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ON KÄHLER DIFFERENTIALS OF DIVIDED POWERS

ALGEBRAS

IOANNIS DOKAS

Abstract. The Quillen-Barr-Beck cohomology of augmented algebras with
divided powers is defined as the derived functor of Beck derivations. The main
theorem of this paper states that the Kähler differentials of an augmented al-
gebra with divided powers in prime characteristic represents Beck derivations.
We give a geometrical interpretation of this statement for the sheaf of relative
differentials. As an application in modular Lie theory we prove that any spe-
cial derivation of a divided powers algebra is a Beck derivation and we apply
the theorem to Witt algebras.

Introduction

The André-Quillen cohomology of a commutative algebra R with values in a R-
module M is the Barr-Beck’s cotriple cohomology [2] of R with coefficients in the
derivation functorDer(−,M). Specifically, in the category of commutative algebras
the group of Beck derivations coincides with the usual group of derivations and
Beck R-modules coincides with R-modules. It follows that the R-module of Kähler
differentials represents Beck derivations in the category of commutative algebras.

A question which arises is what happens in prime characteristic if the commu-
tative algebra is equipped with divided powers. Our motivation comes from the
theory of modular Lie algebras. To be more precise, homomorphisms from mod-
ular Lie algebras to the module of special derivations of divided powers algebras,
are constructed in order to classify simple modular Lie algebras. An essential role
for these constructions is played by the divided powers algebra O(n) and the Witt
algebra Wn of special derivations of O(n).

To summarize the content of the paper, in Section 1 we recall some preliminaries
from the theory of divided powers algebras. In particular, let k be a field of prime
characteristic and let A = A0 ⊕ A+ be pregraded k-algebra (see [8]) with divided
powers on the augmentation ideal A+. Then we point out the fact that by theorems
of H. Cartan [4] and J.P. Soublin [13] the system divided powers operations on A+

are determined by the p-th power.
In Section 2, we recall from [5], how is defined Quillen-Barr-Beck cohomology

[11, 2, 1] for the category pdComk of augmented algebras A = k ⊕ A+ with di-
vided powers on the augmentation ideal A+. Precisely, for any B ∈ pdComk

divided powers algebra over A ∈ pdComk and M a Beck A-module is determined
in [5] the group of Beck derivations Derp(B,M) and is proved that the category
of Beck A-modules is equivalent to the category of modules over a ring V (A).
Then the Quillen-Barr-Beck’s cohomology H∗(A,M) of a divided powers algebra
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A ∈ pdComk with values in a Beck A-module M is the cotriple cohomology of A
with coefficients in Derp(−,M).

Next we prove the principal result of the paper. Let A ∈ pdComk be a divided
powers algebra and let µ : A⊗k A→ A be the multiplication map with I = ker µ.
We prove that the Kähler differentials I/I2 has a richer structure than just an A-
module. Indeed, the Kähler differentials I/I2 is a Beck A-module or equivalently
a V (A)-module. By Theorem 2.9 we prove that

(0.1) HomV (A)(I/I
2,M) ≃ Derp(A,M).

Hence the Kähler differentials of an augmented algebra A with divided powers
on the augmentation ideal in prime characteristic represents Beck derivations. By
Proposition 2.3 we prove that a special derivation of a divided powers algebra in
prime characteristic is a Beck derivation. It follows that the Witt algebra Wn is
the group of Beck derivations of O(n). By Corollary 2.10 we obtain the bijection

H0(O(n), O(n)) ≃Wn.

By Proposition 2.11 we prove that if A = k ⊕ A+ is a divided powers algebra and
J a is p-ideal of A with J ⊂ A+ then the second fundamental exact sequence is an
exact sequence of A/J-Beck modules.

In the last Section 3 we give a geometrical interpretation of the isomorphism
(0.1) for the sheaf of relative differentials. Let A = k ⊕ A+ be a divided powers
algebra and let X = SpecA be the spectrum of A. We prove that the sheaf of

differentials ∆∗
(
Ĩ/I2

)
has a richer structure than a OX -module. We call this richer

structure p-OX-module and we prove by Theorem 3.13 that

Homp−OX (Ĩ/I
2,M) ≃ Derp(OX ,M),

where Derp(OX ,M) denotes the set of morphisms of sheaves of k-vector spaces
D : OX → M such that DU is a Beck derivation, for all U ∈ Open(X).

1. Preliminaries

H. Cartan in [4] proved that the homotopy of a simplicial commutative algebra is
a divided powers algebra. The theory of divided powers algebras is developed by N.
Roby in [7, 8, 9]. In the context of crystalline cohomology [3], P. Berthelot defines
the more general notion of ring with divided powers. Let us recall the definition.

Definition 1.1. Let (A, I) be a commutative ring together with an ideal I ⊂ A.
A system of divided powers on I, is a collection of maps γi : I → A, for i ≥ 0, such
that the following relations hold

(1.1) γ0(x) = 1, γ1(x) = x, γi(x) ∈ I, i ≥ 1,
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γi(x+ y) =

k=i∑

k=0

γk(x)γi−k(y), x, y ∈ I, i ≥ 0,(1.2)

γi(ax) = aiγi(x), a ∈ A, i ≥ 0,(1.3)

γi(x)γj(x) =
(i+ j)!

i!j!
γi+j(x), x ∈ I, i, j ≥ 0,(1.4)

γi(γj(x)) =
(ij)!

i!(j!)i
γij(x), x ∈ I, i ≥ 0, j ≥ 1.(1.5)

The maps γi are called the operations of divided powers. We denote a ring with
divided powers by (A, I, γ). A homomorphism of rings with divided powers

f : (A, I, γ) → (A′, J, δ)

is a ring homorphism f : A → B such that f(I) ⊂ J and such that f(γi(x)) =
δi(f(x)), for all i ≥ 0 and x ∈ I. A commutative algebra equipped with such a
structure is called a divided powers algebra.

We remark that by relations (1.1) and (1.4) we have xn = n!γn(x), where n ∈ N

and x ∈ I. It follows, in prime characteristic that xp = 0, for all x ∈ I.
Free divided powers algebras. Let M be a module over R, then N.Roby

constructs by Theorem 2 in [8] the free divided powers algebra Γ(M).

Example 1.2. If k is a field of characteristic 0, then any augmented commutative
algebra A over k is an algebra with divided powers with operations

γi(x) :=
xi

i!
,

for all x ∈ A+ and i ≥ 0.

Example 1.3. Let A be an augmented algebra over k with augmentation ideal
I. We suppose that there is an integer m such that (m − 1)! is invertible and
Im = 0. Then A can be endowed with the structure of a divided powers algebra.

We can define divided powers operations as follows γn(x) =
xn

n!
, for n ≤ m− 1 and

γn(x) = 0, for all n ≥ m, x ∈ I. In particular, if k is a field with char k = p and
Ip = 0, then A becomes a divided powers algebra.

Example 1.4. Let S be an algebra. Then S is equipped with a system of divided
powers γi on the ideal {0}, where γ0(0) = 1 and γn(0) = 0, for all n ≥ 1. The
algebra S with this structure is called a trivial divided powers algebra.

Special derivations. Let A be a divided powers algebra with operations γi on
an ideal I. A derivation D of A is called special if D(γi(x)) = γi−1(x)D(x), for all
x ∈ I and i ≥ 0.

1.1. Divided powers in prime characteristic. Let k be a field of prime char-
acteristic and let A be a k-algebra. Following Robby in [8], we call A a pregraded
algebra if A as a k-module is decomposed A = A0 ⊕A+, where A0 is a subalgebra
of A containing 1 and A+ is an ideal of A. If A is equipped with a system of
divided powers operations γn : A+ → A+, then by a theorem of H. Cartan [4] it
follows that the operations γn are induced by the p-th operation γp. Moreover, let
A = A0⊕A+ be a pregraded algebra such that xp = 0 for all x ∈ A+ together with
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a map π : A+ → A+ such that π verifies the relations of the operation γp. Then it
is proved by J.P. Soublin in [13] that A is equipped with a unique system of divided
operators such that γp = π.

It follows that the category of pregraded k-algebras with divided powers on the
ideal A+ is equivalent to the category whose objects are pairs (A, π), where A is
a pregraded algebra over k and π : A+ → A+ is a map which we call p-map such
that

xp = 0, x ∈ A+,(1.6)

π(x+ y) = π(x) + π(y) +

k=p−1∑

k=1

(−1)k

k
xkyp−k, x, y ∈ A+,(1.7)

π(xy) = 0, x, y ∈ A+,(1.8)

π(a0x) = ap0π(x), x ∈ A+, a0 ∈ A0.(1.9)

A homomorphism f : (A, π) → (A′, π′) is a ring homomorphism f : A → A′ such
that f(A+) ⊂ A′

+ and such that fπ = π′f . We denote by pdCom this category
and by pdComk its subcategory of augmented algebras A = k ⊕ A+ with divided
powers on the augmentation ideal A+.

Let A ∈ pdComk, then an ideal I ⊂ A+ is called p-ideal if π(I) ⊂ I. The kernel
I of a homomorphism f : A → A′ in pdComk is a p-ideal of A. If I is a p-ideal of
A, then A/I is a divided powers algebra in pdComk.

Remark 1.5. Let A ∈ pdCom be a divided powers algebra and π, π′ two p-maps.
The map φ : A+ → A+ defined by φ(x) = π − π′ verifies φ(A2

+) = 0,

(1.10) φ(x + y) = φ(x) + φ(y),

and

(1.11) φ(a0x) = ap0φ(x),

for all x, y ∈ A+ and a0 ∈ A0. Conversely, suppose that (A, π)is an object in
pdCom and φ : A+ → A+ is a map which verifies (1.10) and (1.11) and such that
φ(A2

+) = 0, then (A, π′) is a object in pdCom, where π′ = π + φ.

For the classification of simple modular Lie algebras are proved theorems de-
scribing embeddings of Lie algebras into special derivations algebras. Following S.
M. Skryabin and H. Strade we recall how the structure of divided powers algebra
appears in Lie theory in prime characteristic. For details we refer to [12, 14, 10, 6].

1.2. Dual of enveloping algebra. Let O(n) be the commutative algebra defined

by generators x
(r)
i , i = 1, ..., n, r ≥ 0 and relations

(1.12) x
(0)
i = 1, x1i = xi, x

(s)
i x

(t)
i =

(t+ s)!

t!s!
x
(s+t)
i .

We identify x
(1)
i = xi. Let a = (a1, ..., an) be a sequence, where ai are non negative

integers. We denote

x(a) := x
(a1)
1 x

(a2)
2 · · ·x(an)n .

Then the elements x(a) with a = (a1, ...an) form a basis for O(n). For j ≥ 1 we
denote bymj the linear span of x(a) for all a = (a1, ..., an) such that a1+...+an ≥ j.
There is a decreasing chain of ideals mj such that mimj ⊆ mi+j . The algebra O(n)

is augmented O(n) = k ⊕ m1 and the ideal m1 is maximal. Let Ô(n) be the
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completion of O(n) for the corresponding topology. We denote by di the derivation
of O(n) defined by

di(x
(r)
j ) = δijx

(r−1)
i ,

for all i, j = 1, ..., n. We extent di by continuity to a derivation of Ô(n). S. M.

Skryabin proves by Proposition 1.6 in [12] that O(n) (resp. Ôn) is a divided powers

algebra with operations on m1 (resp. m̂1) given by γr(xi) = x
(r)
i for all i = 1, .., n

and n ≥ 0. The Lie algebra Wn of all special derivations of O(n) is called Witt
algebra. It is proved by Proposition 1.6 in [12] that the Witt algebra Wn (resp.

Ŵn) of all (continuous) special derivations of On (resp. Ôn) is free O(n)-module

(resp. Ô(n)-module) with basis d1, ..., dn.

Let L be a Lie algebra over k. We denote by L̂ the p-envelop of L and we identify
U(L) with u(L̂) (for details see [14]). We recall that the restricted enveloping

u(L̂) of L̂ is a bialgebra with comultiplication ∆ : u(L̂) → u(L̂) ⊗ u(L̂) given by

∆(x) = 1⊗x+x⊗ 1 for all x ∈ L̂ and counit ǫ : u(L̂) → k with ǫ(x) = 0, for x ∈ L̂.

If h is a restricted sub-algebra of L̂, then the set

F (L, h) := Homu(h)(u(L̂), k) = Homu(h)(U(L), k)

is a commutative algebra. Indeed, using Sweedler’s notation ∆(u) =
∑

(u) u1 ⊗ u2

the multiplication is given by fg(u) =
∑

(u) f(u1)g(u2), where f, g ∈ Homu(h)(u(L̂), k).

If h = 0, we deduce a commutative algebra structure on the dual space

F (L, 0) = U∗(L).

Let L0 be a Lie subalgebra of L of codimension n. By Theorem 3.5 S. M. Skryabin
proves in [12] that F (L, L̂0) is a topological divided powers algebra isomorphic to

Ô(n).

2. Kähler differentials and Quillen-Barr-Beck cohomology of

divided powers algebras

In the next subsection we recall how Quillen-Barr-Beck cohomology is defined
for the category pdComk. For details we refer to [5]. Moreover we prove that any
special derivation is a Beck derivation.

2.1. Quillen-Barr-Beck cohomology. Let A ∈ pdComk be a divided powers
algebra, we denote by (pdComk/A)ab the category of abelian group objects of the
slice category pdComk/A. The category (pdComk/A)ab is called the category of
Beck A-modules. The forgetful functor

IA : (pdComk/A)ab → pdComk/A

admits a left adjoint functor

AbA : pdComk/A→ (pdComk/A)ab

called the abelianization functor. For B ∈ pdComk/A and M a Beck A-module,
Quillen’s cohomology groups are defined as follows

Hn(B,M) = Hn(Hom(pdComk/A)ab
(LAbA(B),M),

the right hand side of the formula denotes cohomology of a cosimplicial abelian
group.
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Next, we describe Beck-derivations, Beck-modules and we determine the abelian-
ization functor AbA. Let A ∈ pdComk be a divided powers algebra and let M be
an A-module. Let π :M →M be a map such that

π(m+m′) = π(m) + π(m′), m,m′ ∈M,(2.1)

π(λm) = λpπ(m), m ∈M, λ ∈ k,(2.2)

π(am) = 0, a ∈ A+, m ∈M.(2.3)

In other words, π is a F -semilinear, where F : k → k is the Frobenius endomorphism
and such that π(am) = 0, for all a ∈ A+ and m ∈M .

2.2. Beck derivations. Let A ∈ pdComk be a divided powers algebra and let
(M,π) be a pair whereM is a left A-module, and π :M →M is a map which verifies
(2.1), (2.2), (2.3). The direct sum of A-modules A ⊕M is ring with multiplication
given by

(a,m)(a′,m′) := (aa′, am′ + a′m).

Then A⊕M is an augmented algebra over k with augmentation ideal

(A⊕M)+ = {(a,m), | a ∈ A+, m ∈M}.

The p-map

π(a,m) = (π(a), π(m) − ap−1m),

where a ∈ A+ and m ∈ M endows A ⊕M with the structure of divided powers
algebra on (A ⊕M)+. Indeed, in Lemma 3.1 in [5] is proved that the relations
(1.6), (1.7), (1.8), (1.9) hold. We denote by A⊕pM this divided powers algebra and
we obtain an object

A⊕pM
prA
−−→ A,

in the comma category pdComk/A. For any A ∈ pdComk we denote by

Derp(A, (M,π)) = {D ∈ Der(A,M)| D(π(a)) = π(D(a))− ap−1D(a), a ∈ A+}

This set is a group called the group of Beck derivations of A by (M,π).

2.3. Abelian group objects. There is an isomorphism

HompdComk/A(B,A⊕pM) ≃ Derp(B, (M,π))

given by

φ 7→ prM .

ThereforeA⊗pM
prA
−−→ A is an abelian group object in the slice category pdComk/A.

Theorem 2.1. Let A ∈ pdComk be a divided powers algebra and let B ∈ (pdComk/A)ab
be an abelian group object. Then there exists an isomorphism of divided powers al-

gebras

B ≃ A⊕pM,

for a specific pair (M,π), where M is an A-module and π : M → M a map which

verifies the relations (2.1), (2.2), (2.3).

Proof. Let f : B → A be an abelian group object in pdCom/A and M := ker f .
From the group structure there is a zero morphism z : A→ B which splits f . Then
one proves that ω : A ⊕pM → B given by (a,m) 7→ z(a) +m is a divided powers
algebra isomorphism, (for details see Theorem 3.2 in [5]). �
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It follows that an abelian group object in pdComk/A is a pair (M,π), whereM is
an A-module, and π :M →M is a map which verifies the relations (2.1), (2.2), (2.3).
Let k[P ] be the polynomial ring

k[P ] = {
i=n∑

i=0

λiP, |Pλi = λpiP }.

Let A = A0 ⊕ A+ be a pregraded algebra with divided powers on A+. We
define the ring V (A) as the ring whose underlying k-module is the tensor product
V (A) := A⊗ k[P ] and the multiplication is given by:

(a⊗ 1)(a′ ⊗ 1) = (aa′ ⊗ 1), a, a′ ∈ A,

(1⊗ q)(1 ⊗ q′) = (1⊗ qq′), q, q′ ∈ k[P ],

(a⊗ 1)(1⊗ P ) = (a⊗ P ), a ∈ A,

(1⊗ P )(a⊗ 1) = 0, a ∈ A+,

(1 ⊗ P )(a0 ⊗ 1) = (ap0 ⊗ P ), λ ∈ A0.

Remark 2.2. Let A,B ∈ pdCom divided powers algebras. There are embeddings
of rings i1 : A → V (A) and i2 : k[P ] → V (A). If A → B is a homomorphism of
divided powers algebras, then a ring homomorphism V (A) → V (B) is induced.

Let A ∈ pdComk and let (M,π) be a Beck A-module. We endow M with the
structure of V (A)-module via the actions (1⊗ P )m := π(m), and (a⊗ 1)m := am,
for all a ∈ A and m ∈ M . Conversely, any V (A)-module M is associated to a
Beck A-module (M̄, π), where M̄ is M viewed as A-module via A → V (A) and
π : M̄ → M̄ is the map given by

π(m) := (1⊗ P )m

for all m ∈ M̄ . We easily see that the category of Beck A-modules is equivalent
to the category V (A)-modules. Hereafter, we identify a V (A)-module with a Beck
A-module. Under this identification, if A ∈ pdCom is a divided powers algebra and
M a V (A)-module, we denote Derp(A,M) := Derp(A, (M̄ , π)).

Proposition 2.3. Let A ∈ pdComk be a divided powers algebra. Then any special

derivation is a Beck-derivation.

Proof. We see A as an A-module via the multiplication. The A-module A together
with the zero map consist a Beck A-module. Let D be a special derivation. Then
Skryabin proved by Proposition 1.5 (see [12]) that D ∈ Derk(A) is special if and
only if

D(γp(x)) = γp−1(x)D(x).

Since char k = p we have (p− 1)! = (−1)mod(p). Hence,

γp−1(x) =
xp−1

(p− 1)!
= −xp−1.

It follows that D ∈ Derp(A,A). �

Example 2.4. We consider the augmented over k algebra A = k[X ]/ < Xp > with
augmentation ideal A+ = xA, where x is the equivalence class of X in A. We have
Ap+ = 0. Let π : A+ → A+ be a F -semilinear and such that π(A2

+) = 0. Then (A, π)
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is a divided powers algebra, (A+, π) is a Beck A-module, and d ∈ Derp(A,A+) if
and only if d(π(a)) = π(d(a)), for all a ∈ A+. For example, let k be a field of
characteristic 3 and let A = k[X ]/ < X3 >. If π : A+ → A+ is the F -semilinear
map given by π(x) = x2, π(x2) = 0, then d(x) = 2x ∂

∂x ∈ Derp(A,A+).

Let A ∈ pdComk. Let M be a V (A)-module, we set Pm := (1 ⊗ P )m and
am := (a⊗m) for all m ∈M and a ∈ A.

2.4. The module Ωp(A). Let A ∈ pdComk. We define Ωp(A) the V (A)-module
with the following presentation: the generators are de symbols da for a ∈ A and
the relations are

d(λ) =0,

d(λa + µb) = λda+ µdb,

d(ab) = adb+ bda,

d(π(c)) = Pd(c)− cp−1dc,

where a, b ∈ A, c ∈ A+ and λ, µ ∈ k.

Theorem 2.5. Let A ∈ pdComk be a divided powers algebra and let M be a V (A)-
module. Then we have the following bijection

HomV (A)(Ωp(A),M) ≃ Derp(A,M).

Proof. Let f : Ωp(A) →M be a V (A)-homomorphism. We denote by Df : A→ M̄
the Beck derivation given by Df(a) := f(da), for all a ∈ A. Then the map f 7→ Df

is a bijection. �

Let A ∈ pdComk a divided powers algebra. The abelianization functor AbA :
pdComk/A→ (pdComk/A)ab is given by

B 7→ V (A)⊗V (B) Ωp(A).

Remark 2.6. Let Fp : Sets→ pdComk be the free functor left adjoint to the forget-
ful functor U : pdComk → Sets. The adjuction (Fp, U) gives rise to a cotriple G.
The cotriple resolution associated toG provides a cofibrant resolutionG∗(A) → A of
A. Therefore the cohomology groups Hn(A,M) are the cotriple cohomology groups
Hn

G
(A,Derp(−,M)) ofA with coefficients the Beck derivations functorDerp(−,M).

2.5. Kähler differentials. In this subsection we prove that if A is a divided powers
algebra in pdComk, then the module of Kähler differentials of A represents Beck
derivations. First we prove the following Lemma.

Lemma 2.7. Let A ∈ pdComk and let µ : A ⊗ A → A be the multiplication map

with I = ker µ. Then we have

xp−n ⊗ xn ≡ (nxp−1 ⊗ x) mod I2, ∀x ∈ I, 1 ≤ n ≤ p.

Proof. For n = 1 and n = p is obvious. Let 0 < n < p, we will proceed by
induction on n. We prove the claim for n = 2. Since (1⊗ x− x⊗ 1)2 ∈ I2 we have
xp−2(1 ⊗ x− x⊗ 1)2 ≡ 0 mod I2. Besides,

xp−2(1⊗ x− x⊗ 1)2 = xp−2 ⊗ x2 + xp ⊗ 1− 2xp−1 ⊗ x

= xp−2 ⊗ x2 − 2xp−1 ⊗ x.
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Therefore xp−2 ⊗ x2 ≡ 2xp−1 ⊗ x mod I2. Suppose that the claim is true for all
k ≤ n. We have

k=n+1∑

k=0

(
n+ 1

k

)
(−1)(n+1)−k x(n+1)−k ⊗ xk ∈ In+1.

Therefore

0 ≡ xp−(n+1)
( k=n+1∑

k=0

(
n+ 1

k

)
(−1)(n+1)−kx(n+1)−k ⊗ xk

)
mod I2

≡
k=n+1∑

k=0

(
n+ 1

k

)
(−1)(n+1)−k x(p−k) ⊗ xk mod I2

≡

(
n+ 1

0

)
(−1)n+1 xp ⊗ 1 +

k=n∑

k=1

(
n+ 1

k

)
(−1)(n+1)−k xp−k ⊗ xk + (−1)0xp−(n+1) ⊗ xn+1 mod I2.

Using the induction hypothesis we have

xp−(n+1) ⊗ xn+1 ≡ −
k=n∑

k=1

(
n+ 1

k

)
(−1)(n+1)−k xp−k ⊗ xk mod I2

≡ −
k=n∑

k=1

(
n+ 1

k

)
(−1)(n+1)−k(k xp−1 ⊗ x) mod I2.

Besides,
k=n∑

k=1

(
n+ 1

k

)
(−1)(n+1)−kk = −(n+ 1),

and it follows that

xp−(n+1) ⊗ xn+1 = (n+ 1)xp−1 ⊗ x.

�

Let A ∈ pdComk be a divided powers algebra. Then the tensor algebra T = A⊗A
is an augmented algebra T = k ⊕ T+ with augmentation ideal

T+ = (k ⊗A+)⊕ (A+ ⊗ k)⊕ (A+ ⊗A+).

It follows from Section 8 in [8] that A⊗ A is a divided powers algebra in pdComk

with p-map such that π(a⊗ 1) = π(a)⊗ 1 and π(1⊗ a) = 1⊗ π(a), for all a ∈ A+.
The ideal T+ is generated by elements of the form a⊗1 and 1⊗a′ where a, a′ ∈ A+.
The multiplication map µ : A⊗A→ A is a homomorphism of augmented algebras
and we have

µ(π(a⊗ 1)) = π(µ(a⊗ 1)),

µ(π(1 ⊗ a′)) = π(µ(1 ⊗ a′)),

for all a, a′ ∈ A+. It follows from Proposition 3 in [8] that the multiplication map
µ : A ⊗ A → A is a homomorphism in pdComk. The kernel I of µ is a p-ideal of
A⊗ A. The module of Kähler differentials of A over k is defined as the A-module
I/I2. By relation (1.7) the p-map on (A⊗A)+ induce a map π : I/I2 → I/I2 such
that (I/I2, π) is a Beck A-module. Moreover, we have the following proposition.
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Proposition 2.8. If A ∈ pdComk is a divided powers algebra, then the k-linear
map d : A→ I/I2 given by

d(x) = (1⊗ x− x⊗ 1) + I2

is a Beck derivation.

Proof. It is known that d is a derivation. We prove that d is a Beck-derivation. For
x ∈ A+ we have

π(d(x)) − (x . . . (x︸ ︷︷ ︸
p−1

d(x) · · · ) =

= 1⊗ π(x) − π(x)⊗ 1−

p−1∑

k=1

1

k
(xp−k ⊗ xk)− xp−1 ⊗ x+ xp ⊗ 1.

By Lemma 2.7 we obtain that

p−1∑

k=1

1

k
(xp−k ⊗ xk) + xp−1 ⊗ x =

p−1∑

k=1

1

k
(kxp−1 ⊗ x) + xp−1 ⊗ x

= (p− 1)xp−1 ⊗ x+ xp−1 ⊗ x

= p(xp−1 ⊗ x)

= 0.

Hence, we obtain that

d(π(x)) = π(d(x)) − (x · · · (x︸ ︷︷ ︸
p−1

d(x) · · · ),

and d is a Beck derivation. �

Theorem 2.9. If A ∈ pdComk and M is a V (A)-module, then

HomV (A)(I/I
2,M) ≃ Derp(A,M),

and there is an isomorphism

I/I2 ≃ Ωp(A)

of V (A)-modules.

Proof. If f : I/I2 → M is a V (A)-homomorphism, then f ◦ d is a Beck derivation
in Derp(A,M). Indeed, by Proposition (2.8) we have that d ∈ Derp(A, I/I

2) and

(f ◦ d)(π(x)) = f(d(π(x)))

= f(π(d(x))) − (x · · · (x︸ ︷︷ ︸
p−1

d(x) · · · )

= π(f(d(x))) − (x · · · (x︸ ︷︷ ︸
p−1

(f(d(x)) · · · ).

Thus we associate to each V (A)-homomorphism f : I/I2 → M , a Beck derivation
in Derp(A,M). Conversely, let D ∈ Derp(A,M) be a Beck derivation. We will
prove that there exists a unique V (A)-homomorphism f : I/I2 → M such that
f ◦ d = D. We note that I/I2 is generated by {d(x)|x ∈ A} as a V (A)-module. If
there exists such homomorphism it will be unique. Let φ : A⊗A→ A⊕pM be the
map given by

φ(a⊗ a′) = (aa′, aD(a′)),
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where a, a′ ∈ A. We prove that φ is divided powers homomorphism.

φ((a ⊗ a′)(b⊗ b′)) = φ(ab⊗ a′b′)

= (aba′b′, abD(a′b′))

= (aba′b′, aba′D(b′) + abb′D(a′))

= (aa′, aD(a′)(bb′, bD(b′))

= φ(a⊗ a′)φ(a⊗ b′).

If a, a′ ∈ A+, then

π(a⊗ a′) = π((a⊗ 1)(1⊗ a′))

= 0.

Therefore

π(φ(a ⊗ a′)) = π(aa′, aD(a′))

= (π(aa′), π(aD(a′))− (aa′)p−1aD(a′))

= (0, 0)

= φ(π(a ⊗ a′)).

Besides,

φ(π(a⊗ 1)) = φ(π(a) ⊗ 1)

= (π(a), π(a)D(1))

= (π(a), 0),

and

π(φ(a ⊗ 1)) = π(a, aD(1))

= π(a, 0)

= (π(a), 0).

Also,

φ(π(1 ⊗ a)) = (π(a), D(π(a)))

= (π(a), PD(a) − (a · · · (a︸ ︷︷ ︸
p−1

D(a) · · · )

= π(a,D(a))

= π(φ(1 ⊗ a)).

It follows that φ is a homomorphism of divided powers algebras. Moreover, I2 is a
p-ideal of A⊗A and

φ(I2) = φ(I)φ(I) ⊂M2 = 0

Hence, a divided powers homomorphism is induced

Φ : (A⊗A)/I2 → A⊕pM.
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We note that Φ(d(a)) = (0, D(a)). We will prove that the restriction f = Φ|I/I2
is

a V (A)-module homomorphism f : I/I2 →M . We have

f(π(d(a)) = f
(
π(1 ⊗ a− a⊗ 1) + I2

)

= f
(
(1 ⊗ π(a)− π(a)⊗ 1−

k=p−1∑

k=1

1

k
ap−k ⊗ ak) + I2

)

= f
(
(1 ⊗ π(a)− π(a)⊗ 1) + I2

)
− f

( k=p−1∑

k=1

1

k
ap−k ⊗ ak) + I2

)

= (0, D(π(a))) −

k=p−1∑

k=1

(ap,
1

k
ap−kD(ak))

= (0, D(π(a))) − (0,

k=p−1∑

k=1

(
1

k
ap−kkak−1D(a))

= (0, D(π(a))) − (0,

k=p−1∑

k=1

ap−1D(a))

= (0, D(π(a))) − (0, (p− 1)ap−1D(a))

= (0, (a · · · (a︸ ︷︷ ︸
p−1

(D(a) · · · ) +D(π(a)))

= (0, (a · · · (a︸ ︷︷ ︸
p−1

(D(a) · · · ) + P D(a)− (a · · · (a︸ ︷︷ ︸
p−1

D(a) · · · )

= (0, P D(a))

= π(0, D(a))

= π(f(d(a)).

It follows that f is a V (A)-homomorphism such that f ◦d = D. Finally, by Theorem
2.5 there is an isomorphism of V (A)-modules Ωp(A) ≃ I/I2. Therefore the module
of Kähler differentials of A represents Beck derivations. �

2.6. Witt algebras. As an application of the previous section in the modular Lie
theory we obtain the following corollary.

Corollary 2.10. There are isomorphisms of sets

H0(O(n), O(n)) ≃ HomV (O(n))(Ωp(O(n)), O(n)) ≃W (n).

Proof. By Proposition 2.3 the Witt algebra Wn is the group of Beck derivations
Derp(O(n), O(n)). The result follows from Theorem 2.9. �

2.7. Second fundamental exact sequence.

Proposition 2.11. Let A ∈ pdComk be a divided powers algebra and let J be a

p-ideal of A. There is an exact sequence of V (A/J)-modules

(2.4) J/J2 φ
−→ Ωp(A) ⊗A A/J

ψ
−→ Ωp(A/J) → 0
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Proof. We know that there exist a short exact sequence of A/J-modules

(2.5) J/J2 φ
−→ Ωp(A)⊗A A/J

ψ
−→ Ωp(A/J) → 0,

where φ and ψ are A/J-module homomorphisms given by

φ(x + J2) = d(x)⊗ (1 + J),

and

ψ
(
d(t) ⊗ (a+ J)

)
= (a+ J)d(t+ J),

for all x ∈ J and t, a ∈ A. Since J ⊂ A+ by relation (1.7), we obtain that the p-map
of A induce a V (A/J)-module structure on J/J2. The A/J-module Ωp(A)⊗AA/J
is a k[P ]-module via the action

P (w ⊗ (a+ J)) = apPw ⊗ (1 + J),

where ω ∈ Ωp(A), and a ∈ A. Hence Ωp(A) ⊗A A/J becomes an V (A/J)-module.
The map φ is a homomorphism of k[P ]-modules. Indeed, we see that

φ
(
P (x+ J2)

)
= φ(π(x) + J2)

= d(π(x)) ⊗ (1 + J)

= Pd(x) ⊗ (1 + J)− x · · ·x︸ ︷︷ ︸
p−1

dx⊗ (1 + J)

= Pd(x) ⊗ (1 + J) + 0

= Pφ(x + J2),

for all x ∈ J . Also, the map ψ is a a homomorphism of k[P ]-modules. In fact, we
have

ψ
(
P (dt⊗ (a+ J))

)
= ψ

(
apPdt⊗ (1 + J)

)

= (ap + J)ψ
(
(d(π(t)) + t · · · t︸ ︷︷ ︸

p−1

dt)⊗ (1 + J)
)

= (ap + J)[ψ
(
d(π(t)) ⊗ (1 + J)

)
+ ψ

(
t · · · t︸ ︷︷ ︸
p−1

dt⊗ (1 + J)
)
]

= (ap + J)[d(π(t) + J) + (t+ J) · · · (t+ J)︸ ︷︷ ︸
p−1

d(t+ J)]

= (ap + J)Pd(t+ J)

= P (a+ J)d(t+ J)

= Pψ
(
dt⊗ (a+ J)

)
,

for all a ∈ A and t. It follows that the sequence (2.5) is an exact sequence of
V (A/J)-modules. �

3. Sheaf of relative differentials of divided powers algebras

The theory of ringed spaces with divided powers i.e PD ringed spaces is developed
in [3] by P. Berthelot. In Section 3.29 in [3] is indicated that the localization of any
commutative algebra with divided powers has a structure of an algebra with divided
powers. In particular, for A ∈ pdComk a divided powers algebra and f ∈ A, one
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can see that Af is a pregraded algebra equipped with a map π : Af+ → Af+ given

by π(
x

f i
) =

π(x)

f ip
for all x ∈ A+. We consider ringed spaces with divided powers

in pdCom and we give the following definition.

Definition 3.1. We call a ringed space (X,OX) a p-ringed space if the structure
sheaf OX is a sheaf of divided powers algebras in pdCom. A morphism

(f, f#) : (X,OX) → (Y,OY )

of p-ringed spaces is morphism of ringed spaces such that

f# : OY → f∗OX

is a morphism of sheaves of divided powers algebras.

Example 3.2. If A ∈ pdComk is a divided powers algebra, then (SpecA,OSpecA)
is a p-ringed space.

Let A ∈ pdComk be a divided powers algebra and let M be a V (A)-module. If

f ∈ A, then the localization module Mf = {
m

f i
, m ∈M} is a k[P ]-module via the

action

P (
m

f i
) =

Pm

fpi
.

Thus Mf becomes a V (A)-module.

Proposition 3.3. Let A ∈ pdComk be a divided powers algebra and M be a V (A)-
module. For all f ∈ A there is a isomorphism of V (A)-modules

Mf ≃M ⊗A Af .

Proof. One can easily see that M ⊗A Af becomes a k[P ]-module via the action

P (m⊗
a

f i
) = (apPm⊗

1

fpi
),

where a ∈ A. It follows that M ⊗A Af is endowed with the structure of V (A)-

module. The map τ :Mf →M ⊗AAf given by τ(
m

f i
) := m⊗

1

f i
is an isomorphism

V (A)-modules. �

Remark 3.4. The above isomorphism of V (A)-modulesM⊗Af ≃Mf is compatible
with the structure of V (Af )-modules.

Let (X,OX) be a p-ringed space. Next, we define the notion of p-OX-module.

Definition 3.5. Let (X,OX) be a p-ringed space. A p-OX module is a sheaf
of abelian groups M on X such that M(U) is a V

(
OX(U)

)
-module for all U ∈

Open(X) and the restriction maps M(U) → M(V ) are compatible with the maps
V (OX(U)) → V (OX(V )), for all V ⊂ U and U, V ∈ Open(X). Let M and N be
p-OX-modules. A morphism φ : M → N of sheaves of abelian groups is called
a morphism of p-OX -modules if M(U) → N (U) is a morphism of V (OX(U))-
modules. We denote by Homp−OX (M,N ) the set of p-OX -module morphisms.

Let (X,OX) be a p-ringed space and M a p-OX -module. By definition any
M(U) is a V ((OX(U))-module and one can see by Remark 2.2 that M is a OX -
module.
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Example 3.6. Let A ∈ pdComk be a divided powers algebra and let M be a

V (A)-module. Then M̃ is p-OSpecA-module.

Let A,B ∈ pdCom and let σ : B → A be a morphism of divided powers. If G
is a V (B)-module, then the tensor product G⊗B A becomes a V (A)-module with
actions x(g ⊗ y) := g ⊗ xy and P (g ⊗ a) := ap(Pg ⊗ 1), for all x, y ∈ A, a ∈ A, and
g ∈ G.

Lemma 3.7. Let A,B ∈ pdCom and let σ : B → A be a morphism of divided

powers algebras. If G is a V (B)-module and F is a V (A)-module, then we have a

bijection

HomV (B)(G,FV (B)) ≃ HomV (A)(G⊗B A,F ).

Proof. Let φ : G→ FV (B) be a homomorphism of V (B)-modules. We consider the
A-homomorphism fφ : G⊗B A→ F given by fφ(g ⊗ a) = aφ(g), for all a ∈ A and
g ∈ G. For all a ∈ A and g ∈ G

fφ(P (g ⊗ a)) = fφ(a
p(Pg ⊗ 1))

= apφ(Pg)

= P (aφ(g))

= Pfφ(g ⊗ a)

It follows that fφ is a homomorphism of V (A)-modules. The map φ 7→ fφ is a
bijection. �

Remark 3.8. Let A ∈ pdComk be a divided powers algebra and X = SpecA the
spectrum of A. If M is a V (A)-module and F is a p-OX -module, then we recall
that there is a bijection

HomA(M,F(X)) ≃ HomOX (M̃,F).

The restriction of this bijection on HomV (A)(M,F(X)) induces a bijection

HomV (A)(M,F(X)) ≃ Homp−OX (M̃,F).

Let X,Y be p-ringed spaces, f : X → Y be a morphism and let G be a sheaf of
divided powers in pdCom on Y . The inverse sheaf f−1(G) is the sheaf of divided
powers algebras in pdCom on X which is associated to the pre-sheaf of divided
power algebras in pdCom given by

U → lim
−→

G(W )
f(U)⊂W

,

where W ∈ Open(Y ) and U ∈ Open(X).

Proposition 3.9. Let X,Y be p-ring spaces and let

(f, f#) : (X,OX) → (Y,OY )

be a morphism of p-ringed spaces and G a p-OY -module. Then f∗(G) is an p-OX-

module and there is an isomorphism of sets

Homp−OX (f
∗(G),F) ≃ Homp−OY (G, f∗(F)),

where F is a p-OX-module.
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Proof. Since G is p-OY -module we have that G(W ) is a V (OY (W ))-module for all
W ∈ Open(Y ). Therefore f−1(G) is a p-f−1(OY )-module. Besides, F is p-OX -
module and

f# : OY → f∗OX

is a morphism of sheaves of divided powers algebras thus f∗(F) is a p-OY -module.
Furthermore, the morphism f# : OY → f∗OX of sheaves of divided pow-

ers algebras corresponds to a morphism of sheaves of divided powers algebras
f−1(OY ) → OX . It follows that F is endowed with the structure of p-f−1(OY )-
module. Moreover, we have an isomorphism of sets φ

φ : Homf−1(OY )(f
−1(G),F) → HomOY (G, f∗(F)).

The restriction of this isomorphism on Homp−f−1(OY )(f
−1(G),F) induces an iso-

morphism

Homp−f−1(OY )(f
−1(G),F) ≃ Homp−OY (G, f∗(F)).

We have that f∗(G) = f−1(G) ⊗f−1(OY ) OX is a p-OX -module and by Lemma
3.7 we obtain

Homp−f−1(OY )(f
−1(G),F) ≃ Homp−OX (f−1(G)⊗f−1(OY ) OX ,F),

and the result follows.
�

Proposition 3.10. Let A,B ∈ pdCom and let φ : B → A be a homomorphism

of divided powers algebras. We denote by X = SpecA, Y = SpecB and let G be

a B-module. If f : X → Y is the induced p-ringed morphism, then there is an

isomorphism of p-OX-modules

f∗(G̃) ≃ ˜(G⊗B A).

Proof. By Remark 3.8 it follows that

Homp−OX (f∗(G̃),F) ≃ Homp−OY (G̃, f∗(F)) ≃ HomV (B)(G,F(X)V (B)).

By Lemma 3.7

HomV (B)(G,F(X)V (B)) ≃ HomV (A)(G⊗B A,F(X)).

Again by Remark 3.8 it follows

Homp−OX (f
∗(G̃),F) ≃ Homp−OX (G̃⊗B A,F).

By Yonada lemma follows that

f∗(G̃) ≃ ˜(G⊗B A).

�

3.1. Sheaf of relative differentials. Let A ∈ pdComk be a divided powers al-
gebra and X = SpecA be an affine scheme. We consider k as a trivial divided
powers algebra. If Y = Spec k, then there is a scheme morphism f : X → Y which
corresponds to the divided powers algebras homomorphism i : k → A. From the
universal property of the tensor product it follows that the fiber product X ×Y X
is isomorphic to Spec (A⊗k A). The diagonal morphism

∆ : X → X ×Y X



ON KÄHLER DIFFERENTIALS OF DIVIDED POWERS ALGEBRAS 17

is induced by the multiplication map µ : A⊗A→ A which is a morphism of divided
powers algebras. The sheaf of relative differentials is given by

∆∗(Ĩ/I2),

where I = ker µ. Since ∆ is a morphism of p-ringed spaces it follows that ∆∗(Ĩ/I2)
is p-OX -module.

Proposition 3.11. There is an isomorphism of p-OX-modules.

∆∗(Ĩ/I2) ≃ (Ĩ/I2).

Proof. By Proposition 3.10 we have

∆∗
(
Ĩ/I2

)
≃ ˜(I/I2 ⊗A⊗A A) ≃ (Ĩ/I2).

�

Let A ∈ pdCom be a divided powers algebra with A = A0 ⊕ A+. Let M be a
V (A)-module we denote

Derp(A,M) = {D ∈ Der(A,M)| D(π(a)) = π(D(a)) − ap−1D(a), a ∈ A+}

and we call an element of the set Derp(A,M) a Beck derivation of A by M .

Definition 3.12. Let (X,OX) be a p-ringed space and M a p-OX-module. A
morphism of sheaves of k-vector spaces D : OX → M is called a Beck derivation of
OX into M if for all U ∈ Open(X) the family of k-linear maps

DU : OX(U) → M(U),

is a Beck derivation i.e DU ∈ Derp(OX(U),M(U)). We denote by Derp(OX ,M)
the set of Beck derivations of OX into M.

Theorem 3.13. Let A = k⊕A+ be a divided powers algebra and let I be the kernel

of the multiplication map µ : A⊗A→ A. If X = SpecA, Y = Spec k, and and M
is a p-OX-module, then there is a bijection

Homp−OX (Ĩ/I
2,M) ≃ Derp(OX ,M)

given by a 7→ a ◦ dX/Y , where dX/Y : OX → Ĩ/I2 denotes the universal derivation.

Proof. We have seen by Theorem 2.9 that Ωp(A) ≃ I/I2. The derivation

dAf
: Af → Ωp(A)f

given by

dAf
(
a

f i
) =

1

f i
d(a)−

1

f2i
ad(f i)

is a Beck derivation. Indeed, for all a ∈ A+ we have

dAf
(π(

a

f i
)) = dAf

(
π(a)

fpi
)

=
1

fpi
d(π(a))−

1

f2pi
π(a)dfpi

=
1

fpi
(Pd(a)− a · · ·a︸ ︷︷ ︸

p−1

d(a)) + 0.
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Moreover,

P (dAf
(
a

f i
))−

a

f i
· · ·

a

f i︸ ︷︷ ︸
p−1

dAf
(
a

f i
) = P (

1

f i
d(a) −

1

f2i
ad(f i))−

a

f i
· · ·

a

f i︸ ︷︷ ︸
p−1

1

f i
d(a) + 0

=
1

fpi
(Pd(a)− a · · ·a︸ ︷︷ ︸

p−1

d(a)).

Let M = M(X) then there is a bijection

Derp(A,M) ≃ Derp(OX ,M).

Moreover we have a bijection

Homp−OX (Ĩ/I2,M) ≃ HomV (A)(I/I
2,M).

Hence the theorem follows from Theorem 2.9. �
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