of ~.j..S and 
G = AG = (G,"f) be the corresponding abelian group valuedfunctor on H(S). 
A Beck extension of G by S is a commutative group coextension of S by G. 
The category 'B of Beck extensions of G by S is isomorphic to the category e 
of commutative group coextensions of S by G. 

A morphism in e (necessarily an isomorphism) is an equivalence of commu
tative group coextensions. 

Proof. The proof is rather similar to that of Proposition 2.1. First we show: 

Lemma 3.2. Let G be an abelian group object of a category ~ with finite 
products and . be an action of G on an object E of ~. Let p1 : G x E --+ G, 
p2 : G x E --+ E be the projections and 

q = p 1 • p2 : G x E --+ E. 

Then g . e = n o (g, e) for all g : C --+ G and e : C --+ E. 

Proof. (g, e) : C --+ G x E is the morphism such that p 1 o (g, e) = g 
and p2 o (g,e) = e. Since . is an action, g. e = (p1 o (g,e)). (p2 o (g,e)) = 

(p1 • p2 ) o (g, e) = n o (g, e) . D 

2. Now let G be an abelian group object over a c.s. S and E = (E, 1r) be 
a Beck extension of G by S, so that there is an action of G on E and (BE 1 ), 
(BE2), (BE3) hold. In particular, E is a c.s., which we write multiplicatively, 
and 1r is a multiplicative homomorphism. By (BE 1 ), 1r o CT = lus for some 
mapping CT : S --+ E; hence 1r is surjective, and ( E, 1r) is a coextension of S. 

We use Lemma 3.2 to construct a partial action of G on E such that 
Home ( C, G) acts pointwise on Home ( C, E) for every C E ~. In ~, the direct 

product P = ( P, r) = G x E and its projections p1 : P --+ G, p2 : P --+ E 
are given by the pullback 

where P = { (g,x) E G x E I pg = 1rx }, p1 (g,x) = g, and p2 (g,x) = x. Then 
q = p 1 • p2 : P --+ E is a partial action of G on E, for which g • x = q (g, x) is 

defined if and only if pg = 1rx, if and only if g EGa= p-1a and x E Ea = 1r-1a 
for some a E S; thus q provides a set action of G a on Ea, for every a E S. 
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Lemma 3.3. When E = ( E, 1r:) is a Beck extension of S by G = ( G, p) : 

(g.x)(h.y) = gh.xy (3) 

whenever pg = 1r:x and ph = 1ry; Home ( C, G) acts on Home ( C, E) pointwise; 

the action of Ga on Ea is a simply transitive group action; and lEE = (E, 1r:, .) 
is a commutative group coextension of S by G. 

Proof. Since q is a multiplicative homomorphism, we have (g. x)(h. y) = 
q(g,x) q(h,y) = q(gh,xy) = gh. xy whenever pg = 7r:X and ph= 1r:y. 

Let C = (C,cr) and g : C ~ G, e : C ~ E be morphisms in e. 
Then (g,e)(c) = (g(c),e(c)) E P for every c E C, and Lemma 3.2 yields 
g • e = n o (g, e) and 

(g. e)(c) = q(g(c),e(c)) = g(c). h(c). 

Thus Home(C,G) acts on Home(C,E) pointwise. 

For every a E S, Lemmas 2.4 and 2.3 provide an additive isomorphism g 1-----+ 

g(l) of Home (N;, G) onto Ga and a bijection e ~------+ e(l) of Home (N;, E) 

onto Ea. Moreover (g. e)(l) = g(l) . e(l), since Home (C, G) acts on 

Home ( C, E) pointwise. Therefore the action of G a on Ea is a group action, 

since the action of Home ( C, G) on Home ( C, E) is a group action; and G a 

acts simply and transitively on Ea, by (BE3). 

Let Pa be the identity element of Ga. Then Pa • x = x for all x E Ea, and 
(3), (2) yield 

(g • X) Y = (g • X) (pb • Y) = 9Pb • xy = '"Y a b9 • xy 
) 

whenever g EGa, x E Ea, andy E Eb. Thus lEE= (E,1r,.) is a commutative 
group coextension of S by G. D 

Lemma 3.4. Every morphism cp: E ~ E 1 = (E1,1r1) of Beck extensions 

of S by G is an equivalence of commutative group coextensions of lEE to lEE'. 

Proof. By definition, cp is a multiplicative homomorphism of E into E' ; 
1r:1 o cp = 1r:; and cp o (g . e) = g . ( cp o e) for all g : C ~ G and e : C ~ E. 

In particular, cp(Ea) ~ E~ for every a E S. For every g EGa and x E Ea, 
-+ - -+ -Lemma 2.3 yields morphisms g : Na ~ G and x : Na ~ E such that 

g(l) = g and x(l) = x. Then cp o (g. x) = g. ( cp ox) and evaluation at 1 yields 
cp(g • x) = g • cp( x). Thus cp preserves the action of Ga. Then cp is a bijection 

of Ea onto E~, since Ga acts simply and transitively on Ea and on E~, and 
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cp is an equivalence of commutative group coextensions. 0 

We now have a functor lE : '.B --+ C. . 

3. Conversely let (E, 1r,.) be a commutative group coextension of S by G. 

Then E = (E,1r) is a c.s. overS. By (1), (2), 

gh = (g+pa)(Pb+h) = 9Pb+Pah = tab9+tbah = l+ha , , 

for all g EGa and hE Gb; then 

(g.x)(h.y) = gb.(x(h.y)) = (gb+ha).xy = gh.xy (4) 

for all g E Ga, h E Gb, x E Ea, and y E Gb, since E is a group coextension. 

Let C = (C,T) be an object of e and g : C --+ G, e : C --+ E be 

morphisms in e. Then p 0 g = 1r 0 e = T and g(c). e(c) is defined in E for 

every c E C. Define 

(g. e)(c) = g(c). e(c). 

Lemma 3.5. With the action defined above, B(E, 1r, .) = E is a Beck 

extension of S by G. Moreover, lEE is the given coextension (E,1r,.). 

Proof. Since g and e are multiplicative homomorphisms, we have, by (4), 

(g(c). e(c)) (g(d). e(d)) = g(c)g(d) . e(c)e(d) = g(cd). e(cd) 

where a = TC, b = Td; hence g. e is a multiplicative homomorphism. Now 

Home ( C, G) acts on Home ( C, E) ; this is a group action since addition on 

Home ( C, G) is pointwise. (BE I) holds since 1r is surjective. Also 

1r((g.e)(c)) = 1r((g(c).e(c)) = 1r(e(c)) 

for all c E C and (BE2) holds. 

We show that Home ( C, G) acts simply and transitively on Home ( C, E) . 

Let e,f : C --+ E. For every c E C there exists a unique g(c) E Ga such 

that ](c) = g(c) . e(c), where a = TC. Since e and f are multiplicative 

homomorphisms, we have 

g( cd) . e( cd) J(cd) = ](c) ](d) 

(g(c). e(c)) (g(d). e(d)) = g(c)g(d) • e(cd) 

for all c, d E C, by ( 4 ). Hence g is a homomorphism. Then g is the unique 

morphism C --+ G such that g. e = f. Thus E (with the action . of G on 

E) is a Beck extension of S by G. 
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Since E is a Beck extension, it induces, as in the first part of the proof, 

a simply transitive group action of Ga on Ea, which makes E a commutative 

group coextension lEE of S by G. Let a E S. For every g E G a and e E Ea , 

Lemma 2.3 yields morphisms g: Ca---+ G and e: Ca---+ G such that g(l) = g 

and e(l) = e. Then the action of Ga on Ea in lEE satisfies 

g.e = g(l).e(l) = (g.e)(l); 

so does the action of G a on Ea in the given coextension ( E, 1r,.) . Hence the 

two actions coincide and lEE = ( E, 1r,.) . 0 

Lemma 3.6. Every equivalence of commutative group coextensions from 
(E, 1r, .) to (E', 1r1, .) is a morphism of Beck extensions from llll(E, 1r, .) to 

Jill ( E'' Jr'' . ) . 

Proof. Let <.p be an equivalence of commutative group coextensions from 
( E, 1r,.) to ( E', 1r1,.) • Then <.p is a multiplicative homomorphism and preserves 

projection to S and action of G. For every g : C ---+ G and e: C ---+ E we 
then have ~..p(g(c).e(c)) =g(c).<.p(e(c)) and ~..po(g.e) =g.(<.poe). Thus <.p 
is a morphism of Beck extensions. 0 

4. We now have a functor Jill: E---+ 'B. We saw (Lemma 3.5) that lEllll = lc:. 

If conversely E is a Beck extension of G by S, then the action of Home ( C, G) 

on Home ( C, E) is the pointwise action induced by the action of G on lEE 

and coincides with the action of Home ( C, G) on Home ( C, Jill lEE) . Hence 

lllllEE = E. Thus Jill and lE are mutually inverse isomorphisms. 0 

4. COMMUTATIVE SEMIGROUP COHOMOLOGY. 

Triple cohomology in the category e of commutative semigroups provides 
a good definition of commutative semigroup cohomology. This section brings a 
more concrete definition, based on the results in Sections 2 and 3. The results 
are from Grillet [1991C], [1995C]. 

Other cohomology theories have been considered for commutative semigroups. 
Inasaridze extended the construction of n-extensions and Extn from abelian 

groups to commutative cancellative mono ids [ 1964], [ 1965] and to commutative 
Clifford semi groups [ 1964], [ 1967]. Kruming [ 1982] characterized finite com
mutative semigroups whose Eilenberg-MacLane cohomology vanishes; Novikov 
[ 1990] showed that cancellative c.s. with this property are subsemigroups of N. 
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See also Carbonne [ 1983]. For a survey of semigroup cohomology in general, see 

Grillet & Novikov [2002]. 

1. Let Fx be the free c.s. on a set X, which we write multiplicatively. For 

what follows it is best to regard the elements of Fx as commutative words in 

X, which are non empty unordered sequences [ x 1, ... , x ml of elements of X ; 

unordered means 

[xa1'oo·,xaml = [x1,.oo,xmJ 

for every permutation (}'. It is customary to write [ x 1, ... , xml as a product 

x 1 · · · xm, but this would quickly become very confusing in what follows. Mul

tiplication in Fx is by concatenation: 

[x1,oo.,xm] [y1,.oo,Ynl = [x1,.oo,xm, Y1,.oo,Ynl· 

The injection 'T/x :X ~ Fx takes x EX to [x] E Fx. Every mapping of a 

set X into a c.s. factors uniquely through 'T/x. 

The free c.s. functor lF: Sets~~ assigns to a set X the free c.s. lFX = Fx 
on X, and assigns to a mapping f : X ~ Y the unique homomorphism 

lFf : lFX ~ lFY such that lFf o 'Tlx = 'T/y of; lFf sends [x1, x2 ,. 00, xml = 

[x1] [x2]oo· [xml E lFX to [jt1, ft 2 , oo•, ftml E lFY. lF is a left adjoint ofthe 

forgetful functor 1U : ~ ~ Sets. 

Lemma 4.1. In the adjunction (JF,1U,'T/,E): Sets~~' Er: lF1UT ~ T 

sends [t1, t 2 , ... , tmJ E IF1IJT to t 1 t 2 · · · tm E T, for every c.s. T. 

Proof. Since (JF, 1U, 'T/, E) :Sets~~ is an adjunction, we have 1UEr o '17vT = 

lur (see e.g. Theorem IV. I in Mac Lane [ 1971 ]). Thus Er : lF1UT ~ T is the 

homomorphism such that Er [ t] = Er ( '17vr t) = t for all t E T. Hence Er sends 

[t1, t 2 , ... , tmJ = [t1] [t2] · · · [tmJ E lF1UT to t 1 t 2 · · · tm E T. D 

In the cotriple (V,E,v) induced by the adjunction (lF,1U,'T/,E): Sets~~' 

V = lF1U sends a c.s. T to the free c.s. VT = lF1UT on the set T. If f : T ~ T' 
is a homomorphism, then V f : [x1,. 00, xml 1-----7 [fx1, 00. ,Jxml· Lemma 4.1 

describes Er : VT ~ T; v will not be used. 

For every c.s. S the cotriple (V,E,v) lifts to a cotriple (V,€,'D) one= ~.j..S; 

if T = (T, T) is a c.s. over S, then VT = (VT, 7'), where 1U7' o '17vr = 1UT; 

that is, r[t] = Tt for every t E T and 

7'[x1,oo·,xml = TX1oo•TXm = T(X1·"Xm) 

for all m > 0 and x 1,oo.,xm E T. 

2. The next Lemma describes Home-(VT, G) when G is an abelian group 
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object of e. When G = ( G, r) is an abelian group valued functor on H ( S), 

and T = (T, T) is a c.s. over S, let 

C(T,G) = IltET GTt; 

C(T,G) consists of all families u = (ut)tET such that ut E G7 t for all t E T, 
under pointwise addition (that is, 1-cochains on T with values in G). 

Lemma 4.2. Let G = ( G, p) be an abelian group object of e and G be 

the corresponding abelian group valued functor on H(S). For every object T 

oje there is a natural isomorphism Home-CVT,G) ~ C(T,G). 

Proof. By Proposition 2.1 we may assume that G is the split commutative 
group coextension UaES Ga x {a} of S by the corresponding abelian group 

valued functor G. Then addition on Hom-e(C,G) is as follows: if J,g: C---+ G 

and f(c) = (!c,a), g(c) = (gc,a), then (! + g)(c) = Uc + Yc, a). 

We have V T = (VT, 7), where VT is the free c.s. on the set T and 
7[x1, ... ,xml = T(x1 ···xm) for all m > 0 and x 1, ... ,xm E T, in particular 

r[t] = Tt for all t E T. Iff: VT---+ G is a morphism in e, then p of= 7 

and there is for every t E T a unique ut E G::r[t] = G Tt such that f [t] = ( ut, Tt). 

Since VT is free on T there is for every u = (ut)tET E C(T,G) a unique 

semigroup homomorphism f : VT ---+ G such that f[t] = ( ut, Tt). Then 

f [x1, ... ,xmJ = (ux 1 ,Tx1 )···(uxm'Txm) = (L; 1~i~m u~;j, Tx), 

where x. = x1 · · · x . 1 x .+1 · · · x and x = x1 · · · x for all m > 0 and J J- J m m' 

x1, ... ,xm E T. (If m = 1, then xj is an empty product and xj = 1 E T 1 .) 

This provides a bijection 8: Home-(VT,G) ---+ C(T,G). If f[t] = (ut,Tt) 

and g[t] = ( vt, Tt), then (!+g) [t] = ( ut + vt, Tt); hence 8 is an isomorphism. 

It is immediate that 8 is natural in T and G. D 

3. The triple cohomology ofT= (T,T) E e, and the triple cohomology of 

S, which is that of ( S, 18 ) , can now be obtained as follows. Let G = ( G, p) be 

an abelian group object of e. 
Let Tn = (Tn, 7rn) = vnT. Then To= T, 1ro = T (To= S, 1ro = 1s for 

the cohomology of S); Tn+1 = VTn is the semigroup of all commutative words 

[x1, ... ,xmJ with m > 0 and x 1, ... ,xm E Tn, and 

7rn+l [x1, · · · ,xmJ = 1rn (x1 · · ·xm) E S. (1r) 
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For all 0 ~ i ~ n the morphisms ETi = E~,i : T n+l -+ T n m e, 
E~,i = -yn-i EyiT may be defined by induction: 

En,n [x1, ... ,xm] = Eynr [x1, ... ,xm] = x1·"Xm E Tn (E1) 

for all [x1, ... ,xml E Tn+1, by Lemma 4.1; when i < n, E~,i = V E~- 1 , i and 

En,i [x1, ... ,xm] = [En-1,ix1' ... 'En-1,ixm] E Tn (E") 

for all [x1, ... , xmJ E Tn+l. 

The equality 

7r o En,i 
n = 7rn+1 

is proved by induction on n: for every [x1, ... ,xml E Tn+ 1, 

and 

1rn En,n [x1, ... ,xm] = 1rn (x1···Xm) = 7rn+1 [x1, ... ,xm] 

= ,.,. ["'n-1,ix .cn-1,ix ] 
"n '- 1' ... , '- m 

7rn-1 (En-1,ix1 ... En-1,ixm) = 7rn-1 En-1,i (x1 .. ·xm) 

1rn (x1"'xm) = 7rn+1 [x1, ... ,xm] 

for all i < n, since En,i is a homomorphism. 

( 7rE) 

An n-cochain is an element of cn(T, G) =Home (T n' G). The coboundary 

homomorphism 

i n,i - . n - - n+1 - -
on = L:o~i~n (-1) Hom-e(ET ,G). C (T,G)-+ C (T,G) 

sends v : T n -+ G to 

OnV L:o~i~n (-l)i(voE~'i). 

An n-cocycle is an element of zn(T,G) = Keron ~ cn(T,G); if n ~ 2, an 

n-coboundary is an element of Bn(T,G) = Imon_1 ~ zn(T,G). The Beck 

cohomology groups of T are the groups 

Hn(T,G) = zn(T,G)/Bn(T,G) 

where n ~ 2, and H 1(T,G) = Z 1(T,G). 

By Proposition 2.1, G is a split commutative group coextension of S by the 

corresponding abelian group valued functor G. By Lemma 4.2, there is a natural 
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isomorphism 8 of cn(T,G) = Hom-e(Tn, G) onto 

cn(S,G) = C(Tn-1•G) = IltETn-1 G-rrn-1t; 

when v : T n ----+ G, then 8v = u = (ut)tETn_ 1 E cn(S,G) is given by 

v[t] = (ut,1rn_1t). 

313 

When u = (ut)tETn_ 1 E cn(S,G), then e-1u = v: Tn----+ G is given by 

where x · = x1 · .. x · 1 x .+1 · · · x and x = x1 · · · x for all m > 0 and J J- J m m' 

x1, ... ,xm E Tn_ 1 ; then 8~u = 8(8nv) E cn+1(S,G) is given for all t = 
[x1, ... ,xmJ E Tn by 

(8nv) [t] = l:o~i~n (-l)i (vEn,i [t]) 

l:o~i~n-1 ( -l)i (v [En-1,it]) + ( -l)n vt 

l:o~i~n-1 ( -l)i (uf:n-1,i t• 7rn_1 En-1,it) 
~ 

+ (-l)n (2:1~j~m u;;-1Xj' 7rn-1x), 

l:o~i~n-1 ( -l)i (uf:n-1,i t• 1rnt) 

+ (-l)n (2:1~j~m u;;-1Xj' 7rn-1x), 

since 1r 1 oEn-1,i = 1r where x. = x1· ··X. 1 x .+1 · · ·x and x = x1· · ·x n- n' J J- J m m' 

so that 7rn_1 x = 1rnt. Thus 

I ,; 
(8nu)t = l:o~i~n-1 (-1)• UEn-1,it + (-l)n l:1~j~m u;;-1xj 

for all t = [x1, ... , xmJ E Tn and we have proved: 

Theorem 4.3. Let S be a commutative semigroup. Up to natural isomor
phisms, the Beck cohomology of S has coefficients in an abelian group valued 
functor G on H ( S), and Hn ( S, G) is the n-th homology group Ker 8n / Im 8n_1 

of the complex 

0 -+ C1(S,G) -+ ·· · ~ cn(S,G) ~ cn+1(S,G) -+ · ·· 

where cn(S,G) = IltETn-1 G7rn-1t and 
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for all t = [x1, ... ,xml E Tn, where xj = X1"'Xj-1 xj+1'''Xm. 

If m = 1, then xj is an empty product and xj = 1 E T~_ 1 . 

4. Theorem 4.3 describes H 1 (S,G) and H 2 (S,G) as follows. 

(8) 

A 1-cochain u E C 1(S,G) is a family u = (ua)aES such that ua EGa for 

all a E S (u E f1sES Ga). When t = [a1, ... ,am] E T1, so that m > 0 and 

a1, ... ,am E S, and a= a1 · .. am, then 1r1t = 1r0(a1 .. ·am) =a by (1r) and 

c0•0t = a 1 .. ·am= a= 1r1t by (c1). Thus (8) reads 

(81 u)t = ua - 2::1;Sj;Sm u~~ 

for all t = [ a 1, ... , am] E T1 , where a = a 1 .. · am and 
aj = a 1 .. · aj _ 1 aj+ 1 .. ·am. Hence u is a 1-cocycle if and only if 

for all a 1, ... , am E S; equivalently, if uab = u~ + ub for all a, b E S. 

A 2-cochain u E C 2 ( s, G) = ITxETl G 7rl X is a family u = ( ux) xETl such 

that ux E G1r1x for all x E T1 . When A= [x1, ... ,xm] E T2, so that m > 0 

and x 1, ... ,xm E T1, and x = x 1 · .. cm, then 1r2t = 7r1(x1 .. ·xm) = 1r1x, 

c1•1t = x 1 ... xm = x E T1 by (c'), and 

E1,0t = [co,ox1, ... ,Eo,oxml 

by ( E11 ). Thus ( 8) reads 

(8 u) - u[ l - u + ~ u1rxj 2 [x1, ... ,xm] - 7rX1, ... ,7rXm Xl· .. Xm 61;Sj;Sm Xj 

for all x1, ... ,xm E T1, where 1f = 7r1 and xj = X1"'Xj-1 xj+1"'Xm. Hence 

u is a 2-cocycle if and only if 

for all m > 0 and x1 , ... , xm E T1 ; u is a 2-coboundary if and only if u = 8v 
for some 1-cochain v : 
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In the above, m is unbounded; computing H 2 (S, G) by Theorem 4.3 is 

therefore an infinite task, even when S is finite. Fortunately, more effective 

techniques are just around the comer. 

5. Commutative semigroup cohomology inherits a number of properties from 

triple cohomology in general. Theorems 1.1, 1.2, and 4.3 yield: 

Theorem 4.4. When S is a free commutative semigroup, then Hn ( S, G) = 0 

for all n ~ 2. 

Theorem 4.5. Every short exact sequence 9 : G ---+ G1 ---+ G" of abelian 
group valued functors on H(S) induces an exact sequence 

· · · Hn(S,G) ---+ Hn(S,G1) ---+ Hn(S,G") ---+ Hn+ 1(S,G) 

which is natural in 9. 

Proposition 3.1 and Theorem 1.4 yield 

Theorem 4.6. There is a one-to-one correspondence between elements of 

H 2 ( S, G) and equivalence classes of commutative group coextensions of S by 
G, which is natural in G. 

Theorem 4.6 provides a bijection between H 2 (S, G) and the abelian group 

Ext ( S, G) from Chapter V. In the next section we shall prove that the two groups 

are in fact isomorphic. Hence H 2 ( S, G) can be calculated from factor sets and 

split factor sets, which one may assume are normalized. 

6. We conclude this section by constructing a projective complex of which 

Hn(s, G) is the cohomology; this takes place in the abelian category A of abelian 
group valued functors on H ( S) . 

LetT= (T,1r) be a c.s. overS. For every a E S let Ka = Ka(T) be the 
free abelian group generated by the set 

xa = Xa(T) = {(t,z) E T X S 1 I (7rt)z =a}. 

When v E S 1, (t,z) E Xa implies (t,zv) E Xav and there is a unique homo

morphism Ka v : Ka ---+ Kav such that . , 

Ka v(t,z) = (t, zv) , 

whenever (t,z) E Xa. We see that Ka 1 is the identity on Ka and that Kav w o , , 

Ka v = Ka vw. Thus OCT= (K, K) is an abelian group valued functor on H(S). , , 

If f : T ---+ T 1 is a morphism in e, then ( t, z) E X a (T) implies (ft, z) E 
-1 - -1 

X a (T) and f induces a homomorphism (IK.f)a : Ka (T) ---+ Ka (T). It is 
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immediate that OCJ : OCT ---+OCT' is a natural transformation. This constructs a 

functor OC : e ---+ A . 

Lemma 4.7. For every object T = (T, 1r) of e and abelian group valued 

functor G on H(S) there is an isomorphism Hom A (OCT, G) ~ C(T, G) which 

is natural in T and G. Hence OCT is projective. 

Lemma 4.7 shows that the functor C(T,-) is representable. Hence the 

isomorphism Hom A (OCT, G) ~ C (T, G) determines OC uniquely up to natural 

isomorphism. 

Proof. Let 'P : K ---+ G be a natural transformation, where K = OCT. For 

every t E T, (t, 1) E Xrrt and 

if5t = 'P1rt(t, 1) E G1rt. 

This constructs <p E C (T, G) = IltET G 1rt . Since 'P is natural we have 

'Pa(t,z) = 'Pa ~'Trt,z(t,1) = 'Y1rt,z 'P'Trt(t,1) = "11rt,z lf5t 

for all ( t, z) E X a. Thus t.p is uniquely determined by <p. 

Conversely let u E C ( T, G) . Define t.p a : K a ---+ G a by: 

'Pa(t,z) = 'Y'Trt z ut , 

for all (t, z) E X a. Then 

"'a v 'Pa(t,z) = 'Ya v "'1rt z ut = "'1rt vz ut = 'Pav(t,vz) = 'Pav ~a v(t,z) 
' ' ' ' ' 

for all ( t, z) E X a. Hence 'P : K ---+ G is a natural transformation. We see that 

<p = u. Thus Hom A ( K, G) ~ C (T, G) . It is immediate that this isomorphism 

is natural in T and G. 

If CT : G ---+ G' is an epimorphism in A, then every CT a : G a ---+ G~ is 

surjective, C(T,CT) = IltET CT1rt : IltET G1rt ---+ IltET G~t is surjective, and 

Hom A (K,CT) is an epimorphism. Thus K is projective in A. D 

Proposition 4.8. Hn ( S, G) is the n-th cohomology group of the projective 
complex 

0 ~ C1(S) ~ ··· ~ Cn(S) ~ Cn+1(S) ~ ··· 

where Cn(S) = OCTn-l and 8: Cn+l(S)---+ Cn(S) is given by 

fJa(t,z) = l::o~i~n-1 ( -1)i (En-l,i t, z) + ( -l)n l:l~j~m (xj, (7rn_lxj) z) 
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for all (t,z) E Xa, where t = [x1, ... ,xml E Tn and xj = X1···Xj-1 xj+1 
···Xm. 

Proof. By Lemma 4.7 there are natural isomorphisms 

Hom A (Cn(S),G) =Hom A (OCT n+1,G) ~ e(T n+1,G) = cn(S,G). 

We show that these isomorphisms take the coboundary homomorphism 

Hom A (&,G) :Hom A (Cn,G) -----+ HomA (Cn+1,G), 

c.p f------+ c.p o 8, to the co boundary homomorphism 8n in Theorem 4.3. 

Let u E en ( S, G) . To u corresponds the natural transformation c.p from 

OCT n-1 to G defined by 

<fJa(t,z) = l1rt,z ut = ut 

for all ( t, z) E X a ( T n-1) . Let v E en+ 1 ( S, G) correspond to c.p o 8. For every 

t = [x1, ... ,xmJ E Tn, 

vt <fJ1rt(01rt(t,l)) 

c.pTrt(L:o~i~n-1 (-l)i (t:n-1,i t, 1) 

+ (-l)n L:1~j~m (xj, (7rn-1xj)l)) 

~ ( l)i + (-l)n ~ . uTrn-lXj L...-O~i~n-1 - Ul':n-l,i t L...-1~J~m Xj 

(8nu)t· 

Thus v = 8nu. 0 

The complex in Proposition 4.8 is not very bar like, since the generators ( t, v) 
of Cn ( S) include sequences t E Tn_ 1 of unbounded length when n ~ 2. It is 
not known in general whether there is a commutative "bar" complex in which t 
is replaced by a sequence of length n. Results in the next section indicate how 
the first groups of such a complex might be constructed. 

7. Simpler chains can be used when coefficient functors are constant, or nearly 
constant. We call an abelian group valued functor G = ( G, 1) on S constant 
when there is an abelian group A such that Ga =A and Ia t = lA for all a E S , 
and t E 8 1. Then G and A may be identified, and we denote cn(s, G) by 
en ( S, A) , and similarly for Bn , zn , and Hn . Constant functors are thin and 
surjecting. Cohomology with constant coefficients is the commutative analogue 
of the Eilenberg-MacLane cohomology for monoids. 
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When T = (T,1r) is a c.s. over S let K(T) be the free abelian group gen
erated by the set T. For every abelian group G we have Hom (K(T), G) ~ 
ITtET G = C(T, G). Hence Hn(s, G) is, as in Proposition 4.8, the n-th coho
mology group of the complex 

C(S): 0 ~ C1(S) ~ ··· ~ Cn(S) ~ Cn+1 (S) ~ ··· 

where Cn(S) = K (T n-l) and 8: Cn+I (S) ~ Cn(S) is given by 

Ot = l:o;£i;£n-1 ( -l)i En-l,i t + ( -l)n 2::1;£j;£m xj 

for all t = [x1, ... ,xml E Tn. Since C(S) is a complex of free abelian groups, 
there is for every abelian group G a Universal Coefficient Theorem 

Hn(S,G) ~ Ext(Hn_1(S),G) EBHom(Hn(S),G) 

where Hn(S) is the n-th homology group of C(S), with H1 (S) = C 1(S)/Im81 

and H0 (S) = 0 (MacLane [1963]). We leave the details to our tireless reader. 

When S has a zero element, then Hn(S,G) = 0 for every abelian group 
G, at least when n ~ 3. This can be remedied by using functors that are not 
quite constant. When S has a zero element, an abelian group valued functor 
G on S is almost constant when there exists an abelian group A such that 
Ga =A for all a# 0, G0 = 0, and la,t = lA whenever at# 0. Then G may 
be identified with the abelian group A, and we denote the cohomology groups 
Hn ( S, G) by H[) ( S, A), and similarly for cochains, cocycles, and coboundaries. 
Almost constant functors are thin and surjecting. 

As noted in Grillet [1974], almost constant functors arise naturally in the 
construction of homogeneous elementary semigroups. The Universal Coefficient 
Theorem can be saved if in the above we replace K (T) by the almost constant 
functor JK0 (T) in which the abelian group is the free abelian group generated by 
{ t E T I 1rt # 0}. Again we leave the details to our reader. 

5. SYMMETRIC COCHAINS. 

Commutative cohomology cries out for an equivalent description in which 
n-cochains are functions of n variables. This has been found only for n ~ 4. 

1-cochains already are functions u = ( ua)aES of one variable a E S. 

1. In dimension 2, Theorem 4.6 provides a one-to-one correspondence be-
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tween the elements of H 2 ( S, G) and the elements of the abelian group Ext ( S, G) 
of all equivalence classes of commutative group coextensions of S by G, which 
is also the abelian group of all equivalence classes of commutative factor sets on 
S with values in G. 

We now construct a more direct connection between factor sets and 2-cocycles, 

which induces an isomorphism H 2 ( S, G) ~ Ext ( S, G) . 

Let T1 be the free commutative semigroup on the set S and 1r = 1r 1 : T1 ---t 

S, so that 1r[a1, a2, ... ,am]= a 1 a2 .. ·am for all a1, ... ,am E S. As we saw 

in Section 4, a 2-cochain u E C 2 ( s, G) = nxETl G 1rX is a family u = ( ux) xETl 

such that ux E G 1rx for all x E T1 ; a 2-cocycle is a 2-cochain u such that 

(Z) 

for all m > 0 and x1, ... ,xm E T1, where xj = X1···Xj-1 xj+1···xm; a 

2-coboundary is a 2-cochain u (necessarily a 2-cocycle) of the form u = 8v, 

(B) 

for some 1-cochain v where a. = a1 ... a. 1 a "+1 ... al ' ~ z- ~ . 

A symmetric 2-cochain on S with values in G is a family s = (sa,b)a,bES 

such that sa b E Gab and 
' 

for all a, b E S. Under pointwise addition, symmetric 2-cochains constitute an 

abelian group SC2 ( S, G) = lla,bES Gab. A symmetric 2-cocycle on S with 

values in G is a symmetric 2-cochain s such that 

(A) 

for all a, b, c E S; equivalently, a commutative factor set on S with values in G 
as defined in Section V.4. A symmetric 2-coboundary on S with values in G 
is a symmetric 2-cochain (necessarily, a symmetric 2-cocycle) s ofthe form 

b + a 8 a,b = va vb - vab 

for some 1-cochain v; equivalently, a split factor set. Under pointwise addition, 

symmetric 2-coboundaries and 2-cocycles form abelian groups SB2 (S, G) ~ 
sz2 (S,G) ~ sc2 (S,G). 

We saw in Section V.4 that 

Ext(S,G) ~ SZ2(S,G) 1 SB2(S,G). 
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2. Restriction to s X s yields a trimming homomorphism 2: of C 2 ( S, G) 

into SC2 (S, G); when u is a 2-cochain, 2-:u is given by 

(2-:u) a,b = u[a,b] 

for all a,b E S; 2-:u is symmetric since [b,a] = [a,b] in T1 . 

Lemma 5.1. When u is a 2-cocycle, then u[a] = 0 for all a E S and 

(Z') 

for alll > 0 and a1 , ... ,az E S, where a~= a1 .. ·ai and a~'-t 1 = ai+2 ... az. 

Proof. When m = 1 and x 1 = [a], then 1rx1 = [a], (Z) reads: ux1 

ux1 + uL , and ux1 = 0. 

Now let i ~ 1 and a1 , ... ,ai+l E S. With m = 2, x 1 = [a1, ... ,ai], and 

x2 = [ai+1], then 1rx1 = a~, 1rx2 = ai+1 , ux2 = 0, and (Z) reads 

(Z") 

(Z') is proved by induction on l, using (Z"). First, (Z') is trivial when l = 1 

(then the right hand side is the empty sum 0) and when l = 2 (then a~ is the 

empty product and a~ = 1 E S 1 ). If l = 3, then (Z") yields 

u - ua3 + u ' [at,az,a3] - [at,az] [az,a3] 

and (Z') holds. If l > 3, then, with b~'-t 1 = ai+2 · .. az_ 1 , (Z") and the induction 

hypothesis yield 

Lemma 5.1 shows that 2:: Z 2 (S,G) ---+ SC2 (S,G) is injective. 

Lemma 5.2. Im 2: = SZ2 (S,G). 

Proof. Let u be a 2-cocycle. With m = 2, x 1 =[a], and x 2 = [b,c], (Z) 

reads 

u[a,b,c] = u[a, be] + u[b,c] 
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(since u[a] = 0). With m = 2, x 1 = [a,b], and x 2 = [c], (Z) reads 

u[a,b,c] = u[ab,c] + u[a,b] · 

Therefore ~u E S Z 2 ( S, G) . 
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Conversely lets E SZ2 (S,G). Since ~ is injective, there is at most one 

u E Z 2 ( S, G) such that ~u = s, and it is given by (Z'). Accordingly, define 

t = (tal, ... ,a)l>O, a1, ... ,alES by 

II 
ai+l 

= L:l~i~l-1 sa' a· 
- - i' z+l 

for all l > 0 and a1, ... ,a1 E S, where a~= a1 ···ai and a~'+. 1 = ai+2 ···a1• 

In particular, ta = 0 (if l = 1, then the right hand side is the empty sum 0) and 

tab= sab' for all a,b E S. Also 
' ' 

for all l > 0 and a1 , ... , a1, b E S; thus t satisfies (Z 11 ). 

We show by induction on l > 0 that 

t = t aal' ... ,aal a1, ... ,al (P) 

for every a 1 , . .. , a1 E S and permutation (}". This is trivial if l = 1 and follows 
from tab= sa b if l = 2. When l > 2, (}"is a product of transpositions of the 

' ' 
form (j j + 1) and it suffices to prove (P) when (}" = (j j + 1) . If j < l - 1, 
then (P) follows from the induction hypothesis and (Z11). If j = l - 1, then, with 
af_2 = b, a1_ 1 = c, a1 = d, we have af_1 = be, af'_1 = d, and 

II 

t sai+l + d + sbc,d' = L:l~i~l-3 a' a· sb,c al, ... ,al - - i' z+l 

II 

t 
sai+l + c + sbd,c' = L:l~i~l-3 a' a sb,d aa1, ... ,aal - - i' z+l 

and (P) holds, since s E S Z 2 ( S, G) yields 
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By (P), a 2-cochain u E C2 ( S, G) is well defined by 

u - t (al, ... ,azl - al, ... ,al 

for alll > 0 and a1 , ... ,az E S. We show that u E Z 2 (S,G); that is, 

(Z) 

holds for all m > 0 and x1, 0 0 0 ,xm E T1' with xj = x1 .. ·Xj-1 xj+l .. ·Xm. 

(Z) is trivial if m = 1; for m > 1 we proceed by induction on m. Assume 
that (Z) holds form and let y1, ... , Ym' z E T1. Let x = y1 · · ·Ym = [a1, ... ,az], 
z= [c1, ... ,cn], nyj =bj, nx=a=a1 ···an =b1 ···bm,and nz=c=c1 ···Cn. 
By the induction hypothesis, 

u = u + """"' ubi 
X (bl, ... ,bzl w1~j~m Yj 

where b.= b1 ···b. 1 b.+1 ···b . Hence J J- J m 

""""' ( Ck+l + L...1~k~n-1 - 8 a,c~ + 
by the induction hypothesis and (A). Hence 

c" 
""""' s k - w1::;k::;n-1 a c' 

-- 'k 

u + """"' < ·< ubic + ua (bl, ... ,bz,c] L...1=J=m Yj z 

by (Z"), and (Z) holds for m + 1. Thus u E Z2 (S, G). Then Eu = s. 0 

Lemma 5.3. E (B2(S,G)) = SB2(S,G). 
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Proof. When v E C1(S,<G), then (B) yields (8v)[a,b] = vab- v~- vb'. D 

3. Lemmas 5.1, 5 .2, and 5.3 provide an isomorphism Z 2 ( S, <G) 9,! S z2 ( S, <G) 

which is natural in G, sends B 2 ( S, G) to S B 2 ( S, G), and induces an isomor

phism Z 2 (S,G) I B 2 (S,G) 9,! SZ2 (S,<G) I SB2 (S,<G). This proves: 

Theorem 5.4. For every commutative semigroup S there is an isomorphism 

H 2 (S,G) 9,! Ext(S,<G) which is natural in <G. 

The isomorphism H 2 ( S, <G) 9,! S Z 2 ( S, <G) I S B 2 (S, <G) can be refined, using 
Proposition V.4.5, into an isomorphism 

H 2 (S,<G) 9,! NSZ2 (S,<G) 1 NSB2 (S,<G), 

where N S Z 2 ( S, <G) and N S B 2 ( S, <G) are the groups of symmetric 2-cocycles 

and 2-coboundaries s that are normalized ( s e a = 0 whenever e2 = e ~J{ a). , 
Normalization can be confined to a single idempotent; when applied to the identity 
element, it yields: 

Corollary 5.5. When the commutative semigroup S has no identity element, 

then H 2(S, <G) 9,! H 2 (S1 , <G'), where <G' extends <G to S1 so that G~ = 0. 

The study of H 2 (S,<G) may therefore be limited to monoids. Theorems 5.6 
and 5.7 below have similar corollaries for dimensions 3 and 4. It is probable that 
Corollary 5.5 extends to all dimensions. 

When S is finite, the computation of H 2(S, <G) using Theorem 5.4 is a 
finite task, since a symmetric 2-cocycle consists of finitely many group elements 
subject to finitely many conditions, and a symmetric 2-coboundary is determined 
by finitely many group elements. Thus Theorem 5.4 is a marked improvement 
upon Theorem 4.3. But further improvement would not hurt. 

For example, let S be the Volkov nilsemigroup 

S = ( a,b I a3 = a2b = ab2 = b4 = 0, a 2 = ab = b3 ). 

(Example 111.3.6); the elements of S are a, b, c = b2 , d = a 2 = ab = b3 , and 

0. A normalized symmetric 2-cochain s on S consists of sa a, sa b, sa c, sa d, 
' ' ' ' 

sao' sbb' sbc' sbd' sb0' sec' sed' sc0' sdd' sd0' and sao= 0 (since s 
' ' ' ' ' ' ' ' ' ' ' 

is normalized). 

Then s is a symmetric 2-cocycle if and only if 

s~,y + sxy,z = sx,yz + s~,z A(x,y,z) 

holds in Gxyz for all x,y,z E S. We note that A(x,y,z) is trivial if x = z and 
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remains unchanged if x and z are interchanged; moreover, A(x, y, z) follows 
from 

8~,x + 8 xy,z 8 y,xz + s~.z A(y,x,z) 

and 

s~,z + 8 yz,x = 8 y,zx + s~.x A(y,z,x). 

Hence it suffices to state A(x,y,z) when x ~ y and x < z in the lexicographic 
order a < b < c < d < 0 on S. If x = a, there are 5 choices for y and 4 
choices for z; if x = b, there are 4 choices for y and 3 choices for z; if x = c, 
there are 3 choices for y and 2 choices for z; if x = d, there are 2 choices for 
y and 1 choice for z; this yields 20 + 12 + 6 + 2 = 40 conditions. 

We leave the actual conditions and their solutions to northern readers, who 
are blessed with long winter evenings. H 2 ( S, G) will be computed in the next 
chapter when G is thin, using more efficient methods. 

4. A symmetric 3-cochain on S with values in G is a family 

t = (ta,b,c)a,b,cES such that ta,b,c E Gabc and 

tc b a = -ta b c and tab c + tb c a + tc a b = 0 
'' '' '' '' ' ' 

for all a, b, c E S. These conditions are satisfied by the coboundary 

of every symmetric 2-cochain s E SC2 ( S, G). Under pointwise addition, sym

metric 3-cochains constitute an abelian group SC3 ( s, G) ~ ITa,b,cES G abc. 

A symmetric 3-cocycle on S with values in G is a symmetric 3-cochain t 
such that 

td -t +t -t +ta =0 a,b,c a,b,cd a,bc,d ab,c,d b,c,d 

for all a, b, c, d E S. This condition is satisfied by the coboundary t = 8s of 
every symmetric 2-cochain s; such a coboundary is a symmetric 3-coboundary 
on S with values in G. Under pointwise addition, symmetric 3-coboundaries and 

3-cocycles form abelian groups S B 3 ( S, G) ~ S z3 ( S, G) ~ SC3 ( S, G) . The 
following result is due to Grillet [ 1991 C], [ 1997C]: 

Theorem 5.6. For every commutative semigroup S there is an isomorphism 

H 3 (S,G) ~ SZ3 (S,G) I SB3 (S,G) which is natural in G. 

A symmetric 4-cochain on S with values in G is a family 
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u - ( t ) 8 such that ua b c d E Gabcd and - a,b,c,d a,b,c,dE , , , 

ua b b a = 0, ud b = -u b d , , , ,c, ,a a, ,c, ' 

u -u +ud b-u =0 a,b,c,d b,c,d,a c, ,a, d,a,b,c ' 

u -u +u -u -0 a,b,c,d b,a,c,d b,c,a,d b,c,d,a -

for all a, b, c, d E S. These conditions are satisfied by the co boundary 

( 8t) = td - t + t - t + ta a,b,c,d a,b,c a,b,cd a,bc,d ab,c,d b,c,d 

of every symmetric 3-cochain s E SC3 (S, G) (this is shown in the next sec
tion). Under pointwise addition, symmetric 4-cochains constitute an abelian group 

SC4 (S,G) ~ ITa,b,c,dES Gabcd· 

A symmetric 4-cocycle on S with values in G is a symmetric 4-cochain u 
such that 

ue - u + u b - u b d + u b d - uab d - 0 a,b,c,d a,b,c,de a, ,cd,e a, c, ,e a ,c, ,e ,c, ,e -

for all a, b, c, d, e E S. A symmetric 4-coboundary on S with values in G is 
the coboundary u = 8t of a symmetric 3-cochain t. Under pointwise addition, 

symmetric 4-coboundaries and 4-cocycles form abelian groups SB4 (S, G) C 

SZ4 (S,G) ~ SC4 (S,G). The following result is due to Grillet [2001H]: 

Theorem 5.7. For every commutative semigroup S there is an isomorphism 

H 4 (S,G) ~ SZ4 (S,G) I SB4 (S,G) which is natural in G. 

The author's proofs of Theorem 5.6 and 5.7 are computational like the proof 
of Theorem 5.4, but much longer, and very likely to tax the reader's patience (even 
during long winter evenings). Better proofs would rely on Theorem 1.3, or on the 
underlying spectral sequence argument, to show that symmetric cochains define 
the same cohomology. This requires a general definition of symmetric cochains 
and a proof that S zn ( S, G) = S Bn ( S, G) when S is free. The author has proofs 
of this last fact when n ;£ 3, which are, unfortunately, entirely comparable in 

length and spirit to the proofs of Theorems 5.4 and 5.6. 

Theorems 5.6 and 5.7 strongly suggest that symmetric cochains, cocycles, 

and coboundaries can be defined in every dimension n so that Hn(S, G) ~ 
szn(s, G) I SBn(s, G). How to do this is still an open problem. In the 

above, the coboundary homomorphisms for symmetric cochains are essentially 
the same as in Leech cohomology and can be defined in all dimensions. The 

symmetry conditions in dimension n + 1 can be defined by induction as all the 
symmetry conditions inherited by coboundaries of symmetric n-cochains. The 
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difficulty lies in proving that Hn(s, G) ~ szn(s, G) I sBn(s, G) (or that 
S zn ( S, G) = S Bn ( S, G) when S is free). There the matter rests, for now. 


