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HOMOTOPY TWEQRY OF SPHERES SEMINAR
8/20/165 Speaker: J. C. Moore

1)

Let.ﬁlbe a category, A,B objects, The product of
A and B, if it exists, is denoted by AxB with morphisms
AQzAxBEtB and with the mhiversal property that given f:C—A
and g:C—b& there exists fAg:C-—+AxB such th~t the following
diagram commutes,

P 9
A ¥v—AxB—B

NG

c
It is easily seen that the product is unique up to
equivalence,
Similarly, the coproduct, if it exists, is A@B with morphisms
AjhA@BélB and the analagous universal property represented by
the diagram:

A-—;—FABB‘+—~—B
\Q‘?l/

Again, A@B is unique up to equivalence,

A category fis pointed if there exists an object * in F%
such that if A is any object in}q\then there is a unique
morphism *:A—+* and a unique morphism *!:*x—A, * is
therefore unicue up to equivalence,

One savs that a morphism £:A—B is trivial if it factors
803 A ~-"-'--:I-:\—-———-b-B

N

-
-
s

¢

For example, the category of abeliah groups and homomorphisms

is pointed, the point being the zero group.
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On the other hant, the category of topological spaces
and continuous maps is not pointed, for although there is
a natural projection from any space onto a woint, there is
no natural inclusion o? a point in an arbitrary space,

Again, there is a natural inclusion of the empty set in
any topological space, but no projection.

A category has an initial point if therc is an object P
and a unique morphism P-A for any object A, A category has
a terminal point if there is an object Q and a unique morphism
A—»Q for every object A,

Thus the category of topological spaces and continuous

maps has an initial point, the empty set, and a terminal point,

the point,

If a category is pointed, there is a unicue morphism
AgB—-AxB, This is because one has A@BfLA by AnioAOB+é-B
and similarly ren&p A*’*
and so £Ag:AeB—-AxB,

For example, in the category of abelian groups and homomorphisms
this map is an isomorphism.

In the categorv o~ topological spaces with base points
and continuous base point preserving maps (a pointed category)
X equals the cross product and & equals disjoint union with base
points identified and the natural map A®B —+AxB amounts to the
inclusion AxbUaxB -+ AxB where a is the base point of A and b is

the base point of B.

Now we will define an additive category. Letgl,be a category

with product and coproduct (that is, product and coproduct exist
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for any two objects of the category), Let A be pointed,
Let the map A®B-—pAxB be an isomorphism (equivalence).

There is always a natural diagonal map A :A -+AxA
and similarly a map ¢:AOA~+A.

If £,g:A—+B, define the sum of £ and g by
PSP . SHEN G :

It can easily be shown that under this operation
HomyéA,B) is a monoid with identity A—%*—B,

£ is said to be an additive category if this monoid

is a group for all A,B,

2)

Let K be the field R (reals) € (complexes), or H (quaternions).
Let X be a topological space., Consider the category of vector
bundles over X with field K and vector bundle maps.

There is a special vector bundle over X, the one where
the fibre is zero. Denote this by *, Given any bundle E
there are natural maps *—E—+* _ and in this way the category
is pointed.

Tle Whitvey sum of P,Q, bundles over X, is those (p,q)
in PxQ such that‘n%(p) = T,(q) , this set with the subspace
topology, etc, The Whitney sum provides a coproduct for the
Category.

K%X with the obvious projection is the canonical bundle
over X for any integer n=0, where K® = KxKx,..xK n times,
K™X is also called the n-dimensional trivial bundle,

A bundle E over X is said to be invertible if there exists

a bundle F over X such that EeF = KPxX.
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If X is compact, every vector bundle is invertible,
Let QK(X) be the category of invertible vector bundles
with field K over X, aQ.K(x) is pointed, has coproduct as before.
A map £:X—+Y induces a map f*:QK(Y)‘"*RK(X). For any
P in Ry(¥) is contained in a trivial bundle KPxY. Extend
f to £': K™X-+K'xY, £1=1(P) is an invertible bundle over X,
The association X— ,QK(X) is therefore a contravarient functor

from topological spaces and maps into pointed categories,

3)

Let A be any category with coproducts and é a distinguished
collection of objects such that the imomorphism classes of .8.
form a set, and if A,B are objects in ‘3 s A®B is in é- o

let F be the free abelian group generated by the set of
isomorphisms of elements of J- " Let (A be the isomorphism class
of A, Let R be the subgroup of F generated by elements of
the form {A6B) =AY - (B) .

Then the Grothendieck group G: = F/R and [A] represents

the equivalence class ofbdA) in this group. 1f the

a
q-c

equivalence classes of A form a set, G(A) denotes G
For instance, let K be a field and consider the category
of finite dimensional vector spaces over the field. Isomorphism

classes of these are uniquely determined by a single integer n =0,

the dimension, Then G(A) = Z, the integers.

Now we had a functor from topological spaces to pointed
categories given by ®—+Ayx(X). We define the Grothendieck

group of X, for K equal to the reals, complexes, or quaternions,

by GARK(X)) avd dinote them respectively by KO(X), KG(X), KSp(X),



-5-

or just K(X) where the field is understood,

Now we consider just this sort of situation in a slightly
different context. let R be a ring. Let P be the category
consisting of all finitely generated projective left R modules
and R homomorphisms,

This category has a Grothendieck group G(R) and there is
a canonical map Z—+G(R) given by 1—{R]. Note that in the
previous example where K was a field and everything was projective
this map was an isomorphism,

Now Z—+G(R)—+P(R)—+ 0 defines P(R), the cokernel, as the
projective class group of R,

Returning to the vector bundles and topological spaces
we have a natural map Z—K(X) given by l1--[trivial bundle].
The cokermel, denoted by ka), is called the projective class

group.

Let R denote the category of rings and reing homomorphisms.
If £:R—S, S and all S modules may be considered R modules by
the action r#s = £(r)s. If P is any finitely gene?atgd projective
left R module, then SQRP is a finitely generatedYlcft ’;‘module.
The assignation P-—rSﬂ%P induces the map G(£):G(R)~+G(S), and

G is easily seen to be a functor onR , and so is P, the projective

class operator,

43
In reality, the range categories o7 G and P are not the same,

let Rbe the category of abelian groups and homomorphisms,

P:'R——-o:ﬂ, °
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Let ﬁobe the category whose objccts A are abelian groups
togather with maps Z:b'-ﬁA. (i.e. A has a distinguished element,
the image of 1.) And vhose morphisms are homomorphisms £

such that yA ——-——v- A commutes,

e

QD too has a coproduct, but not quite the usual one (direct
sum),

Define A®B = A®B/subgroup generated by (%1) - Y\él)).
Define Z-+AS9B by z—bEQsz)OO_] = [OQY{%)]. L,d = equivalence
class,

Q o 18 not pointed, Q has the ordinary product, and
Z — AxB is given by z Hf\k(z)x%z)o

Now Q is the proper range for G. G: R --—+Rue

There is a natural functor Qo‘—b Q » which takes the

cokernel of YlAzz —+A, and one of course has /R ’P‘

commutative, \ ‘T Qo

5}

It is natural to ask whether the contrggariant functor K
and the covariant functor G behave nicely with respect to
coproducts and products,

R has a product. The product of rings I and & is simply
Bx$, the cross product, with termwise addition and multiplication.
R-eleS-E-;S becomes on application of G G(R)+—&(RxS) —G(S)

and one can easily cheek that G(RxS) is the product of G(R) and
G(S) in Qoa
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Analagously, the contravariant functor K takes the co-
product of two topological spaces, which is their disjoint
union, into a product inflb, This follows easily from
the fact that the union is disjoint and so the bundles above
the union are simply sums of Hundles over the two original

spaces,

6)

Now assume the rings are commutative, If P,Q are finitely
generated projective left modules over R, [P] ,[Q]— LP%;]
gives a well-defined bilinear map G(R)xG(R) —» G(R) which
makes G(R) a ring,

If K is an arbitrary commutative ring, let R(K) denote
G(K) with ring structure. Thus R is a f netor from commutative

rings to commutative rings. The map Z—*R(K) is a ring homomorphism,

If P is a finitely generated projective module over K, a
commutative ring, Let E(P) denote the exterior algebra of P,
E(P)D = K, E(P)y =P, and E(P),. = 0 for r large.
E(K™)y = ég)o E(PgQ), = €Bi+j=kE(P)f®E(Q)j.
Let R(K)ILtT] denote the ring of formal power series in
one indeterminate t. R(K;il_t]] is the formal power series with
leading coefficeints 1, and is a group under multiplication.
We define_a map A:R(K) —~+R(K)+\:tt‘.|] by

A(LED) = - NCe] t¥, vwhere ?\L[P] = [e@),] .
J:’

Note that Ne[reg] = _Z-k?\‘fﬁ?ij[o] . With these
1+J=

definitions )\0[?] =1 and }f[?] = e .
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Let X;5000Xpyoee be a countable set of things which can
be added and multiplied. Then the Newton formulas are:
Py = Xl
Py = PyX; = 2Xo
Ps = PoXj = PyXy + 3X3

o
]
L]

n
T

The original significance of the Newton formulas was this:
Consider Y19000¥y a5 indeterminates for a polynomial ring, The
symmetric polynomials form a subring, Any symmetric polynomial
can be expressed in terms of the so called elementary symmetric
polynomials, In particular:

Yl * oo + ¥y = Xy is the first elementary symmetric polynomial,

Y% +* ose *+ Y% is not elementary, but is symmetric, P, is
the formula for expressing it as the sum of the first and second
elementary polynomials.,

Similarly P; is the formula for expressing Y? ¥ suw ¥ Yg
as the sum of Yf + 200 + Yﬁ and the first three elementary
symmetric polynomials, and so on,

In our situation, the Adams operations can be defined by:
"“Vl =>\1
Y2 =il - 22

n
“PMI N le (-l)n-*lqpml-:b\j + (1)1 (n+1 )0t
j=



