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PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 30, No. 3, November 1971

SPLITTINGS OF HOCHSCHILD’S COMPLEX
FOR COMMUTATIVE ALGEBRAS

PATRICK J. FLEURY!

ABSTRACT. Barr has shown that one may split Hochschild's
complex for commutative algebras into Harrison’s complex plus a
shuffle subcomplex when working over a field of characteristic
zero. We construct a splitting here for the above complex over a
ring containing a field which does not have characteristic two and
this splitting has Barr’s splitting as a special case.

1. Introduction. In [1], Barr noted that Harrison’s homology
could be regarded as a direct summand of Hochschild’s homology
when working over a field, k, of characteristic zero. In order to split
Hochschild’s complex, Barr constructed an idempotent in kZ, for all
n=1 and showed that this idempotent was a chain map which had for
its kernel the “shuffle” subcomplex. The purpose of this paper is to
generalize this splitting to commutative algebras over rings con-
taining fields of any characteristic not equal to two.

2. The complex, shuffies and representations. In [1], it is shown
that, if one considers a commutative algebra, 4, over an arbitrary
commutative ring, k, and then takes coefficients only in symmetric
A-modules, Hochschild’s complex in the nth dimension is just
C,A=A®A™. The nth tensor power of 4 is denoted by 4™ and
tensor products are taken over % unless otherwise specified. Sym-
metric A-modules are known to be the same as left 4-modules
(see [1]). Then the map d.: C,A—C,14 by

(@6 ®n®: ®a) =6n® ®hL—-6®un® -8
+ -+ (D", ® a1 ® - - ® aay

will be A-linear and a boundary operator. We will denote the entire
complex just defined by Cs4, and, in agreement with the notation of
other authors, we denote an element of C,4 by aolas, - - -, as]. Let
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406 P. J. FLEURY [November

us note, for future reference, that d;: C;4—Cy4 is zero. From the
foregoing we may now conclude that

Hochy (4, M) = H4«(Cx4 ®4 M) and
Hoch* (4, M) = H*(Hom4 (C+4, M)).

Now let 2, denote the symmetric group on #n-letters and define an
action of Z, on C,4 by

7"_1(00[01, t a,,]) = GO[drm, Ty, a,.(,,)].

Thus C,A4 becomes a kZ,-module. We shall define a shuffle, s; .,
0=1=mn,in kZ, by So,n=S$,,0=1 and

Sim—i(@olay, + -+, an]) = aolar] @ sic1ni([as, « * -, aa]) + (—1)%ao[ais1]
X Si,n—i—l([aly oty By Qigay t o 0 ’an])'

Then we have the following proposition whose proof appears partly
in [1] and partly in [3].

2.1. PROPOSITION.

dnsi,n—i(ao[dl, ) a,.])
= Si—-l,n—i(dido[dl, Tty di] ® [d¢+1, Tty a,.])

+ (= D¥sinia(aofay, - - -, ai] ® dusfaiys, - - -, aa).

Because of the above, one may consider the shuffles as multiplica-
tion in the differential graded algebra CyA4. The complex CiA4, has
an augmentation, i.e., a map of complexes to 4 which is considered
as a trivial complex over itself. The kernel of this mapping is a sub-
complex of C¢4 and we will call it J4A4. Since we noted before that
dy was zero, it is easy to see that J,4 = C,4 if >0 and Jo4 =0. Now
consider J%4 which we define to be that subcomplex of J«A4 generated
by nontrivial shuffles. We now set Chs4 = JxA /J%A. Then the differ-
ential and grading of J«4 induce a differential and grading on ChsA4.
We define the nth Harrison homology and cohomology groups of 4
with coefficients in the left 4-module M to be

Harr,(4, M) = H,(ChsA ® 4 M) and

Harr*(4, M) = H*"(Homu(Chs 4, M))
and we denote the total homology and cohomology by Harr«(4, M)
and Harr*(4, M) respectively.

Of special importance to us in the ring k2, will be the element E,
defined in the following manner. Let sgn:2,—*% be the group homo-
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1971] SPLITTINGS OF HOCHSCHILD’S COMPLEX 407

morphism sending elements of the alternating subgroup to 1 and other
elements to —1. Then we may extend sgn to a ring homomorphism
also called sgn:kZ,—k. Let E,=  .c3. (sgn(m))-m. If uCEZ,,
then, clearly, u- E, =sgn(u) - E,.

2.2. LEmmMa  (BArr [1]). Let aolay, - - -, a.]EJ.A. Then
dnEn(aslar, - - -, an]) =0. Furthermore, if uCkZ, and
daulaofar, - - -, a.]) =0
for all aglar, - - -, a.|E J.A, and arbitrary A, then u is some multiple
of E,.

3. The splittings. We are interested in splitting Hochschild's
complex. Barr has shown that, if one works over a field of char-
acteristic zero, then the complex can be split in such a way that
Harrison's groups are direct summands of Hochschild’s. We shall
use techniques which will give us Barr’s theorem as a special case of
a more general theorem.

Earlier, we noted that each s; ,_; could be considered as an element
of k2,. We now define another element, s,, of k2, in the following
way. If n=1, 5,=0; if #=2, s,= D 1 sins It is clear that
Sin—i: JnA—J,A4 need not be a chain map, but Barr in [1] proves
3.1, 3.2 and 3.3.

3.1. LEMMA. dnSn = Sn—10n.
3.2. LEMMA. sgn(sin—:)=Q).
3.3. COROLLARY. sgn(s,) =2"—2.

3.4. PROPOSITION. ((2"—2) —s,) + + - (2—5$4)Sin—i=0forall1Si Sn
and all n=1.

ProoF. We proceed by induction, the case for #=1 being trivial.
Now assume the proposition is true for n—1. Then

d"((Zn—l - 2) - sn) c e (2 - sn)si,n—i
= ((21;—1 - 2) - sn) D (2 - Sn)(si—l.n—i(di ® 1)

+ (—1)¥sin—i1(1 @ dns))
by 2.1 and 3.1. By induction, both terms in the above sum are zero.
This implies ((2"1—2)—s,) - - - (2—5,)8s,n_: is some multiple, say
r, of E,. Thus

(20— 2) —s50) =+ - (2 = $0)Sim—i = ((2" — 2) —sa) 7 E,
= ((2» — 2) — sgn(sn))r-E, = 0.
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408 P. J. FLEURY [November

Now suppose we consider e,=((2"—2)—s,) -+ - (2—5.) EkZ,
where k is a field of characteristic p. Now consider (e,)2. If we
expand (e})? in terms of s,, then every term, excepting only the
first, is a multiple of ess, and is zero by Proposition 3.4. Thus (e])?
= {stig,. (2"—2)}6,’,. If we could multiply e, by the inverse of

25isn (2°—2) we could make e into an idempotent. Unhappily,
this is not always possible since that product might be zero in k.
Certainly, it is possible when we are working over a field of char-
acteristic zero. Furthermore, if we are working with a field of char-
acteristic p, and 2 is a primitive root modulo p, then we may divide
by the above product in dimensions up to but not including p. In
order to investigate this further, we shall need some facts about
idempotents in arbitrary rings.

3.5. ProproSITION. Let T be a (possibly noncommutative) ring. Let
a be a nonnilpotent element of T such that a*—a is nilpotent and let
m be the least integer with (a?—a)™=0. Then there is a nonzero poly-
nomial, pm(x), with integral coefficients and a"’{p,,,(a) }"‘ is a nomzero
idempotent.

3.6. PROPOSITION. pn(x)=14+0—x)+ - - +(1—x)™L

The proof of 3.6 is an easy (but messy) induction, so we omit it.
For 3.5 we refer the reader to Herstein [6, p. 22 ]. We note, for future
reference, that Proposition 3.5 implies a™=a"*'p,,(a). Let us now
return to our consideration of JxA4. Let j be the order of two in the
group of units modulo p. Let # be the inverse of []s<is; (21—2) in
that group of units. Let us now set

W = 7(((27 = 2) — s0) - - - (2 — 50)).

Then w, will be a polynomial in s, with constant coefficient 1.
3.7. PROPOSITION. w2 —w, is nilpotent.

ProoOF. In the ring ZZ,, we have the equation
(*) ((2” — 2) — S,,,) LA (2 — S,,,)S,‘,,' = 0.

We know that 2»—2 is congruent to 2*~7—2 modulo p. Thus, if we
consider the sequence of factors of (*), we will have s;,;, (2—s,), - - -,
(29—2) —sa, (271 =2)—s,, - - -, (2»—2)—s, and if we reduce the
sequence following s;; modulo p, we see that it repeats itself after
j terms. Suppose #=mj+12, 1 £¢=<j. Then, when we reduce (*) modulo
p we will have
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1971] SPLITTINGS OF HOCHSCHILD’S COMPLEX 409

(=Dm((29 = 2) —sw)m™ - - - (2 = 2) — sa)™

(2= 2) = ) (2= ) (s = 0
as an element of kZ,. This implies that (w,s,)™*!s;,;=0. By a remark
above w,—1 is a polynomial in s, which lacks a constant term. Thus
(wf‘_wn)mi—l = (wn)m+l(w" _ 1)m+l = (wn)m+l(sn)m+lH(sn) =0 in k3,
where H(x) is some polynomial in k[x]. Now let us set
en= {w,.(pm+1(w,.)) }"”“. From the foregoing, it is obvious that e,
is an idempotent. We do not yet know it is nonzero and before we
can show this, we must have the following theorem.

3.8. THEOREM. d,e, =é€,_1d,.
ProoF. We assume n=mj+i, 1<:=<j. If i>1, we have
dnen = dn(wn{Pml(wn)})"ﬂ-l = {wn—lﬁm+l(wn—l)}m+ldn = en—ldn-
If =1, thene,= {w,,(pm+1(wn)) }m+iand e,y = {Wn—1m(Wn—1) }». Now
we note that pmi1(Ws) = pm(ws) + (1 —w,)™ Thus
dnen = dn{'wnpml(wn)}m-"l = {wn—1?m+l(wn—-1)}m+ 'd,
= {nci(Pm(wa_))} ™ 4+ (4 1) @Wa1)™ (P(wn_1))™(1 — wn_1)™
+ - (@)™ (1 = wa )"

Now every term of the form a('w,,_l)"‘“{ pm(wn_l)}’""'l"(l —W,_y) ™
is zero since 1 —w,_; does not have a constant term and, thus, every
term of the above form will have a factor of the form (wn,—1s,—1)™ and
this last is zero. Now the only possible nonzero term is the first.
So we have

dutn = {Wn-1(pm(was)) }™d,
= (Wae1)™! prm(Wn_1) {Pm('wn~1) } "d,
= (Wn1)™{ pr(Wn_1) } "dr = €a_1dn
since (Wn—1)™= (Wn-1)"t'pm(ws_1) by the remark after Proposition 3.6.
3.9. PROPOSITION. e, s nonzero.

PRrooF. We shall proceed by induction. Since the field we are work-
ing over does not have characteristic two, it is easily seen that e,
is not zero. Now let # be the smallest integer with e,=0. Then
e,—17%0. Consider the commutative polynomial algebra over k in a

countable number of variables, say k[x;, - - - ]. Then, since e, is
zero, e, [x1, - - -, %,] =0. Thus
duenl21, - -+, ®n] = en_sdnfxs, - - -, 2] = O.
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410 P. ). FLEURY [November

Then

3n—l(xl[x2, ceey, x”] J— lxlxz’ ce ey xn] + .« 0.

+ (_l)nxn[xla Tty xn—l]) = 0.

Since the terms inside the parentheses are linearly independent over
k2., then we see e,_; [xl, Ce e XX, xn] =0 for all 7. Suppose
w and ¢ are two elements of 2, which appear in ¢,_;. Then

T([xl, ey xixi-}-l) e, xn]) = 0([:701, s, x’.xi_‘_l, cee, xﬂ])

if and only if 7 =¢. Thus, in order for e,_1([x1, * -, XiXiy1, * * *, %a])
to be zero, e,_; must be zero. This is a contradiction and we are done.

Using the e,’s we have constructed, we see that there is a natural
splitting of the complex Jx4 which is given in the #th dimension
by (Jsd)n=es(JxA)n+ (1 —e,) (JxA4)n. We would now like to deter-
mine the kernel of e,. Apply the following filtration to J«4. We let
FiJxA be Jxd if >0, FoJxA =J%A, and F;Jx4 be the subcomplex
whose nth dimensional summand is (s,)~%(J%4). if 1 <0. Clearly each
F;JxA is a complex and F;J«A4 contains F;_;J«A4 and so is a filtration.
We note that the complex Fi1J«A/FoJ«A is merely ChyA.

3.10. PROPOSITION. Let n=mj+1i, 1=¢=j. Then e,(F_,J+A).=0.

ProorF. Let x& (F-_nJxA4)sn. Then x= (s.)™(y) for y some nontrivial
shuffle. Then

en(2) = (wa)™(52)™{ pms1(02) } 1 (3) = 0
since (wn)™+!(s,)™s;,; =0 for all shuffles s;,;.

3.11. PROPOSITION. Let n=mj+i, 1=51=j. If e.(x)=0, then
xE(F_nJxA)n.

Proor. We know that e,=1+4 D +_; ai(s.)* for some integer ¢.
Therefore, if e,(x)=0, x=— ZL, (sn)i(x) =sn(x1) for some x;. By
the same reasoning, s,(x1) = (s.)%(xz). Thus xEs, (J%4),. Continuing
in this manner, we find that x&(s,)™ (J%4), for every m and the
proposition is proved.

We can now state our main theorem.

3.12. THEOREM. Let k be a ring containing a field of characteristic
p (p#2). Let j be the order of 2 in the group of units of k. Let A be a
commutative algebra over k and M a left A-module. Construct J+4 and
filter it as before. Let n=mj+1, 1 £1=j. Then there exist natural trans-
formations
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1971] SPLITTINGS OF HOCHSCHILD’S COMPLEX 411

éa(A, M): Hocha(4, M) — Ho((UxA/F_nTsA) @4 M),
¢o"(4A, M): H*(Homuy(Jx+A/F_nJxA, M) — Hoch" (4, M)

such that ¢.(A, M) is a split epimorphism and ¢™(A, M) is a split
monomorphism.

The proof follows from the foregoing discussion.

It is also possible, using our filtration, to build a subcomplex of
JxA called KxA and show that the homology of KA is a natural
direct summand of Jx4. We set (KsA)n=(F-_nJxd)s if n=mj+1,
1<:=<j. Then the proof that Ks4 is a complex is routine and the
foregoing discussion obtains for us the following theorem.

3.13. THEOREM. Let k, A, j and M be as before. Then there exist
natural transformations

¥a(4, M): Hoch,(4, M) - H.((J+4/KxA) @4 M),
Yy (4, M): H*(Homs(J+x4/K+A, M)) — Hoch*(4, M)

such that Y.(4, M) is a split epimorphism and y*(4, M) is a splt
monomorphism.

REFERENCES

1. M. Barr, Harrison homology, Hochschild homology and triples, J. Algebra 8
(1968), 314-323. MR 36 #3851.

2. H. Cartan and S. Eilenberg, Homological algebra, Princeton Univ. Press, Prince-
ton, N. J., 1956. MR 17, 1040.

3. S. Eilenberg and S. Mac Lane, On the groups H(w, n). I, Ann. of Math. (2) 58
(1953), 55-106. MR 15, 54.

4. P. Fleury, Aspects of Harrison's homology theory, Dissertation, University of
Illinois, Urbana, Ill., 1970.

5. D. K. Harrison, Commutative algebras and cohomology, Trans. Amer. Math. Soc.
104 (1962), 191-204. MR 26 #176.

6. I. Herstein, Noncommutative rings, Carus Math. Monographs, no. 15, Math.
Assoc. Amer.; distributed by Wiley, New York, 1968. MR 37 #2790.

7. S. Mac Lane, Homology, Die Grundlehren der math. Wissenschaften, Band 114,
Academic Press, New York; Springer-Verlag, Berlin, 1963. MR 28 #122.

STATE UNIVERSITY COLLEGE OF ARTS AND SCIENCE, PLATTSBURGH, NEW YORK
12901

This content downloaded from
18.9.61.111 on Thu, 08 Sep 2022 01:29:18 UTC
All use subject to https://about.jstor.org/terms



	Contents
	image 1
	image 2
	image 3
	image 4
	image 5
	image 6
	image 7

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 30, No. 3 (Nov., 1971), pp. 395-613
	Volume Information [pp. 603-613]
	Front Matter
	Central Separable Algebras Which are Locally Endomorphism Rings of Free Modules [pp. 395-404]
	Splittings of Hochschild's Complex for Commutative Algebras [pp. 405-411]
	Cyclic Atoms in Orthomodular Lattices [pp. 412-418]
	Concerning Diagonal Similarity of Irreducible Matrices [pp. 419-425]
	Valuation Rings with Zero Divisors [pp. 426-430]
	Reconstructing Graphs [pp. 431-433]
	On the Direct Product of $V$-Groups [pp. 434-436]
	$p$-Solvable Groups with Few Automorphism Classes of Subgroups of Order $p$ [pp. 437-444]
	Decompositions of Finitely Generated Modules [pp. 445-450]
	A Covering Condition for Prime Ideals [pp. 451-452]
	Embedding Free Algebras in Skew Fields [pp. 453-458]
	Commutative Rings in Which Every Prime Ideal is Contained in a Unique Maximal Ideal [pp. 459-466]
	On the Automorphism Group of a Finite $p$-Group with the Central Quotient Metacyclic [pp. 467-472]
	The Graphs of Semirings. II [pp. 473-478]
	Theorems of Accola Type for Higher Dimensional Manifolds [pp. 479-483]
	On the Stability of the Functional Equation $\phi \lbrack f(x) \rbrack = g(x)\phi(x) + F(x)$ [pp. 484-486]
	Remark on Siegel Domains of Type III [pp. 487-491]
	佮⁴桥⁃潥晦楣楥湴猠潦⁂慺楬敶椁ഠ䙵湣瑩潮猠孰瀮‴㤲ⴴ㤶�
	A Characterization of $SH$-Sets [pp. 497-503]
	The Gronwall Inequality for Weighted Integrals [pp. 504-510]
	Titus' Homotopies of Normal Curves [pp. 511-518]
	Quickly Oscillating Solutions of Autonomous Ordinary Differential Equations [pp. 519-526]
	Continuous Lattice Ordering by Schauder Basis Cones [pp. 527-532]
	An Integral Representation for Generalized Temperatures in Two Space Variables [pp. 533-538]
	On Univalent Functions with Two Preassigned Values [pp. 539-544]
	An Exceptional Set for Inner Functions [pp. 545-546]
	A Cantor-Lebesgue Theorem in Two Dimensions [pp. 547-550]
	Geodesics in Metrical Connections [pp. 551-555]
	An Extremal Property of Simplices [pp. 556-560]
	Effectively Minimizing Effective Fixed-Points [pp. 561-562]
	On the Absolute Continuity of the Limit Random Variable in the Supercritical Galton-Watson Branching Process [pp. 563-565]
	Compact Group Topologies for $R$ [pp. 566-572]
	卵扰慲慣潭灡捴湥獳⁡湤․䝟層敬瑡␭䑩慧潮慬猠楮⁁牨慮来氧獫椁ⴧ猠䍬慳猠䵯扩⁛灰⸠㔷㌭㔷㝝
	An Extension of Morita's Metrization Theorem [pp. 578-582]
	The Strict Topology and Spaces with Mixed Topologies [pp. 583-592]
	Proper Mappings and the Minimum Dimension of a Compactification of a Space [pp. 593-598]
	Extending Uniformly Continuous Pseudo-Ultrametrics and Uniform Retracts [pp. 599-602]
	Back Matter



