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1. Introduction

The notion of a “module” occupies an important place in the study of general algebraic systems. Most of
these diverse notions are united under the theory of “Beck modules.” Given an object A in any category C,
one may consider the “slice category” C/A of objects in C equipped with a map to A. A Beck module for
A is then an abelian group object in C/A. If C is the category of commutative rings, for example, a Beck
module for A is simply an A-module, while if C is the category of associative algebras, a Beck module
for A is an A-bimodule. Many other examples occur in the literature: Leibniz algebras [19], A-rings [15],
divided power rings [9], ....

This definition occurs in the thesis [5] of Jonathan Beck written under the direction of Samuel
Eilenberg. Eilenberg himself had discussed such objects in [11], at least in the linear context, as the
kernel of a “square zero extension.” These kernels were understood to constitute “representations” of the
algebra, and this structure was made explicit in various cases.

We review below the context of a “variety” V of algebras over a commutative ring K. In this case,
for every V-algebra A the category Mod4 of Beck A-modules is an abelian category with a single small
projective generator. As a result, the category Mody is equivalent to the category of right modules over
a canonical unital associative K-algebra Uv (A), the “universal enveloping algebra” for A.

This raises the question of identifying the structure of Uy (A) for various varieties V and V-algebras
A. Left and right multiplication determine a K-module map A & A — Uy(A), and hence a surjection
of associative unital K-algebras Tensg (A @ A) — Uy(A) (cf. [19]). Each defining equation determines
a generator of the kernel of this map, by a process of “noncommutative differentiation” that we describe
in detail.

We review some of the standard examples, and then focus on a somewhat less standard one, the
variety of “alternative algebras” over K. This example has been considered before, but even over a field
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Abstract

We observe that Beck modules for a commutative monoid are exactly modules over
a graded commutative ring associated to the monoid. Under this identification, the
Quillen cohomology of commutative monoids is a special case of the André—Quillen
cohomology for graded commutative rings, generalizing a result of Kurdiani and
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Pirashvili. To verify this we develop the necessary grading formalism. The partial
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appears as the start of a modification of the Harrison cochain complex suggested
by Michael Barr.
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where an ideal I of R is said to be a strongly n-absorbing ideal if whenever
I...I,., CIforideals I,...,,I,., of R, then the product of some n of the
I;’s is contained in I. Obviously, a strongly n- absorbing ideal of R is also
an n-absorbing ideal of R, and by the last fact in the previous paragraph, 2-
absorbing and strongly 2 absorbing are the same. Moreover D.F. Anderson,
A. Badawi were able to prove that n-absorbing and strongly n-absorbing
are equivalent in the class of Prufer domains [1, Corollary 6.9], and they
conjectured that these two concepts are equivalent in any commutative ring
[1, Conjecture 1].

this suggests defining QY = Ab 4(14) in a general variety of algebras V.
This construction has been considered in detail by Ionnnis Dokas [6] 5]
in case one is working with divided power algebras over a field. The goal of
the present paper is to show how this works out over a general ring. Dokas
proves the interesting result that if A is a DP algebra over a field then the
module of divided power Kahler differentials is simply a DP Beck module
structure on the usual commutative algebra module of Kahler differentials.
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In 1975, Jr. P. Quartararo and H.S. Butts defined the u-rings to be those
rings in which if an ideal I is contained in the union of ideals, then it must
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