
COMMUNICATIONS IN ALGEBRA, 23(10), 3573-3587 (1995) 

COMMUTATIVE SEMIGROUP COHOMOLOGY 

Pierre Antoine Grillet 
Tulane University, New Orleans LA 70118, U.S.A. 

Abstract. Triple cohomology for commutative semigroups is described 

in concrete terms and related to commutative group coextensions. 

Introduction. 

Semigroup cohomology is justified by coextensions. Every finite com- 
mutative semigroup S is a group coextension (called a coset extension in [4]) 
of the group-free semigroup T = S I X  by the abelian group valued Schut- 
zenberger functor G of S .  Conversely, every coextension S of T by G has 
SIX  S T. Commutative semigroup cohomology classifies these coexten- 
sions; hence it also classifies finite commutative semigroups S whch have a 
given group-free quotient S / X  and a given Schutzenberger functor. In this 
respect, commutative cohomology is more interesting than general sernigroup 
cohomology (Leech [9]), which classifies coextensions but not semigroups. 

Semigroup cohomology can be defined "concretely", by cocycles and 
coboundaries arising from coextensions, or "abstractly" as triple cohomology. 
For semigroups in general, Wells [13] showed that these two approaches yield 
the same cohomology. Here we do the same for commutative sernigroups. 

The lack of a satisfactory preexisting cohomology theory beyond di- 
mension 2 makes the commutative case more difficult. We show, as in [13], 
that the coefficient objects in triple cohomology are equivalent to abelian 
group valued functors, and that Beck extensions coincide with the group co- 
extensions in [4]. Hence, in dimension 2, triple cohomology coincides with the 
cohomology in [4]. In higher dimensions, we obtain more concrete definitions 
of triple cohomology by cocycles and coboundaries, and as the cohomology 
of a suitable projective complex. 
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3574 GRILLET 

All these results were announced in [5]. Computation techniques and 
examples are given in [6], 171, and in forthcoming papers. 

The reader is referred to [lo], [ l l] ,  [12] for general results on cohomo- 
logy, categories, and abelian functor categories, L d  to [I], [2], [3] for triples 
and their cohomology. 

The paper is divided into nine parts. Parts 1 and 2 recall basic facts 
on commutative group coextensions and on commutative semigroups over 
a fixed commutative semigroup S. Part 3 determines abelian group ob- 
jects over S and part 4 shows that Beck extensions of S are equivalent to 
commutative group coextensions of S. Part 5 recalls basic facts on triple co- 
homology. In parts 6, 7, and 8, we prove our main result, which describes the 
triple cohomology of commutative semigroups by cocycles and coboundaries, 
in all dimensions. (Simpler descriptions in dimensions 2 and 3 are given in 
141, [5], and [8].) Part 9 gives an equivalent description, as the cohomology 
of a projective complex of abelian group valued functors. 

1. In all that follows, S is a fixed commutative semigroup. Com- 
mutativity makes the Leech categories L(S) and %(S) isomorphic [9]. We 
denote the resulting category by X(S) . The objects of X(S) are the ele- 
ments of S. The morphisms of K(S) are the elements of S x S 1 ;  when s E S 
and t E S1, then (x,t)  is a morphism from x to xt. The composition of 
(x,t)  : x -+ xt and (xt, u)  : xt --+ xtu is (x,tu) : x ---+ xtu; the identity 
on x E S is (x, 1). 

An abelian group valued functor A = (A,cr) on X ( S )  thus assigns 
to each x E S an abelian group A, and to each pair (x,t) E S x S1 a 
homomorphism a,,, : A, 4 A,, (written on the left), so that a,,l is the 

identity on A, and a ,,,, a,,, = a ,,,, for all x, t ,u .  Abelian group valued 

functors on N(S) form an abelian category JZ = K(S)Ab.  

A commutative coextension of S by an abelian group valued func- 
tor A on K(S),  also called a commutative group coextension of S, 
consists of a commutative semigroup C ,  a surjective homomorphism p : C 
---+ S ,  and a family of left group actions, one for each x E S ,  under which 
each A, acts simply and transitively on C, = p-'(x), so that 

(..PIP = (a,,,a).pq 

f o r a l l x , y ~ S , a E A , , p E C , , q E C ~ .  

For example, the split coextension of S by A is the set of all pairs 
(a, x) with x E S, a E A, , with multiplication D
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COMMUTATIVE SEMIGROUP COHOMOLOGY 

projection (a, x) H x , and group actions a .  (b, x) = (a + b, x) 

The coextensions considered in [4] are the particular case where the 
functor S is th in  in the sense that a,,t = a,,, whenever xt = xu. Schiit- 

zenberger functors have this property. 

A morphism (also called equivalence) of commutative coextensions 
C ,  C' of S by A is a necessarily bijective homomorphism e : C - C' which 
preserves projection to S (p'e = p)  and group actions ( e  (9. a) = g . ea for 
all x E S, g €A, ,  U E  C,). 

2. Triple cohomology happens in the (comma) category (5' = esg 1 S 
of commutative semigroups over S .  A commutative semigroup over 
S is a pair (T,p) of a commutative semigroup T and a homomorphism 
p : T --t S ;  a homomorphism f : (T,p) ---+ (R, q )  is a ho~nomorphism 
f : T - - t R  suchthat qf = p .  

The category (3 has a terminal object, namely (S, 1) (where 1 = ls 
is the identity on S) .  The product in (2 of two commutative semigroups 
(T,p) and (R, q) over S is given by the pullback 

where P = { ( t , ~ )  E T x R; pt = qr}.  

When (T, p) is a commutative semigroup over S , the sets T, = p-l x 
( x  E S) can be viewed as Ho~n sets in (2. The additive semigroup N of 
all positive integers is free on { 1 } . For each element x of any semigroup 
T there is one homomorphism a: : N --t T such that F1 = x (namely, 
- 
2 1 2  = xn) .  This provides a bijection Hom (N, T) -+ T.  If (T,p) is a 
commutative semigroup over S and a E T ,  pa = x E S ,  then pa = a:, 
and : (N,z) --+ (T,p) is a homomorphis~n. This provides a bijection 
T, = p-'x ---+ Hom, ((N, T), (T, p)). 

3. An abelian group  object in a category (2 is an object Ii of 
(2 together with abelian group operations on all Horne (X,  I<),  such that 
Home (-, I i )  is a (contravariant) abelian group valued functor on e ;  that 
is, (f + g)k = f k  + gk for all f , g  : X ---t I< and k : Y --+ X .  A 
morphism h : Ii --+ L of abelian group objects is a morphism such that 
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3576 GRILLET 

Home (-, h) : Home (-, I i )  -+ Home (-, L) is a natural transformation of 
abelian group valued functors; that is, h (f + g) = h f + hg for all X and 
f ,  g : X ---+ I i .  This yields a category (3 = JLb(e ) .  Alternately, abelian 
group objects in e can be defined by suitable identity and multiplication 
morphisms [I 11. 

PROPOSITION 1. Let t! = esg IS be the category of commutative 
semigroups over S. The category (1 = J lb  (t!) of abelian group objects of C! 
is equivalent to the category JI = X(S)"~ of abelian group valued functors 
on X(S) . 

PROOF. To construct a functor O : JI 4 (3 we show that split 
coextensions are abelian group objects over S. Let A be an abelian group 
valued functor on X(S). As a commutative semigroup over S ,  OA = E = 
(E,  p) is the split coextension of S by A. Thus E = { (a, x); x E S, a E A, ) 
with multiplication 

When T = (T,r) is a commutative semigroup over S, f : T 4 E is a 
homomorphism over S, and t E T,  then pf = r implies f t  = (a, r t )  for 
some a E A,, . Homomorphisms f ,  g  E Home (T,  E )  are added by 

(1) (f + g )  t = (a + b, r t) ,  where f t  = (a, rt), gt = (b, r t ) .  

This makes Horne (T, E) an abelian group: the identity element sends t to 
(0,r t ) ;  if f sends t to (a , r t ) ,  then -f sends t to (-a,rt) .  Also (f +g) k  = 
f k + gk for all k : (U, s) (T, r )  . Thus Horne (-, E )  is an abelian group 
valued functor on C', and OA is an abelian group object of e. 

When B is another abelian group valued functor on X(S),  every 
natural transformation cp : A 4 B yields a semigroup homomorphism 11 : 

OA ---+ OB , (a, x)  H (p,a, x) . Since each cp, is a group homomorphism, 
we have h (f +g) = 11 f +hg for all f, g : (T, r )  --+ (E, p) . Thus Ocp = h : OA 
4 OB is a morphis~n of abelian group objects. Tl is  constructs a functor 
O : J I  ---t (1. 

We now show that, conversely, every abelian group object Ii = (I i ,  p) 
of e is (up to isomorphism) a split coextension of S .  As in (1 11, (131 we begin 
by constructi~ig identity and multiplication homomorphisms e : (S, 1) --t Ii 
and nz : li x Ii 4 Ii (which would serve in the alternate definition of 
abelian group objects). First, (S, 1) = (S, ls) is the terminal object of C', 
and e is the identity element of the abelian group Home ((S, I), I i ) .  Since D
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COMMUTATIVE SEMIGROUP COHOMOLOGY 3577 

ep = 1 ,  p  is surjective, and I i  = UZES Ii,, where I(, = p-'x # 0. 
For each x E S the bijection a - Si, I i ,  -+ Horne ( (N ,? ) ,  I i )  yields an 
abelian group operation on I i ,  , defined by 

Since e is the identity element of Home ( ( S ,  1), ( I i , p ) ) ,  ec = is the 
identity element of Horne ( ( N ,  ?), I<), and the identity element of I i ,  is ex. 

The direct product P = ( P , r )  = I< x I i  in C and its projections 
p,, p, : P + I< are given by the pullback: 

with P = { ( a ,  b) E I i  x I i ;  pa = pb) = UzES I i ,  x I<, pl(a,b) = a ,  
p,(a, b) = b ,  and r  = ppl = pp2 .  Addition in Home ( P ,  I i )  yields a mor- 

phism m = pl + pp : P -+ I i .  For all (a ,  b)  E P ,  (a, 5) : N + I i  x I< 
sends 1 to (a, b )  ; 

- 
a+$  = p, ( i ,5 )+pp(a ,5)  = ( P ,  + p z ) ( i , 5 )  = m(a ,&) ,  

since Home (-, I i )  is a functor; and 

Since rn : P -4 I i  is a morphism, it follows that 

for all x,  y E S ,  a, b  E I{, , c ,  d E Icy. We use this to define a homomorphism 

a,,, : I i ,  + Ii,, for each x E S ,  t  E S 1 .  If t  = 1 then a,,, is the identity 
on I i ,  ; otherwise t E S and 

a,,,a = a (et)  E Ii,, 

for all a E Ii,. Since et + et = et it follows from (3) that a,,, is a 

group homomorphism. Since e is a homomorphism, a ,,,, a,,, = (Y,,~,, and 

F(IC,p) = (I<, a )  is an abelian group valued functor on 3t (S) .  

Let h : I i  -+ L = (L ,q)  be a morphism of abelian group objects 
(so that h (f + g )  = h f + hg whenever f ,  g : T --+ I i ) .  Since hp = q 
we have hI< C L, for each x E S. By the choice of h ,  the induced 
mapping h,  : I i ,  ---+ L, is a group ho~nomor~hism, and h,, a,,, = P,,, h, 
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3578 GFULLET 

(where F(L, q) = ( L , P ) ) .  Hence Fh = (hz)zES : PI< + FL is a natural 
transformation. We now have a functor F from 0 to A. 

By (3), cr,,,a+ay,,b = a(ey)+(es)b = (a+ex)(ey+b) = ab whenever 

a E I&, b E Ii, . Consequently (Ii ,p) is isomorphic (in C) to the split 

coextension of S by FIi .  Furthermore let f ,  g : T = (T, r) ---+ IC,  t E T, - - -  
f t = a E I i , , , a n d g t = b € I ~ , , .  Then f ? = a ,  g t = b , a n d  

( f + g ) t  = (f + g ) t l  = ( f t + g ? ) l  = (i+i;)l = a + b  

by (2). By (1) this implies that Home (T, I<) and Home (T, QDBIC) are nat- 
urally isomorphic abelian groups, so that I( and OPIi are naturally isomor- 
phic in (3. 

If on the other hand A is an abelian group valued functor on X(S), 
then OA is already a split coextension and it is immediate that IFOA Z A. rn 

In particular, Hom, ((N,z),OA) r A, for each x E S ;  the iso- 
morphism takes a E A, to the homomorphism ?i : N + E such that 
El = (a, x). 

4. Let Ii = (Ii ,p) be an abelian group object of the category C = 
esg 5 S of commutative semigroups over S. A Beck extension of S by h' 
consists of commutative semigroup C = (C, q) over S, where q is surjective, 
and of a simply transitive abelian group action of Horne (T, Ii') on the set 
Home (T, C) for each T E e : 

Home (T, IC) x Home (T, C) -+ Home (T, C), (a, C) w a .  c 

which is compatible with q ( (a .c)q = cq) and natural in T (ak.ck = 
(a .c) k for all k E Home (U,  T)). (A general definition of Beck extensions 
is given in [3], Definition 6.) A morphism (also called equivalence) of Beck 
extensions is a morphism e : C ---, C' in (?. which preserves the action of 
each Home (T, I i )  ( e ( a .  c) = a .  ec). 

PROPOSITION 2. Let A be an abelian group valued functor on X(S). 
The category of Beck extensions of S by OA is isomorphic to the category 
of commutative group coextensions of S by A .  

PROOF. Let C = (C, q) be a commutative coextension of S by A. 
Construct a Beck extension BC of S by OA = E = (E ,p )  as follows. As 
a commutative semigroup over S, BC = (C, q) . When T = (T, r )  E (3, 
f E Home (T, E) , and k E Home (T, C) , then f . k E Home (T, C) is defined 
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COMMUTATIVE SEMIGROUP COHOMBLOGY 

(4) (f . k ) t  = a .k t ,  where f t  = (a , r t ) .  

This action is compatible with q, and is natural in T since ( f .  k) 1 = f 1 .  kl 
for all 1 E Horne (U, T ) .  Also Home (T, E )  acts simply on Home (T, C) ,  
since each A, acts simply on C, = q-'z. Transitivity is shown as follows. 

Let k,l  E Home(T,C). For each t E T there is one a E A,, such that 
a .k t  = It. Define f t  = (a , r t )  E E. If t , u  E T ,  f t  = (a , r t ) ,  and f u  = 
(b,ru),  then in the coextension C 

(lt)(lu) = ( a .  kt)(b. ku) 

whereas (f t)( f u) = (a,,,,,a + a,,,,,b, (rt)(ru)) by definition of E .  Thus f 
is a homomorphism. By definition, f .  k = 1. 

We now have a Beck extension BC of S by E. An equivalence of 
group coextensions e : C --, C' preserves group actions and therefore is 
an equivalence of Beck extensions. Thus we have a functor B from group 
coextensions to Beck extensions. 

Conversely, let B = (B, q) be a Beck extension of S by E. Since 
q is surjective, B = UzES B,, where B, = q-lx. For each x E S there 

is a bijection B, -+ Horne ((N,s), (B, q ) ) ,  c ++ Z, and an abelian group 
isomorphism A, -+ Home ((N,?), (E,p)) ,  a - a, where 61 = (a ,  x). 
Hence the action of Hornc ((W, Z), (E ,  p)) on Horne ((W, c), (B,  q)) yields a 
simply transitive group action of A, on B, , namely: 

To show that B has the coextension property ( a .  c )  d = a n .  cd we 
construct as in [13] a group action morphism nz : E x B --t B. The direct 
product P = E x B in (2 and its projections r, s are given by the pullback 

with P = {(a ,c ) ;  a E A,, c E B,, x E S ) ,  s (a ,c )  = ( a , z ) ,  and 
r (a, c) = c. The action of s E Home (P, E )  on r E Home (P, B) yields 
a hon~omorphism m = s .  r : P -+ B. For each u = (a,  c) E P, we have 
sii = h, rii = Z, rnii = (s .  r ) i i  = sii. rii = ti. c by naturality, and D
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3580 GRILLET 

W h e n x , y € S , a € A , ,  b ~ A ~ , ~ ~ B , , a n d d ~ B ~ , ~ e h a v e ( a , c ) ( b , d ) =  
(cr,,,a + cry,, b, cd) in P; since m is a homomorphism, 

With b = 0 E Ay we obtain (a .  c) d = cu,,ya. cd. Thus B is a coextension of 

S by A .  

If e : B -4 B' is an equivalence of Beck extensions, then 

for all x E S, a E A, ,  c E B,. Hence e is an equivalence of coextensions. 
We now have a functor @ from Beck extensions to group coextensions. 

When f : T + E ,  k : T - - +  B, and t ~ T , w e h a v e  f t = ( a , r t )  for 
- - 

some a E A,,, f t  = a ,  and 

by (4), BCB = B.  If conversely C is a coextension of 5' by E and x E S, 
a E A,, c E C,, then ii1 = (a, x) and (4) yields (ii.~) 1 = a.?l  = a.c; 
hence CBC = C.  

5. Triple cohomology for any category e as defined in [I] requires a 
cotriple ( a  comonad) (6, E, V )  in e and a contravariant abelian group valued 
functor lE on C. We mostly follow the notation in [I], but write functors on 
the left (as in (111) and renumber cohomology groups to avoid the dimension 
shift in [I] and [3]. 

. . 
The counit E : G -+ 1 yields natural transformations €1 = Gn-'e 6' : 

6"" -+ 6" (0  5 i < n ) .  In particular, E: = EG" and E: = Gen-I for all 
i < n .  For each object X of (2 this yields a complex of abelian groups 

where S,, = Cy=o ( - l ) i  E E:' X : IEGnX --+ EG"+~x' .  For each n 2 1 
the n-th cohomology group of X with coefficients in IE is the abelian group 
Hn(X,  E) = Ker S,/Im Sn-l (with So = 0). (In [I] and [3], Hn(X,  E) = 

Iier Sn+, /Im 6, ; hence Hn in [I] is Hn+' here.) 

Triple cohomology has the following properties (Propositions 2.1 and 
3.2 in [I]): D
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COMMUTATIVE SEMIGROUP COHOMOLOGY 3581 

PROPERTY A (acyclicity). H1(GX, E) E EGX and Hn(GX, E) = 0 
for all X and all n > 2. 

A sequence E' -4 E 4 E" of contravariant abelian group valued 
functors on C is shor t  G-exact in case 0---tEIGX-+EGX --+EUGX -+o 
is a short exact sequence of abelian groups for every object X of C. 

PROPERTY B (exact cohomology sequence). Every short 6-exact 
sequence 

induces an exact sequence 

which is natural in X and E . 
6. Now we specialize triple cohomology to commutative semigroups, 

following the procedure used by Beck [3] for any tripleable category (see also 
[13]). In what follows e = Csg 1 S is the category of commutative semigroups 
over the given commutative semigroup S . 

Every element of the free commutative semigroup F X  on a set X 
is a nonempty product of elements of X ,  the factors of which are unique 
up to order. However, X will later have its own multiplication, and it 
would then be very confusing to write the elements of F X  as products 
of elements of X.  Instead we regard the elements of F X  as nonempty 
unordered sequences [x,, . . . , x,] of elements of X (so that m > 1 and 
[xol , . . . , x ~ , ]  = [x,, . . . , x,] for every permutation a of 1 ,2 ,  . . . , m ). Mul- 
tiplication in F X  is then given by 

The free commutative semigroup functor and the forgetful functor to 
sets induce a pair of adjoint functors between e and the similar category 
of sets over S. The resulting cotriple (G, E ,  v )  in e is as follows. For each 
commutative semigroup T = (T,p) over S ,  GT = (FT, q), where F T  is 
the free commutative semigroup on the set T ,  with i : T ---t F T ,  and 
q : F T  ---+ S is the homomorphism such that qi = p. Since q[x] = px, 

~ ( 2 1 , .  . . ,x,] = . . (pxm) = P ( x ~ .  . . I,) 
for all x,, . . . ,x, E T. If f : T = (T,p) -+ U = (U, r)  is a homomorphism 
over S then Gf : GT --+ GU is given by D
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3582 GRILLET 

( G f ) [ x l , . . . , x m l  = I f x l , . . . , f x m l .  

The counit E : G -+ 1 sends T = ( T , p )  to the product homomorphism 
i ~ :  F T - + T ,  

7r[x1,.  . . , xm]  = X I . .  '2,. 

The comultiplication v : G --+ GG (not used thereafter) sends T to the 
homomorphism [ x l , .  . . , xm] H [ [ x l ] ,  . . . , [ x m ] ] .  

For each abelian group object Ii' in C!,  Horne (-, Ii) is a contravariant 
abelian group valued functor on C! and provides coefficients for the cohomo- 
logy. Thus the triple cohomology groups Hn(S ,  K )  are the cohomology 
groups H n ( X ,  E) where X = (S, 1)  and E = Horne (-, I<). 

In dimension 2, Theorem 6 of [3] implies: 

PROPERTY C. There is a bijection between H 2 ( S ,  K) and the set of 
equivalence classes of Beck extensions of S  by Ii . 

In general, H n ( S ,  I<) is the homology group Ker 6,/Im 6,-, of the 
complex of abelian groups 

6"-1 6 0 -+ Home ( G X ,  Ii') . . . -+ Home ( G n X ,  Ii) -4 Home (Gn+'x ,  I<) . . . 
where X = (S, 1)  and 

6, = ELo (-1)' Home ( E ~ X ,  K). 

We denote GnX by Tn = (T, ,P) ,  so that Tn+, = FT,, and E ~ X  by 

T ; ,  so that Snu = Cy=, (-1)' n l u  for all u : GnX - Ii'. Let t l , .  . . , tm  E 
T, . Since EEX : G ~ + ~  x - GnX is the counit, 

in particular i~E[ t ]  = t  for all t E T n ,  whereas 

for all i < n, since er = U3~r-l; this determines 7r; Itl,. . . , tm]  by induction. 

7. We now give a more concrete description of H n ( S ,  I<). For each 
commutative semigroup T = (T, r )  over S and abelian group valued functor 
A = ( A ,  a )  on X ( S ) ,  let 

The elements of C ( T ,  A )  are cochains u = ( u , ) , , ~ ,  with u,  E A,, . D
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COMMUTATIVE SEMIGROUP COHOMOLOGY 3583 

LEMMA 3. Home (GT, OA)  and C(T ,  A) are naturally isomorphic. 

PROOF. Recall that G(T,  r )  = (FT ,  q)  , where FT is free on the set 
T and q [al , .  . . ,a,] = r  ( a ,  . . .am)  for all a,, . . . ,a, E T ,  and that OA = 
( E , p )  is the split coextension of S by A as in the proof of Proposition 1. 

Let f : FT --+ E E Home (GT, OA) .  Since p f  = r there exists 
for each t  E T some u ,  E A,, such that f [ t ]  = (u, ,r t) .  Since conversely 
FT is free on T there is for each u = ( u , ) , ~ ~  E C(T, A)  a homomorphism 
f : FT - E over S unique such that f [t] = (u , ,  r t)  for all t  E T .  Then 

A 

where aj  = a, . . . aj-I aj+, . . . a, and a = a, . . . a,. This provides a bi- 

jection Home (GT, OA) --r C(T,  A) which is reachly seen to be natu- 
ral in T and A. If g E Home(GT,OA) and g[t] = (v,,rt) then ( f  + 
g)[ t]  = (u ,  + v,, r t)  , by equation (1)  (in the proof of Proposition 1). Thus 
Home (GT, OA) 2 C(T,  A) as abelian groups. 

8. Let X = ( S ,  1) and Ir' be an abelian group object over S .  By 
Proposition 1, I i  OA for some abelian group valued functor A on X ( S ) .  
By Lemma 3, the complexes 

0 - Home (GX,  I i )  . . . Horn, (GnX,  I i )  % Horne (Gn+'X, I<) . . . 
& - I  o --+ C ( X ,  A) + . . . ---, C ( G ~ - I X ,  A) % C ( G ~ X ,  A) . . . 

have naturally isomorphic homology groups. We need 6 ,  : C(Gn-'x, A)  --+ 
C(GnX,  A) for n 2 1. Let GnX = Tn. We denote all the projections T, + 

S by p. Then p[t,,. . . , tm] = p(tl . . . t,); this determines p[tl, .  . . ,t,] by 
induction. 

Let u E C(Gn-'X, A) .  B y  ( 6 ) ,  the corresponding homomorphism 
f E Home (GnX,  OA) is given for each t  = [a,,. . . ,a,,] E T,, by 

where Z.  = al . . . aj-laj+l . . .a, (note that yt = p(al . ..a,)). In particu- 
3 

lar, f[a] = (u,,pa) for all a E Tn-l. Let 

and v E C(GnX, A) be the corresponding cochain. For each t  = [al , .  . . , a,] 
E Tn we have D
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* 
by (I),  where t: = n:-'t and a j  = a, . . . aj-laj+l . . . am as before. Hence 

vt = c;:; (-1)' f+; + (-1," C,"=l "p.j,p;juaj - 
and we have proved: 

MAIN THEOREM. Let S be a commutative semigroup. Up to natural 
isomorphisms, Hn(S, A) has an abelian group valued functor A on X(S) 
for coefficients, and is the homology group Ker 6,/Im 6,-, of the complex 

for all u E Cn(S,A) and t = [al,. . . , am]  E T,, with t: = n?-'t and 
A 

a .  J = a l  . . .aj-laj+ a,. 

Properties A, B, and C then read as follows. 

PROPERTY A. If S is a free commutative semigroup then H1(S, A) r 
C1(S, A) and Hn(S, A) = 0 for all n 2 2. H 

If E : 0 --+ A -+ B ---+ C --+ 0 is a short exact sequence of abelian 
group valued functors, then 0 --t C(T, A) ---+ C(T, B) ---+ C(T, C) 4 0 
is short exact. Hence Home (-,OA) -+ Horne (-, OB) --t Home (-, OC) 
a short G-exact sequence, by Lemma 3, and we obtain 

PROPERTY B. For each short exact sequence 

of abelian group valued functors, there is an exact sequence 

which is natural in E . H D
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COMMUTATIVE SEMIGROUP COHOMOLOGY 

This also follows from Proposition 5 below. 

PROPERTY C. H2(S, A) classifies commutative group coextensions of 
S by A .  

The description of Hn(S, A) in the Main Theorem does not lend itself 
to the computation of examples. When n > 2 ,  n-cochains u E Cn(S, A) are 
families indexed by free commutative semigroups, and have infinitely many 
components. This makes the computation of Hn(S, A) an infinite task, even 
when S is finite. 

Simpler descriptions exist in low dimensions. Thus HZ (S, A) ,  which 
classifies group coextensions, can be described as in (41. Let SZ2(S, A) be 
the group of all symmetric 2-cocycles, which are families s = ( s ~ , ~ ) ~ , ~ ~ ~  

such that s ~ , ~  = sarb  E Aab and 

for all a,  b,c E S. Let SB2(S, A) be the group of all symmetric 2- 
coboundaries, which are 2-cocycles s E SZ2(S, A) of the form 

for some u E C1(S, A ) .  As in [4], SZ2(S, A)/SB2(S, A )  classifies cornmuta- 
tive group coextensions of S by A; therefore 

A direct proof that this is equivalent to the description in the Main 
Theorem has been submitted in (81, together with a similar description of 

H3  (S, A). 

9. We complete the Main Theorem by constructing a projective com- 
plex in A = X(S)"b of which Hn(S, A) is the cohomology, 

For each commutative semigroup T = (T,p) over S we construct an 

abelian group valued functor CT = C on X(S) ( C  is not the same as in 
the proof of Proposition 2). For each x E S, C, is the free abelian group 
generated by 

G, = { (a, u) E T x S'; (pa)u = x }. 

When t E S ' ,  (a,u) E G, implies (a,ut) E G,,; y,,, : C, -4 C,, is the 

group homomorphism such that y,,,(a, u) = ( a ,  ut) for all (a,  u)  E G, . D
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3586 GFULLET 

LEMMA 4. For each T E C and A E A there is a natural isomorphism 
C(T, A) Ei !-omA (CT, A). In particular, CT is projective in A. 

PROOF. Let T = (T,p) and C = CT. Let cp : C - =  A be a natural 
transformation. For each t E T ,  (t ,  1) E Gpf and c, = ( ~ ~ , ( t ,  1) E Apt. Since 
cp is natural we have 

for all x E S and (a,u) E G,. Thus cp is uniquely determined by c = 
( c , ) , ~ ~  E C(T, A). Conversely, for each c E C(T, A), equation (7) deter- 
mines a homomorphism cp, : C, -+ A,, and it is immediate that cp : C 
--+ A is a natural transformation. Thus HornA (C, A) C(T, A). 

When $J : A 4 B is an epimorphism in A, every $, is surjective, 
and C(T, A) 4 C ( T ,  B) is surjective. It follows that CT is projective. (This 
also follows from [12], Corollary IX.7.3.) 

Let Tn = Gn(S, 1) and c E Cn(S, A) = C(T,-I, A). For all t = 

[al , . .* ,amI ETn, 

(6.4, = x::; (-1)' C,) + (-1)" ,z;1 ap,,p;jcaj . 
A 

where ti = nSn-'t and a j  = a , .  . . ~ ~ - ~ a , + ~ .  ..a,. By Lemma 4 there 

are natural transformations cp : CTn_, ---+ A and 4 : CT, ---+ A which 

correspond to c and 6c. For all t = [al,. . . , a,] E T, and u E S' , equation 
(7) yields, with x = (pt)u E S :  

Thus 1C, = p a ,  where 6 : @Tn ---+ CTn-, is given by 

n-l (-1)' (ny-lt, u) + x,"=, (a,,(pZ,)u) (8) 8, ( t ,u)  = Ci=o 
for all t = [a, ,..., a,] E T,, and u E S1,  with x = (pt)u E S and 2, = 
al . . . aj-la,+l . . .a,. Thus we obtain: 

PROPO~ITION 5. For each abelian group valued functor A on 3C(S), 
H n  (S, A) is the cohomology with coefficients in A of the projective chain 
complex D
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COMMUTATIVE SEMIGROUP COHOMOLOGY 

where Cn(S) = @G"-'(s, 1) and d is given by equation (8). rn 
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